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License

The author has granted you a GNU Free Documentation License (GFDL).
Essentially, this says that you may make and distribute copies as you
like, and may make changes to your copy. Your responsibility when
you do so is to offer the same license, acknowledge the original au-
thor’s work, and indicate where you have made changes. The full text
of the license can be found in Appendix C.
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Preface

This text is meant to be used for a one-semester course in geometry
for college students. Since most college students taking geometry are
considering a career in teaching mathematics, this text focuses on ma-
terial in the Common Core, but at a deeper level. In particular, the
geometric part of the Common Core has a clear and consistent focus
on transformations, so this text explores transformations as more than
an aside: we use reflections (folds), which generate all isometries, as a
central element in our axiomatic development.

We begin with a discussion of 1-dimensional geometry. This allows
students to focus on learning proof writing skills while studying some
fairly simple material. Since there are two 1-dimensional geometries
(linear and circular), it also begins a discussion of alternate axioms and
thus alternate geometries, a discussion that continues throughout the
text. Much of the content for both 1-dimensional geometries can be
recycled when we move to 2-dimensional geometries.

Since the discovery of non-Euclidean geometry has had such a pro-
found effect on mathematics, science, and philosophy, and since fully
understanding Euclidean geometry requires an understanding that
there are other possibilities, we include investigations of non-Euclidean
geometries throughout, and end with two chapters on non-Euclidean
geometries.

Since play is an essential element of learning we have also included
numerous craft projects. Although some of the projects could be con-
sidered below the level of college students, many of these college stu-
dents will soon be teaching children, so the craft projects will help
think about how to connect learning and play, especially in mathemat-
ics.

Origami is a great way of exploring geometry. We take origami
to include paper craft activities that might include cutting and gluing
as well as folding. The word origami comes from Japanese, literally
meaning “fold paper” However, it is only recently and in the West
that strict rules of origami have been applied, including a prohibition
against cutting and gluing. At the risk of upsetting those who prefer
the “pure” Western version of origami, we take the more traditional

http://www.corestandards.org/Math/


view that origami is really just paper crafting. If you prefer, you can
call this text “Paper Engineering-ometry.”

Many people have contributed to these notes. In particular, thanks
to Bryan Dorner for many useful conversations. Thanks also to Jacob
Hansen and Ruth Vanderpool.

To the Student

This text develops many of the results of traditional geometry via a
slightly non-traditional pathway. Euclid, whose seminal work The El-
ements is the basis for all works of geometry, began with postulates,
some of which described the use of straightedge and compass, two
traditional tools employed by geometers. We shall begin instead with
postulates that describe, among other things, some of the properties of
folding. In this sense, this is a text on geometry from the standpoint
of origami.

As there are many discovery activities in this text, it would be help-
ful to have the tools listed in the margin. • patty paper

• compass

• protractor

• a few feet of kite string

• Japanese paper balloon

• scissors

• hobby knife

• glue stick

Patty paper, originally used to keep hamburger patties from stick-
ing together, can be found at “Bed, Bath, and Beyond” and at some
stationary stores, butcher shops, and so on. They usually come in
boxes of 1000 sheets, so you may want to cooperate with others and
buy one box to be shared among several students. Prices vary from $5

-$14 per box. If you may soon be teaching high school you may want
to get a whole box; you will use the “leftovers” in a few years with
your own geometry classes.

Japanese paper balloons, also called kamifûsen, can be bought online
or at ethnic Japanese stores. We will only use these for a few investi-
gations, and some of the investigations using them could just as well
be accomplished on any ball (or on dynamic software), so this is not
an essential tool. However, if you plan to teach mathematics in a few
years, they are a good visual aid. They generally cost only about $1

each, though I have seen online prices as high as $8 (plus shipping) for
fancy ones.

Reading this Book

Like sports, mathematics cannot be learned by watching or reading
(although this website offers to sell you correspondence classes to earn
your black belt in karate). Like sports, you must actively participate,
make mistakes, and exercise to build strength. Many of those activities
are built into this book, but you will need to do them, not just read
them.

As you read, you will find that many theorems, lemmas, and corol-
laries are not proven: it is part of your job as a student to attempt to fill

http://blackbeltathome.com


in the proofs. The theorems that are proven should be seen as guides
for what can be done to prove the others.

Activities are meant to be actively performed. They usually involve
some type of mathematical tools such as straightedge and compass,
protractor, patty paper, string, kamifûsen, or dynamic software. Since
learning tends to occur on a deeper level through manipulation, it is
important that you actually do these activities, rather than just imag-
ining doing them.

Some of the activities are construction projects. Although some of
these are more appropriate for children, the intention is to get you
thinking about geometric ideas and the teaching of geometric ideas;
play is a great way to introduce deep ideas, and not only to children!

Practice problems are intended to help you try out new ideas. They
usually appear in the text right after a concept has been introduced,
and their answers appear at the end of the section. (The answers are
written upside down and mirror reversed, an intentional reference to
folding, which is also intended to prevent you from reaching for the
answers before you have attempted them on your own.) These are in
lieu of the traditional “answers to odd numbered exercises in the back
of the book.”

Exercises appear at the end of each section. An attempt has been
made to write exercises at varying levels of difficulty, and to include
exercises that ask you to apply ideas, critique proofs, and prove the-
orems yourself. Since the ultimate goal is to teach geometric proof-
writing skills, the majority of the exercises involve proving theorems.
Most sections have at least one exercise which asks you to critique a
proof, followed by one asking you to prove the same theorem. Of
course, if the critiqued proof is correct, there would be no need to
do anything other than to refer to the “previous exercise.” Exercises
marked with “(CAS)” are probably best accomplished with the aid of
a computer algebra system.

Craft Projects appear in Appendix A, and a few without templates
are scattered here and there as exercises. Some of these were designed
for young children, but are included in this text for the purpose of
connecting play to the mathematics we are studying. If you plan to
either teach or have children, you will need to consider how to connect
play with learning, so please do the projects! They are also a good way
to create discussion around topics in this text.

Explorations. A few sections of chapters, instead of introducing
new concepts, are scaffolded investigations of some previous or tan-
gential ideas. Many use some kind of computer algebra system or
dynamic geometry software.
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The Layout

Chapter 1 is a basic introduction to mathematical notation and proof.
This chapter is meant to be discussed quickly, though it may need
more time and effort depending on the students’ level of preparedness.

Chapter 2 is an introduction to one dimensional linear geometry.
Chapter 3, which could be considered optional, is an introduction to
one dimensional circular geometry, and as such a first introduction to
the concept of alternate geometries; it is also often cited when we later
discuss measurement of angles.

Chapter 4 is an introduction to the incidence postulates of two di-
mensional absolute geometry (which includes both Euclidean and hy-
perbolic geometries), and begins our investigation of transformations
with the introduction of the Fold Postulate (Postulate 6). Chapter 5

investigates isometries in absolute geometry; essentially Euclidean ge-
ometry without the parallel postulate (or hyperbolic geometry without
the hyperbolic postulate).

We finally introduce Euclidean geometry via introduction of the
Parallel Postulate in Chapter 6, and develop a few of the traditional
theorems of Euclidean geometry. Obviously, much more could be said,
but we feel that a discussion of non-Euclidean geometries is important
to understanding Euclidean geometry, so that we have intentionally
left this chapter wanting in order to leave time for an instructor to
investigate some alternate geometries.

We follow this with an investigation of hyperbolic geometry in Chap-
ter 7. We note that there are different possible “paths” through this
chapter. Sections 7.1 and 7.2 give a brief introduction to a few of the
most important theorems of hyperbolic geometry, while Sections 7.4
through 7.6 prove that the half plane model satisfies our postulates
(with Section 7.3 as a bridge for students unfamiliar with hyperbolic
functions). It would obviously be possible to either investigate only
the former or only the latter depending on an instructor’s personal
taste.

We introduce spherical geometry in Chapter 8 by investigating a
model.

Appendix A contains several paper craft projects to emphasize ideas
in the text, and to encourage students to find ways to connect mathe-
matics with play.

Appendix B lists our postulates and the origami axioms, to which
we often refer.

Appendix C contains the full text of the GFDL license.



1
Basic Rules of Logic

Here we examine the rules of logic that we will rely on for our later
proofs.

Since we will use papercraft projects to turn some of the ideas we
study into a kind of play, we also introduce the first one here. Notice
that it involves both parallel and intersecting lines, folds, translations
and rotations. All of these will be motifs that we will investigate fur-
ther.

Activity 1.1. In Appendix A.1, a children’s paper craft can be found. Cut
on the solid lines, fold ridge folds on the dotted lines and valley folds on the
dashed lines. Staple the whole folded stack so that your staples enter at about
the “x” marks and exit at about the “y” marks. (Alternately, you can tie the
stack tightly with string, or even use cellophane tape.) Fan out the paper,
gluing the points marked “a” together, and the points marked “b” together.

1.1 Logical Basics

Aristotle noted three rules of logic that are the basis for all intelligent
human discourse. In mathematics, two of those are the cornerstone of
proof.

Law of Excluded Middle. Each statement is true or false.
Law of Contradiction. No statement is both true and false.

Given these laws, we can define the following.
Definition: statement

Definition 1.1. A statement is a sentence that is either true or false, but
not both true and false.

Given this definition, we must be very careful about self-referential
sentences, such as: “This sentence is false.” Although it is a sentence, it

is not a statement, because it cannot satisfy both the law of excluded
middle and the law of contradiction.
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Practice 1.1. The sign in Figure 1.1 was an actual sign in Tacoma, WA. Is
the premise of this sign a statement? Why?

The essence of Russell’s paradox can be found in the following well
known riddle. “A barber shaves all the men in town who don’t shave
themselves. Does the barber shave himself?” It is the barber’s self-
referential criterion that creates the paradox: the barber shaves himself
if and only if he doesn’t shave himself.

Figure 1.1: Warning Sign

Remark 1.1. Bertrand Russell (after whom the paradox is named) and Al-
bert Whitehead wrote Principa Mathematica, one of the most influential
mathematical works of the 20th century. However, the goal of this work was
to provide a set of postulates or axioms from whence all of the theorems of
mathematics could be proven. It did not attain that goal, and Gödel’s Incom-
pleteness Theorem later showed that no such system is even possible: in any
axiomatic system, there will always be theorems that are unprovable.

Prior to Gödel’s Incompleteness Theorem, many mathematicians believed
that all mathematical statements should be either true or false, and provable
as such. Gödel’s result showed that there are actually three categories of state-
ments: provably true, provably false, and unprovable.

There are other possible reasons that a sentence might not be a state-
ment. For example, if it is phrased ambiguously (“Jamal is short”) or
is a matter of opinion rather than a fact (“Ronald Reagan was the
best president ever”). We note that sometimes whether a sentence is
a statement or not depends on the context. For example, “Jane is 52
years old” might be a statement or ambiguous, depending on whether
“Jane” is clear from context.

Practice 1.2. Which of the following are statements?

a. Shaquille O’Neal is 7′5′′ tall.

b. Anthony de Mello died in 1987.

c. Helen works for USBank.

d. Ella Fitzgerald was the greatest vocalist.
Definition: negation

Definition 1.2. The negation of statement P, denoted ¬P, is the statement
obtained by adding “it is not true that” before the statement P.

However, as this is cumbersome, we try to simplify as much as possi-
ble. In English, this is usually accomplished by moving the negation
(usually “not”) as close to the end of the statement as (grammatically)
possible, and by removing double negatives.

Practice 1.3. Negate each statement. (We assume that each of these phrases
are statements in a given context.)

https://xkcd.com/2541/
https://xkcd.com/2541/
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a. The sky is blue.

b. It is not raining.
Definition: conditional statement

Definition 1.3. Let P and Q represent statements. Then P → Q, read “If
P, then Q” or “P implies Q” or “P only if Q” is a conditional statement.

Whether a conditional statement is true or false depends on the
verity of the original statements P and Q. This is easy to figure out
when both statements are true, but what if one or both are false? Is it
true to say that “2 + 2 = 5 implies 0 > 1? Logically speaking, P → Q
is true unless P is true and Q is false, in other words, the truth value
for P→ Q given the truth of P and Q appears in Table 1.1.

P Q P→ Q
T T T
T F F
F T T
F F T

Table 1.1: P→ QPractice 1.4. Decide the truth or falsehood of each conditional statement be-
low.

a. 0 > 1→ 2 + 2 = 3 b. 0 > 1→ 2 + 2 = 4
c. 0 < 1→ 2 + 2 = 3 d. 0 < 1→ 2 + 2 = 4

Definition 1.4. Modus Ponens is a logical method that assumes two state-
ments: P and P→ Q, and concludes Q.

For example, let P =“The number x is an odd integer,” and Q =“the
number x2 is an odd integer.” If we know both that P is true and that
P→ Q is true, then we can conclude that Q is also true.

Definition 1.5. Modus Tollens is a logical method that assumes two state-
ments: P→ Q and ¬Q, and concludes ¬P.

For example, let P =“The number x is an odd integer,” and Q =“the
number x2 is an odd integer.” If we know both that P → Q is true,
and that ¬Q is true, that is, that Q is false, then we can conclude that
¬P is also true. In other words, we can conclude that x is not an odd
integer.

Practice 1.5. Let P =“the sun is shining” and Q =“the birds are singing”.
Assume we know that P → Q is true, and that P is true. What can we
conclude? Why?

Practice 1.6. Let P =“the sun is shining” and Q =“the birds are singing”.
Assume we know that P → Q is true, and that Q is false. What can we
conclude? Why?

Answers to Practice Problems:

1.6. We can conclude that P is false, that is, that the sun is not shining.
This uses Modus Tollens.

1.5. We can conclude that Q is true, that is, that the birds are singing.
This uses Modus Ponens.

1.4. Only c is false, the others are true.
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1.3. a. The sky is not blue. b. It is raining.

1.2.Letters a & b are (false, true) statements. Letter c is ambiguous
(who is Helen?), and d is a matter of opinion.

1.1. Its premise is false, since it is a warning sign that there are no
warning signs. Since it is false, it could be considered a statement, but
we need to remember that it is dangerous to make conclusions from
self-referential premises.

Exercise 1.1. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
useful negations of the statements P, Q, R, and S. Compare the truth or
falsehood of the new statement to the old one.

Exercise 1.2. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. De-
termine the truth or falsehood of conditional statements P → Q, Q → R,
R→ S and S→ P.

Exercise 1.3. Write a truth table for Q → P. Does P → Q have the same
truth value as Q → P? (In other words, is a statement equivalent to its
converse?)

Exercise 1.4. This problem considers the sentence P =“This sentence has six
words”.

a. Is the sentence true or false?

b. Write ¬P, simplifying as much as possible.

c. Is ¬P true or false?

d. If a statement is true, its negation must be false, and vice versa. What can
be said about P?

Exercise 1.5. There are for errers in this exorcise. List them.

Hofstadter’s Law: It always takes longer than you expect, even when
you take into account Hofstadter’s Law.

1.2 Ands, Ors, and More Nots

“Then you should say what you mean,” the March Hare went on.

“I do,” Alice hastily replied; “at least–at least I mean what I say–that’s
the same thing, you know.”

“Not the same thing a bit!” said the Hatter. “Why you might as well say
that ‘I see what I eat’ is the same thing as ‘I eat what I see’!”

“You might just as well say,” added the March Hare, “that ‘I like what I
get’ is the same thing as ‘I get what I like’!”[11]
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From statements, it is possible to construct other statements. We
have already seen two ways to accomplish this: the negation of a state-
ment, and conditional statements. We now look at two more.

Given statements P and Q, the statement P ∧Q is read “P and Q.”

Practice 1.7. Let P =“the sun is shining” and Q =“the birds are singing.”
What is the statement P ∧Q?

The compound statement P ∧Q is true provided that both P and Q
are true. In other words, we have Table 1.2.

P Q P ∧Q
T T T
T F F
F T F
F F F

Table 1.2: P and Q
Given statements P and Q, the statement P ∨Q is read “P or Q.”

Practice 1.8. Let P =“the sun is shining” and Q =“the birds are singing.”
What is the statement P ∨Q?

The compound statement P ∨Q is true provided that either P or Q,
or both, are true. In other words, we have Table 1.3.

P Q P ∨Q
T T T
T F T
F T T
F F F

Table 1.3: P or Q
When we negate a statement with an “and” in it, we can’t just

negate everything. For example, if “the sun is shining and the birds
are singing” is not true, there are actually three possible reasons, as
can be seen in the truth table for P ∧ Q. First (the second row in the
truth table), it is possible that the sun is shining and the birds are not
singing. Second, it is possible that the sun is not shining and the birds
are singing. Lastly, it is possible that the sun is not shining and the
birds are not singing. Notice, however, that this can be written in one
simple phrase: “The sun isn’t shining or the birds aren’t singing.” In
other words, ¬(P ∧Q) = ¬P ∨ ¬Q. This is part 1 of DeMorgan’s Law.

Practice 1.9. What is the negation of the statement “It is spring break, and
Jaime is drinking tequila”?

Similarly, the negation of “the sun is shining or the birds are singing”
can be written in one simple phrase: “the sun isn’t shining and the
birds aren’t singing.” In other words, ¬(P ∨ Q) = ¬P ∧ ¬Q. This
is part 2 of DeMorgan’s Law. Notice that the negation of an “and”
statement is an “or” statement, and vice versa.

Practice 1.10. What is the negation of the statement “George will study all
night or he will pass the test”?

Answers to Practice Problems:
1.10. “George won’t study all night and he will fail the test.”
1.9. “It isn’t spring break, or Jaime isn’t drinking tequila.”
1.8. P ∨Q =“the sun is shining or the birds are singing”
1.7. P ∧Q =“the sun is shining and the birds are singing”
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Exercise 1.6. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
the following statements in English, and determine their truth or falsehood:
P ∧Q, Q ∧ R, R ∧ S, S ∧ P.

Exercise 1.7. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
the following statements in English, and determine their truth or falsehood:
P ∨Q, Q ∨ R, R ∨ S, S ∨ P.

Exercise 1.8. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
the negations of statements P ∧ Q, Q ∧ R, R ∧ S, and S ∧ P, and determine
their truth or falsehood. Compare the truth or falsehood of the negated state-
ments with the originals’.

Exercise 1.9. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
the negations of statements P ∨Q, Q ∨ R, R ∨ S, S ∨ P, and determine their
truth or falsehood. Compare the truth or falsehood of the negated statements
with the originals’.

Exercise 1.10. Let P =“Geddy Lee is Canadian”, Q =“grass isn’t pink”,
R =“Janos Bolyai was French”, and S =“Kangaroos aren’t mammals”. Write
the negations of statements P → Q, Q → R, R → S, S → P, and deter-
mine their truth or falsehood. Compare the truth or falsehood of the negated
statements with the originals’.

Exercise 1.11. In Section 1.1 there is a table showing the truth value of
P→ Q depending on the truth values of P and Q. What is a useful negation
of the statement P → Q? (Of course, ¬(P → Q) is a negation, but is not
very useful. Try instead considering that the negation should be true when
the original is false, and vice versa, and writing the negation in terms of P
and Q and symbols ∧,∨ and/or ¬.)

“When one begins to live by habit and quotation, one has begun to stop
living.”

–James A. Baldwin

1.3 Universals and Existentials

Many statements in mathematics, called universal statements, come
in the form every X has property Y. This type of statement is common
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enough that we have our own shorthand notation: ∀, which reads “for
all,” “for every,” “each,” or “every.” For example

∀n ∈N, 1 + 2 + . . . + n =
n2 + n

2

can be read

For every natural number n, the sum from 1 to n equals
n2 + n

2
.

Practice 1.11. What is the meaning of: ∀n ∈ R, d
dx xn = n · xn−1?

Similarly, many statements in mathematics, called existential state-
ments, come in the form there is some X with property Y. The symbol
∃ is read “there is” or “there exists.” For example,

∃n ∈N, n2 is prime

can be read

There is some natural number whose square is prime.

Practice 1.12. What is the meaning of: ∃n ∈ R,
∫

xn dx 6= xn+1

n+1 + C?

Activity 1.2. In small groups of 3 or 4, have one person (the “Liar”) make
a statement that the others must attempt to disprove. For example, if the
Liar says “All uninjured animals have an even number of legs,” then others
might reply “No, a starfish can have five.” The position of Liar rotates about
the group. This game, called Counterexamples, is commonly used by math
teachers.

Practice 1.13. Show that the statement “every bird can fly” is false.

Notice that your answer to Practice 1.13 is (hopefully) an example of
a bird that can’t fly. In other words, the negation of a universal (every)
statement is an existential statement, or ¬(∀X, Y) = ∃X,¬Y.

Likewise, the negation of an existential statement is a universal
statement, or ¬(∃X, Y) = ∀X,¬Y. This is unfortunate since it was
very easy to show that a universal statement was incorrect (just find
a counterexample). However, to show that an existential statement is
incorrect, we need to prove a universal statement.

Practice 1.14. What would we need to do to show that ∃n ∈ Z, n2 is prime
is false?

Practice 1.15. Show that ∀n ∈ R,
∫

xn dx =
xn+1

n + 1
+ C is false.

Answers to Practice Problems:
1.15. Let n = −1. Then ∫ x−1 dx = ln |x|+ C 6=

x0

0
+ C.
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1.14. We’d need to show that no matter what integer n we pick, n2 is
not prime.

1.13. There are many possible answers, for example “a penguin can’t
fly.”

1.12. “There is some real number n so that the integral of xn isn’t
xn+1

n+1 + C.”

1.11. “For every real number n, the derivative of xn is n · xn−1.”

Exercise 1.12. How can we negate a “∀” statement? What is the negation
of the statement “every integer greater than 1 is prime?”

Exercise 1.13. How can we negate a “∃” statement? What is the negation
of the statement “there is an integer x so that x2 = 2?”

Exercise 1.14. Consider the statement P =“Every Norwegian bicycles or
reads literature.” Write a useful negation for this statement. If we wanted to
prove P false, what would we need to do?

Exercise 1.15. Consider the statement Q =“For every triangle, there is a
circle that lies on all three of the triangle’s vertices.” Write a useful negation
for this statement. If we wanted to prove Q false, what would we need to do?

“The Mathemagician nodded knowingly and stroked his chin several
times. ‘You’ll find,’ he remarked gently, ‘that the only thing you can do
easily is be wrong, and that’s hardly worth the effort.”’

–Norton Juster, The Phantom Tollbooth

1.4 Proofs

“‘You see, my dear Watson’—he propped his test-tube in the rack and
began to lecture with the air of a professor addressing his class—‘it is
not really difficult to construct a series of inferences, each dependent
upon its predecessor and each simple in itself. If, after doing so, one
simply knocks out all the central inferences and presents one’s audience
with the starting-point and the conclusion, one may produce a startling,
though possibly a meretricious, effect.”’[15]

Although the famous (fictional) detective Sherlock Holmes was not
speaking about mathematics at the time, he has summed up the con-
cept of a mathematical proof in this statement, taken from the story The
Adventure of the Dancing Men. He observes that Watson has glanced at
the groove between his left forefinger and thumb, and concludes that
Watson does not plan to invest money in South African goldfields in
the following way.
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“Here are the missing links in the chain: 1. You had chalk between your
left finger and thumb when you returned from the club last night. 2.
You put chalk there when you play billiards to steady the cue. 3. You
never play billiards except with Thurston. 4. You told me four weeks
ago that Thurston had an option on some South African property which
would expire in a month, and which he desired you to share with him.
5. Your cheque-book is locked in my drawer, and you have not asked for
the key. 6. You do not propose to invest your money in this manner.”[15]

This is a beautiful example of the way that mathematicians write
proofs. Each step is based only on fore-knowledge in the form of
assumptions (postulates or axioms) or already proven statements (the-
orems), with an application of either Modus Ponens or Modus Tollens
to link the steps together. This is called a direct proof.

Practice 1.16. Rewrite the steps in the above quote, making it clear which
method of logic (MP or MT) is being used to bridge each pair of steps.

One method of proof is to assume the negation of what you want
to prove, and then show that the assumption leads to a contradiction.
This is called a proof by contradiction. Again, we turn to Sherlock
Holmes, this time from the Adventure of the Beryl Coronet, to explain
this method.

“It is an old maxim of mine that once you have excluded the impossible,
whatever remains, however improbable, must be the truth.”[15]

The strength of this method is that it gives one extra piece of infor-
mation to be used: the negation of the thing that you are attempting
to prove. It can be confusing, however, since we are intentionally as-
suming something which we have no hope of proving. According to
Terence Tao,

“. . . the mathematical concept of a proof by contradiction can be viewed
as roughly analogous in some ways to such literary concepts as satire,
dark humour, or absurdist fiction, in which one takes a premise specifi-
cally with the intent to derive absurd consequences from it.”[41]

We strengthen Terence Tao’s analogy by proving the following the-
orem of unknown origin.

Theorem 1.1. Every natural number is interesting.

Proof. Assume that the theorem is incorrect, so there is at least one
uninteresting natural number, and perhaps many. Let U be the set of
uninteresting natural numbers; by assumption there is at least one el-
ement in U. Since every element of U is also an element in N, we can
order the elements; let u be the smallest. Then u is the smallest unin-
teresting number, and hey, that’s pretty interesting! This contradiction
completes the proof.

http://terrytao.wordpress.com/2010/10/18/the-no-self-defeating-object-argument-revisited/
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Answers to Practice Problems:

1.16. Step 2 is linked to step 1 through Modus Ponens; the conclusion
is that since Watson had chalk on his fingers, he was playing billiards.
Step 3 and Modus Ponens allows us to conclude that since Watson was
playing billiards, and only does so with Thurston, therefore Watson
was playing billiards with Thurston.
Applying Modus Ponens at step 4, we conclude that Thurston probably
spoke with Watson about the possible investment.
At step 5 we must apply Modus Tollens; if Watson wanted to invest,
he would have asked for the key. Since he has not done so, at step 6 we
may reach the final conclusion: he doesn’t intend to invest his money
this way.

Exercise 1.16. Critique the following proof that 19
95 = 1

5 .

Proof. Note that the 9 in the numerator can cancel the 9 in the denomi-
nator, so that we obtain:

19
95

=
1�9

�95

=
1
5

.

This completes the proof.

Exercise 1.17. The following is an infamous “proof” that all triangles are
isosceles. Let 4ABC be a given triangle. Construct the bisector to ∠C and
the perpendicular bisector to side AB, and find their point of intersection P,
as shown in Figure 1.2. From point P, drop perpendicular lines to sides AC
and BC. Since AM ∼= BM, PM ∼= PM, and both of angles ∠AMP and
∠BMP are right, we obtain 4AMP ∼= 4BMP by SAS. Hence AP ∼= BP.
Similarly, ∠PQC and ∠PRC are both right, ∠PCQ ∼= ∠PCR (since CP is
the bisector), and CP ∼= CP, so 4QCP ∼= 4RCP by AAS (or HA). Hence
QP ∼= RP.
But then SsA (or HL) implies that 4PQA ∼= 4PRB, since we know that
QP ∼= RP and AP ∼= BP. Thus we see that CQ ∼= CR and QA ∼= RB, so
we can sum their lengths to see that CA ∼= CB.
Question: What is wrong with this proof?

A M B

Q

P

R

C

Figure 1.2: An isosceles triangle?

Exercise 1.18. Prove that there cannot possibly be a largest natural number.
The set of natural numbers, denoted N, are defined to be the smallest set so
that (1) 1 ∈N, and (2) if n ∈N, then n + 1 ∈N.

Exercise 1.19. Consider the statement ∀x, y ∈ R, x + y = x · y. Prove
either the statement or its negation. (Taken from [13].)

Exercise 1.20. Let x ≥ 0 be given. Assume that ∀y > 0, x < y. Prove that
x = 0. (Taken from [13].)
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Exercise 1.21. Let4ABC be a triangle that is not isosceles, and D ∈ ←→BC so
that
←→
AD ⊥ ←→BC. Prove that D is not the midpoint of segment BC.

Definitions: dot product, magnitude

Definition 1.6 (Dot Product). Let ~u = 〈x1, y1, z1〉 and ~v = 〈x2, y2, z2〉 be
vectors. Then the dot product of ~u and ~v is

~u ·~v = x1 · x2 + y1 · y2 + z1 · z2.

The magnitude of vector ~u is |~u| =
√

x2
1 + y2

1 + z2
1.

Exercise 1.22. Let ~u,~v be vectors in the plane, that is, with z components 0.
Show that ~u ·~v = |~u||~v| cos θ, where θ is the angle between ~u and ~v. Hint:
Find the polar coordinates for the vectors.

Exercise 1.23. Critique the following theorem and proof.

Theorem 1.2. Let ~u, ~v be vectors. Then the angle between them is θ =

arccos
(

~u·~v
|~u||~v|

)
.

Proof. Notice that ~u,~v, and ~u−~v form a triangle. By the Law of Cosines,

|~u−~v|2 = |~u|2 − |~v|2 − 2|~u||~v| cos θ.

By definition of dot product,

|~u−~v|2 = |~u|2 − |~v|2 − 2~u ·~v.

The proof follows from substitution and cancellation.

“It does not matter how they vote. It matters how we count.”

–Joseph Stalin

1.5 Writing Proofs
Definition: constructive proof

Definition 1.7 (Constructive Proof). A proof is called constructive if the
proof demonstrates the existence of something by describing a method to find
or construct it. A proof that demonstrates the existence of something without
showing how to find or construct it is called non-constructive.

Theorem 1.3 (Intermediate Value Theorem). If f (x) is a continuous func-
tion on an interval [a, b], and L is any value between f (a) and f (b), then
there is some point c ∈ [a, b] so that f (c) = L.

a b
a1 b1

b2a2
b3a3

a4b4

Figure 1.3: Intermediate Value Theorem
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Proof. I’m going to assume f (a) < L < f (b), since the proof in the
case f (a) > L > f (b) is proven similarly.

Consider f
(

a+b
2

)
. If f

(
a+b

2

)
< L, choose a1 = a+b

2 , b1 = b. If

f
(

a+b
2

)
> L, choose a1 = a, b1 = a+b

2 . (If f
(

a+b
2

)
= L, I am done,

since I can choose c = a+b
2 .)

Consider f
(

a1+b1
2

)
. If f

(
a1+b1

2

)
< L, choose a2 = a1+b1

2 , b2 = b1. If

f
(

a1+b1
2

)
> L, choose a2 = a1, b2 = a1+b1

2 . (Again if f
(

a1+b1
2

)
= L, I

am done, since I can choose c = a1+b1
2 .)

Repeat this process indefinitely. For each n ∈ N, [an+1, bn+1] ⊂
[an, bn], with an ≤ an+1 < bn+1 ≤ bn. The diameter of the nth interval
is (b− a) · 2−n, so by the Nested Interval Theorem, I have

lim
n→∞

an = lim
n→∞

bn.

Call this limit c. I get

lim
n→∞

f (an) = lim
n→∞

f (bn) = f (c)

by definition of continuous.
I also know that f (an) < L < f (bn) for all n. Hence by the Squeeze

Theorem[40], I obtain

lim
n→∞

f (an) ≤ L ≤ lim
n→∞

f (bn).

This implies that f (c) = L, completing the proof.

We note that the previous proof didn’t give a way to find c, only to
approximate it. In the end, we were able to conclude that the value
c must exist, but we don’t know what it is. Thus this proof was non-
constructive.

Theorem 1.4 (Euclid’s Proposition 1). Given a segment PQ, we can con-
struct an equilateral triangle with the given segment as one side.[23] P Q

C1 C2A

B

Figure 1.4: Euclid’s Proposition 1

Proof. We begin by constructing, using Euclid’s Postulate 3, a circle C1

with center P and having point Q, and another circle C2 having center
Q and having point P. The two circles intersect in points which we
shall call A, B. Pick one of those two points, say A. Using Euclid’s
Postulate 1, construct the segments PA, QA. Since PA, PQ are both
radii for the circle C1, they have the same length. Similarly QA, QP
are also the same length. And since QP = PQ, all three have the same
length. Thus the triangle 4PQA is equilateral, and has PQ as one
side. This completes the proof.

This proof not only showed that the equilateral triangle exists, but
gave a method for constructing that equilateral triangle. Thus this
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proof was constructive. However, many centuries of mathematicians
have pointed out an omission in this proof.

Practice 1.17. One of the steps in the proof of Euclid’s Proposition 1 was
unjustified. Which step?

In light of Practice 1.17, we shall endeavor to write every assump-
tion, and use only those assumptions in our proofs. This is easier said
than done; it is easy to skip steps or leave a step unjustified because it
“seems” obvious to us.

When trying to prove something, we first need to figure out exactly
what it is that we need to show. This is sometimes called “parsing” or
“unwinding” the statement of the theorem. For example, let’s consider
the following.

Theorem 1.5. If x is odd, then x2 is odd.

In order to prove this, we first need to understand what it means
for an integer to be “odd.” However, “you can’t divide it by 2” is not a
valid definition: for example, you can divide 7 by 2: you get 3.5. Here
are mathematical definitions of “odd” and “even.”

Definition 1.8. An integer x is odd if there exists an integer m so that
x = 2m + 1. The integer x is even if there exists an integer n so that
x = 2n.

Now, getting back to the proof of Theorem 1.5, we need to assume
that x is odd, that is, that there is some integer m so that x = 2m + 1,
and show that x2 is odd, that is, that there is some integer n so that
x2 = 2n + 1. Note that we didn’t use the same symbol “m” for both
x and x2, since the integer involved is unlikely to be the same integer.
Now we just need to fill in the steps in the middle. Our scratch work
will look something like this.

x = 2m + 1 → x2 = (2m + 1)2

= 4m2 + 4m + 1
= 2(2m2 + 2m) + 1

Now it should be clear how to proceed: Pick n = 2m2 + 2m, and show
that x2 = 2n + 1.

Practice 1.18. Prove Theorem 1.5.

Here are some general tips for writing proofs.

• Begin by saying what you are going to prove. This is sometimes
skipped if the writer uses a direct proof using exactly the assump-
tions outlined in the statement of the theorem. However, methods
(contradiction, cases, and so on) should always be introduced before
they are employed.
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• If appropriate, include a figure. “A picture is worth a thousand
words” can be true. Although your proof shouldn’t rely on a figure
(see Exercise 1.17), the figure could help a reader to follow the proof.

• Use the pronoun “we.” I have heard several reasons why mathe-
maticians do this. Two of the most convincing are that we want the
reader to feel that we are doing the mathematics together, and that
we recognize that our work depends on centuries of other mathe-
maticians’ work. It may simply be a matter of “mathematical cul-
ture.”

• At each step that isn’t just an algebraic manipulation, explain the
step and justify it. The justification should be some previous knowl-
edge in the form of a definition, axiom or postulate, or theorem.

• When the proof is complete, inform the reader that we are done.
There are many ways to do this. Since European mathematicians
traditionally wrote in Latin, they often ended their proofs with the
phrase “quod erat demonstrandum,” which has come to be abbre-
viated “QED.” The English equivalent would be “this is what we set
out to prove,” or simply “this completes the proof.” Since mathe-
matics formatting software LATEX has become widely available, some
authors use a square (� or �) placed in the right margin.

Practice 1.19. Using the points above as a guide, critique the proof of Theo-
rem 1.3.

Students’ most common complaint about writing proofs is “I don’t
know where to start.” The best answer to this difficulty is: write out
what you are assuming at the top of a sheet of scratch paper, and what
you want to prove at the bottom. Then “unwind” what each of those
means (in terms of definitions) in the middle, and try to make the two
meet.

Answers to Practice Problems:

1.19. Opening sentence “I’m going to assume f (a) < L < f (b), since
the proof in the case f (a) > l > f (b) is proven similarly.” should be
“We assume f (x) is continuous on [a, b], and that f (a) < L < f (b)
(the case in which f (a) > L > f (b) is proven similarly). We show
there is some point c ∈ [a, b] so that f (c) = L.” The proof should
use the pronoun “we” instead of “I.” A figure might also improve the
readability. Other than these points it is well written.
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1.18. We assume x is odd, and show x2 is odd. Since x is odd, there is
an integer m so that x = 2m + 1. Let n = 2m2 + 2m. Then

x2 = (2m + 1)2

= 2(2m2 + 2m) + 1

= 2n + 1.

Thus x2 is odd by definition. This completes the proof.

1.17. The claim that C1 ∩ C2 = {A, B} is not justified.

Exercise 1.24. Critique the following theorem and proof.

Theorem 1.6. Let A, B be points in a plane. There is a composition σ of folds
so that σ(A) = B and σ(B) = A.

Proof. We assume that A, B are points, and show that there is a compo-
sition σ of folds so that σ(A) = B, σ(B) = A.
Since the length of segment AB is the same as that of segment BA, The-
orem 5.13 says that the two are congruent. Then by definition of congru-
ence, there is a composition σ of folds having the desired property.

Exercise 1.25. Is the proof in Exercise 1.24 constructive or non-constructive?
Explain.

Exercise 1.26. Critique the following theorem and proof.

Theorem 1.7. Let A, B be points in a plane. There is a composition σ of folds
so that σ(A) = B and σ(B) = A.

Proof. I used Postulate 2 to find the midpoint M of AB, and Lemma
4.27.a to fold the perpendicular bisector l of AB. By Theorem 4.26, the
fold φ with crease l satisfies φ(A) = B. By Theorem 4.28, φ(B) = A, too.
Let σ = φ. This completes the proof.

Exercise 1.27. Is the proof in Exercise 1.26 constructive or non-constructive?
Explain.

Exercise 1.28. Critique the following proof.

Theorem 1.8. Let A, B, X be points on a line having coordinates a, b, x respec-
tively. If X 6∈ −→AB, and a < b, then x < a.

Proof. We assume that A, B, X are points on a line with coordinates a, b, x
respectively, with a < b, and that X 6∈ −→AB. We will show that x < a.
Assume that x > a. Then by Theorem 4.6, X ∈ −→AB. This completes the
proof.

Exercise 1.29. Critique the following proof.
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Theorem 1.9. Let A, B, X be distinct points on a line having coordinates a, b, x
respectively. If X ∈ AB and a < b, then a < x < b.

Proof. We assume that A, B, X are points on a line with coordinates a, b, x
respectively, with a < b, and that X ∈ AB. We will show that a < x < b.
Assume that a < x < b. Then X is between A and B by Definition 4.4.
Thus by definition of segment (Definition 2.3), X ∈ AB. Since we know
this is true, the proof is complete.

The next few exercises depend on the following definition. Definition: group

Definition 1.9 (Group). Let G be a set and ◦ be a binary operation on ele-
ments of G. We say that G is a group under the operation ◦ provided that the
following criteria are satisfied.

1. If a, b ∈ G, then a ◦ b ∈ G, b ◦ a ∈ G. (closure)

2. If a, b, c ∈ G, then (a ◦ b) ◦ c = a ◦ (b ◦ c). (associativity)

3. There is a unique element I ∈ G so that ∀a ∈ G, a ◦ I = a = I ◦ a.
(identity)

4. Given a ∈ G, there is a unique element a−1 ∈ G so that a ◦ a−1 = a−1 ◦
a = I. (inverse)

Exercise 1.30. Critique the following theorem and proof.

Theorem? The set Z5 = {0, 1, 2, 3, 4} is a group under the operation of
addition modulo 5, denoted ⊕.

Proof. We show that the 4 criteria of Definition 1.9 are satisfied. Note
for example that 3, 4 ∈ Z5, and 3 ⊕ 4 = 2 ∈ Z5, so that criterion 1

is satisfied. Criterion 2 is satisfied since addition is associative, and
that doesn’t change if we take the answer modulo 5. The element 0
acts as an identity (since 0⊕ x = x = x ⊕ 0), so criterion 3 is satisfied.
Last, to see that each element has an inverse, for example, 3 ∈ Z5 and
3⊕ 2 = 2⊕ 3 = 0, so 2 is the inverse of 3. Thus criterion 4 is satisfied.
This completes the proof.

Exercise 1.31. Critique the following theorem and proof.

Theorem? The non-zero elements of the set Z6 = {0, 1, 2, 3, 4, 5} form a
group under the operation of multiplication modulo 6, denoted ⊗.

Proof. We show that the 4 criteria of Definition 1.9 are satisfied. To see
that criterion 1 is satisfied, we note for example that 0 6= 2, 5 ∈ Z6, and
2 ⊗ 5 = 4 ∈ Z6. As in Exercise 1.30 we know that multiplication is
associative, and that doesn’t change when we take the answer modulo
6. The element 1 acts as an identity since 1⊗ x = x = x⊗ 1, so criterion
3 is satisfied. To see that each element has an inverse, for example,
0 6= 5 ∈ Z6 and 5⊗ 5 = 1. Thus criterion 4 is satisfied. This completes
the proof.
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Exercise 1.32. Show that the set{[
1 0
0 1

]
,

[
0 1
1 0

]
,

[
−1 0
0 −1

]
,

[
0 −1
−1 0

]}

forms a group under the operation of matrix multiplication.

Exercise 1.33. Show that the set of positive rational numbers is a group
under the operation of multiplication.

“This quote was taken out of context.”

–Randall Munroe, XKCD

https://xkcd.com/1942/


2
1-D Linear Geometry

We begin with a study of the simplest geometries that might provide
some interesting highlights: that of one dimension.

In A. K. Dewdney’s The Planiverse[14], contact is made with a crea-
ture named Yendred who lives inside a two dimensional universe on
the planet of Arde, see Figure 2.1. The book investigates many as-
pects of Yendred’s world, including its biology, chemistry, geology,
meteorology, physics, and engineering, as well as its society and reli-
gions. Ardian books are essentially pieces of string bound together;
each string covered with dots and dashes in a kind of readable Morse
code.

Figure 2.1: Yendred of Arde

Here we will investigate the geometry that might be taught in Yen-
dred’s school: the geometry of figures that can be drawn on a piece
of Ardian paper: a string. As a starting point, we take terms point,
line, and on as undefined terms, as well as the usual notions of sets,
elements, functions, and the properties of real numbers.

Activity 2.1. On a sheet of blank paper, draw a creature living in a two di-
mensional universe. Beware of 3 dimensional thinking. Eyes drawn in the
middle of a face, for example, would be in the middle of a head in a 2 di-
mensional creature, and thus useless. Explain to a partner how the creature’s
senses of sight and hearing work.

2.1 Linear Measurement

Activity 2.2. In Appendix A.2, paper craft project “Country Road” can be
found. Cut on the dashed lines, fold on the dotted line, and glue the two
scene strips together on the region marked “GLUE.”. Play with the scene by
“driving” your choice of pink or blue car over the road. A

a
B
b

points
coordinates 0 1

Figure 2.2: Ruler
Postulate L-1. (Linear Ruler Postulate) Given any two distinct points,
there is a 1-1 correspondence, called a ruler, between all points with the real
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numbers that sends one of the two given points to 0 and the other to some
number x > 0. The number p assigned to a point P by the ruler is called its
coordinate.

Remark 2.1. Note that, just because there is a 1-1 relation between real
numbers and points doesn’t mean that the points are in any kind of order;
however, we define distance, between, and so on so that it makes sense to
interpret it in that way. In addition, when we label points on a line in sketches,
we will assume that the points satisfy the between relationships apparent in
the sketch unless specified otherwise.

Definition: distance
Definition 2.1 (Distance). If A, B are arbitrary points with coordinates a, b,
then the distance from A to B is defined to be AB = |a− b|.

Practice 2.1. Let A, B be points. Prove that AB = BA.
Definition: between

Definition 2.2 (Between). Let A, B, C be distinct points with coordinates
a, b, c, respectively. Then B is between A and C (denoted A− B− C) pro-
vided that either a < b < c or c < b < a.

Theorem 2.1. If B is between A and C, then AB + BC = AC.

Proof. To prove this, we assume that A, B, C are points with A− B−C,
and we must show that AB+ BC = AC. Using Postulate L-1, we assign
coordinates a, b, c to the respective points (see Figure 2.3), and conclude
that either a < b < c or c < b < a via the definition of between. We
thus need to look at two cases.
Case 1: If a < b < c, then AB = |a− b| = b− a, BC = |b− c| = c− b,
and AC = |a− c| = c− a. Thus

AB + BC = b− a + c− b

= c− a

= AC.

This completes the first case.

Practice 2.2. Complete the proof of Theorem 2.1.

Theorem 2.2. If A, B, C are distinct points with AB + BC = AC, then B is
between A and C.

A

a
B

b C

c

Figure 2.3: Theorems 2.1 & 2.2Proof. We assume that A, B, C are distinct points with AB + BC = AC,
and show that A− B− C. Assign coordinates a, b, c to the respective
points, see Figure 2.3. Since the points are distinct, none of the coordi-
nates are equal to another, so by ordering the real number coordinates
we have six possibilities: a < b < c or a < c < b or b < a < c or
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b < c < a or c < a < b or c < b < a. By the definition of between, we
want to show that the first or last in this list must hold. Equivalently,
we will show that the other four lead to contradictions.
Case 1: If a < c < b, then AB = |a− b| = b− a, BC = |b− c| = b− c,
and AC = |a− c| = c− a. Thus

c− a = AC

= AB + BC

= b− a + b− c

= 2b− a− c,

Adding a + c to both sides of this equality gives us 2c = 2b, so c = b.
This implies that C = B by the Linear Ruler Postulate, which contra-
dicts the distinctness of points B and C. This contradiction completes
case 1.

Practice 2.3. Complete the proof of Theorem 2.2.

Remark 2.2. Theorems 2.1 and 2.2 show that Definition 2.2 is equivalent to
the statement that AB + BC = AC. Since the two are equivalent, it doesn’t
matter which we start with. In Section 3.1 we have chosen to begin with the
latter.

Theorem 2.3. If A, B, C are distinct points, then exactly one of A− B− C
or A− C− B or B− A− C must be true.

Definitions: segment, length

Definition 2.3 (Segment). Given two distinct points A, B, we define the
segment (denoted AB) to be the set of points C so that either C = A, C = B,
or A− C− B, i.e.,

AB = {C : C = A, C = B, or A− C− B}.

The length of segment AB is the distance between the endpoints A, B.

Theorem 2.4. Let A, B be two given points with a ruler so that a, b are their
respective coordinates. Let C be any other point, and c its coordinate. If
a < b, then AB = {C : a ≤ c ≤ b}.

Figure 2.4: Point in Practice 2.4?

Practice 2.4. We’d like to emphatically point out that we have not defined the
word “point” (nor “line” nor “on,” for that matter). So although we are used
to thinking of points as little dots, we’d like to imagine something different
in this practice problem. So suppose that by “point” we mean a non-vertical
line through the origin in R2 (and by “line” we mean the set of all such non-
vertical lines through the origin). Explain how to assign a coordinate to each
“point” so that Postulate L-1 is satisfied. Draw a sketch of the segment whose
“points” have coordinates

[
− 1

3 , 1
]
. Note the similarity to Exercise 3.5.
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Definition: ray
Definition 2.4 (Ray). Given two points A, B, we define the ray (denoted−→
AB) to be the set of points C so that either C = A, C = B, A− C − B, or
A− B− C, i.e.,

−→
AB = {C : C = A, C = B, A− C− B, or A− B− C}

Theorem 2.5. Let A, B be two given points with a ruler so that a, b are their
respective coordinates. Let C be any other point, and c its coordinate. If
a < b, then

−→
AB = {C : a ≤ c}.

Definition: opposite rays
Definition 2.5 (Opposite Rays). Let A, B, C be points. If A− B− C, then
the rays

−→
BA and

−→
BC are opposite rays.

Corollary 2.5.A. Let A, B be two points, and C 6∈ −→AB, with a, b, c the
respective coordinates. If a < b, then c < a.

Corollary 2.5.B. The segment determined by A and B is contained in and
not equal to the ray determined by A and B (AB ⊂ −→AB).

Proof. We will show that if C ∈ AB, then C ∈ −→AB and that there is
some D ∈ −→AB so that D 6∈ AB. Pick a ruler so that the coordinate of A
is 0 and of B is b > 0.

First we assume that C ∈ AB and show that C ∈ −→AB. Since C ∈ AB,
its coordinate c satisfies a ≤ c ≤ b by Theorem 2.4. In particular, a ≤ c,
so C ∈ −→AB by Theorem 2.5. This completes part 1.

Next we show that there is some point D so that D ∈ −→AB and
D 6∈ AB. Let d be any real number with d > b, and D be the point
with coordinate d, as given by the Linear Ruler Postulate. By Theorem
2.5, D ∈ −→AB, and by Theorem 2.4, D 6∈ AB. This completes part 2 and
the proof.

Answers to Practice Problems:

2.4. To a “point” that looks like a line with equation y = mx we assign

the coordinate m. Then the segment with coordinates [− 1
3 , 1] looks

like the lines with those slopes, i.e., Figure 2.5.

1

−1

1−1

Figure 2.5: A nonintuitive segment.

2.3. There are 3 more cases to consider. b < a < c leads to the contra-
diction that A = B, b < c < a leads to B = C, and c < a < b leads to
A = B. Thus the only remaining cases are a < b < c and c < b < a,
either of which implies A− B− C by definition of between.

2.2. Case 2: If c < b < a, then AB = |a− b| = a− b, BC = |b− c| =
b− c, and AC = |a− c| = a− c. Thus

AB + BC = a− b + b− c

= a− c

= AC.

This completes case 2 and the proof.
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2.1. Since |a− b| = |b− a|, we have AB = BA.

Exercise 2.1. Explain the writing system of creatures living in a 2 dimen-
sional world. (Recall that paper in a 2 dimensional world would resemble stiff
string to us.) What historical communication system could be used? A B C

Figure 2.6: A[2], B[0], C[5]?
Exercise 2.2. In Figure 2.6, point A has coordinate 2, point B has coordinate
0, and point C has coordinate 5.

1. Calculate AB, AC, and BC.

2. What between relationship, if any, is satisfied?

3. Does this arrangement of points & coordinates violate Postulate L-1?

Exercise 2.3. Let A, B, C be points having coordinates 0, b, c respectively,
with A− B− C and b > 0. Assume that AC = 7 and BC = 2. Calculate
b, c. Explain your reasoning.

Exercise 2.4. What happens if we try to apply Postulate L-1 to the points on
a circle? Does anything go wrong? (How might we rephrase Postulate L-1 so
as to be appropriate on a circle?) Note the similarity to Exercise 4.6.

Exercise 2.5. Let r be a ruler. Define a new ruler r′ by r′(P) = r(P) + 17.
Denote distance between points A and B under the new ruler by (AB)′ (to
distinguish it from the old ruler). Prove that (AB)′ = AB.

Exercise 2.6. Critique the following proof of Theorem 2.1. Is it correct? If
so, explain why it is aesthetically better or worse than the proof given in the
section. If not, how might we correct it?

Proof. Assume that A, B, C are points with A − B − C. We will show
that AB + BC = AC. Using Postulate L-1, we assign coordinates 0, b, c to
the respective points, with b > 0. From Definition 2.2, we see that either
0 < b < c or c < b < 0, however, the second is impossible since b > 0, so
we must have 0 < b < c. Then AB = |0− b| = b, BC = |b− c| = c− b,
and AC = |0− c| = c, so AB + BC = AC. This completes the proof.

Exercise 2.7. Critique the following theorem and proof.

Theorem? Let r be a ruler with r(A) = a, that is, a is the coordinate of point
A by the ruler r. Define a new ruler r̂ with r̂(A) = â = a2. Define the distance
between A and B to be”AB =

∣∣∣√â−
√

b̂
∣∣∣ (instead of the usual AB = |a− b|).

Then”AB = AB.

Proof. Since â = a2, b̂ = b2, we obtain”AB =
∣∣∣√â−

√
b̂
∣∣∣

=
∣∣∣√a2 −

√
b2
∣∣∣

= |a− b|
= AB.

This completes the proof.
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Exercise 2.8. Prove Theorem 2.3. Hint: Let A, B, C be distinct points, and
assign coordinates to them. As per the proof of Theorem 2.2, write out all
possible relationships between those coordinates. Sorting those possible rela-
tionships into categories should complete the proof.

Exercise 2.9. Prove Theorem 2.4.

Exercise 2.10. Prove Theorem 2.5.

Exercise 2.11. Prove Corollary 2.5.A. Hint: Use a proof by contradiction
together with the results of Theorem 2.5

“Beside the mathematical arts there is no infallible knowledge, except it
be borrowed from them.”

–Robert Recorde

2.2 Linear Origami

Figure 2.7: Ardian origami

In the 2 dimensional world of Arde[14], origami is much simpler than
in our 3 dimensional Earth. Since Ardian paper resembles our string,
folding paper on Arde looks much like Figure 2.7. However, we’d
like to think of their origami more like Figure 2.8, that is, not the act
of folding, but the act of moving points across the crease to a new
position. We point out that this could also be thought of as a reflection
in a mirror, and in fact many geometry texts use the term “reflection”
for what we call a “fold.”

Figure 2.8: Moving points via folding
Activity 2.3. Take a piece of kite string and using colored pens, mark points
A, B, and C on it, with A− B− C. Fold the string at point B. Notice that
you can pair points on ray

−→
BA with points on ray

−→
BC in a 1-1 fashion (well,

if you imagine the string is infinite, anyway). Let φ represent the pairing
process, and mark new points A′ = φ(A), B′ = φ(B), and C′ = φ(C).
What do you notice about the relationship of the new points to the old?

The next postulate simply spells out the things you (hopefully) no-
ticed as you experimented with folding string.

Postulate L-2. (Linear Fold Postulate) Let O be a point. There is a bijective
function φ from the line to the line called a fold with crease O such that:

1. φ(O) = O.

2. Let
−−→
OA0 and

−−→
OA1 be the two rays determined by O. Then B ∈ −−→OAi

implies φ(B) ∈ −−−→OA1−i.
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3. If segment BC ⊂ −−→OAi, then BC = φ(B)φ(C).

Informally, this postulate says that folds move points to the opposite
side of the crease, and that a fold will preserve the length of a segment,
provided the segment lies entirely on one side of the crease. It turns
out that folds preserve lengths even when the segment is not contained
in one of the rays determined by the crease.

Theorem 2.6. Let A, B be points, and φ a fold. Then φ(A)φ(B) = AB. In
other words, folds preserve distance.

OA B

φ

φ(B) φ(A)

Figure 2.9: Theorem 2.6
Proof. Let A, B be points and φ a fold. We will show that φ(A)φ(B) =
AB.

Let O be the crease of φ and P, Q be points so that P−O−Q. First
we notice that if A and B are both on the same side of the crease, that
is, if either A, B ∈ −→OP or A, B ∈ −→OQ, then φ(A)φ(B) = AB by Part
3 of Postulate L-2. Hence we assume, without loss of generality, that
A ∈ −→OP, B ∈ −→OQ. Pick a ruler so that the coordinate of O is 0, of A
is a > 0. Then the coordinate b of B satisfies b < 0 by Corollary 2.5.A,
and A−O− B by the definition of between. This allows us to conclude
that AO + OB = AB by Theorem 2.1. Thus by Part 2 of Postulate L-2
and Corollary 2.5.A, a′ < 0 < b′. Then φ(A)−O− φ(B) by definition
of between, so that φ(A)O + Oφ(B) = φ(A)φ(B) by Theorem 2.1. By
Part 3 of Postulate L-2, φ(A)O = AO and Oφ(B) = OB. Putting the
pieces together, we obtain

φ(A)φ(B) = φ(A)O + Oφ(B)

= AO + OB

= AB.

This completes the proof.

This can be used to prove that between relations are also preserved,
so we obtain the following useful corollary.

Corollary 2.6.A. Let A, B, C be points with A− B− C, and φ a fold. Then
φ(A)− φ(B)− φ(C). In other words, folds preserve between relations.

Practice 2.5. Prove Corollary 2.6.A. Hint: Let O be the crease of φ, and pick
a ruler so that the coordinate of O is 0. What happens to the coordinate of
φ(A) as compared to that of A?

Theorem 2.7. Let A, B be points with coordinates a, b respectively, and φ be
the fold with crease B. The coordinate of φ(A) is 2b− a.

Activity 2.4. Take a piece of kite string and using colored pens, mark points
A and B on it. Fold the string so as to pair points A and B, and mark the
point of the fold, O. What do you notice about the relationship of A, B, and
O?
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The next definition and its following theorems basically state what
you (hopefully) discovered in Activity 2.4.

Definition: midpoint
Definition 2.6. Let A, B be distinct points, and a, b be their respective co-
ordinates. Let M be the point with coordinate a+b

2 . Then M is called the
midpoint of the segment AB.

Theorem 2.8. Let A, B be distinct points, and M the midpoint of AB. Then
AM = BM.

Practice 2.6. Prove Theorem 2.8.

Theorem 2.9. Let A, B be distinct points, and M the midpoint of AB. Let φ

be the fold with crease M. Then φ(A) = B and φ(B) = A.

Theorem 2.10. Let A, B be distinct points, and φ a fold so that φ(A) = B.
Let M be the midpoint of AB. Then M is the crease of φ.

Corollary 2.10.A. Let φ be a fold and A a point. Then φ2(A) = A.

Answers to Practice Problems:

2.6. Let the coordinates of A, B be a, b respectively. Then the coordinate

of M is a+b
2 by definition. Thus AM = ∣∣∣a− a+b

2 ∣∣∣ = ∣∣∣ a−b
2 ∣∣∣, while BM =

∣∣∣b− a+b
2 ∣∣∣ = ∣∣∣ b−a

2 ∣∣∣. However, ∣∣∣ b−a
2 ∣∣∣ = ∣∣∣(−1) a−b

2 ∣∣∣ = ∣∣∣ a−b
2 ∣∣∣, so that AM =

BM. This completes the proof.

2.5. Let O be the crease of φ, and pick a ruler so that the coordinate of O
is 0. Let a, b, c be the respective coordinates of A, B, C. Then Corollary
2.5.A together with part 1 of Postulate L-2 shows that the coordinate of
φ(A) is a′ = −a. Similarly b′ = −b, c′ = −c. Since A− B− C, we have
either a < b < c or c < b < a, hence either a′ > b′ > c′ or c′ > b′ > a′

respectively. But in either case, φ(A) − φ(B) − φ(C). This completes
the proof.

Exercise 2.12. Prove Theorem 2.7. Hint: The theorem is easy to prove if
A = B, so assume that A 6= B, and split the proof into two cases.

Exercise 2.13. Let A, B, C be points with A− B− C, and let φ be the fold
with crease B. Show that φ(A) ∈ −→BC.

Exercise 2.14. Critique the following proof of Theorem 2.9.

Proof. Pick a ruler so that the coordinates of A, M, B are a, 0,−a, where
a > 0. Then a = |a − 0| = AM by definition of length, and AM =

φ(A)φ(M) = φ(A)M by Postulate L-2, so a = φ(A)M. Let the coordi-
nate of φ(A) be a′. Then a = φ(A)M = |a′ − 0|, so that a′ is either a or
−a. Since φ(A) 6= A, we see that a′ 6= a, so a′ = −a. Hence φ(A) = B.
Similarly, φ(B) = A.

Exercise 2.15. Prove Theorem 2.9. If you agree with the proof of Exercise
2.14, that could be your answer. If not, but you believe that it is “fixable,”
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you could fix the parts that you disagree with. Otherwise, you will need to
start from scratch.

Exercise 2.16. Prove Theorem 2.10. Hint: Let C be the crease of the fold.
Pick a ruler, and show that M and C must have the same coordinate.

Exercise 2.17. Critique the following proof of Corollary 2.10.A.

Proof. Let B = φ(A). By Theorem 2.6, φ(A)φ(B) = AB. But B = φ(A),
so we can write Bφ(B) = AB. Canceling a B, we obtain φ(B) = A. Thus
φ2(A) = φ (φ(A)) = φ(B) = A.

Exercise 2.18. Prove Corollary 2.10.A. If you agree with the proof of Exercise
2.17, that could be your answer. If not, but you believe that it is “fixable,”
you could fix the parts that you disagree with. Otherwise, you will need to
start from scratch.

“The most savage controversies are those about matters as to which there
is no good evidence either way. Persecution is used in theology, not in
arithmetic.” –Bertrand Russell

2.3 Linear Congruence

Activity 2.5. On a string, mark points A and B. With a ruler, measure the
distance AB, and then mark any other two points C and D so that AB = CD.
Can you find a fold φ so that φ(A) = C and φ(B) = D? How about a fold
ψ so that ψ(A) = D and ψ(B) = C? Repeat the activity several times with
different configurations of points.

The next two theorems make it clear that superimposing segments
in 1 dimensional linear geometry can be done in two ways: one way
moves a segment AB onto the segment CD, the other onto the segment
DC. Although these are identical segments (that is, as sets they are
equal), their configurations are different.

Theorem 2.11. Let A, B, C, D be distinct points so that AB = CD. Then
either there is a fold φ so that φ(A) = C and φ(B) = D, or there is a fold
ψ so that ψ(A) = D and ψ(B) = C, with the two results being mutually
exclusive.

Proof. Let M, N be the midpoints of AB, CD respectively, and φ the
fold that takes M to N. Then we claim that φ(A) is either C or D,
while φ(B) is either D or C. To see this, recall that Theorem 2.6 guar-
antees that φ(A)N = AM and φ(B)N = BM, and that AM = BM,
CN = DN by Theorem 2.8. We are given that AB = CD, and since
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we know that AB = AM + MB, CD = CN + ND, we obtain 1
2 CD =

CN = DN = AM = BM.

Practice 2.7. Complete the proof of Theorem 2.11. Hint: First choose a ruler
so that the coordinate of N is 0, and of C is c > 0. Then find out what the
coordinates of φ(A) and φ(B) must be.

Theorem 2.12. Let A, B, C, D be points with A 6= B. Assume that there is
a fold φ so that φ(A) = C, φ(B) = D. Then there is not a fold ψ so that
ψ(A) = D, ψ(B) = C.

Proof. Let a, b, c, d be the respective coordinates, and assume without
loss of generality that a < b. Let φ be a fold so that φ(A) = C, φ(B) =
D. We show that c > d. This in turn will show that there cannot be a
fold ψ, since such a fold would imply c < d.

Since a < b, AB = b− a. Let X be the crease of φ, and x its coordi-
nate. By Exercise 2.12, the coordinate of C = φ(A) is c = 2x− a, and
the coordinate of D = φ(B) is d = 2x − b. Since a < b, c = 2x − a >

2x− b = d. This completes the proof.

It is interesting that Theorem 2.12 shows that the existence of Theo-
rem 2.11 is exclusive: either one or the other fold exists, but not both.

Theorem 2.13. If φ is a fold so that φ(A) = C and φ(B) = D, then
φ(AB) = CD. In other words, X ∈ AB implies φ(X) ∈ CD, and X 6∈ AB
implies that φ(X) 6∈ CD.

Activity 2.6. As per Activity 2.5, mark points A and B on a string. With
a ruler, measure the distance AB. Find another pair of points C, D so that
AB = CD but for which there is no fold φ so that φ(A) = C and φ(B) = D.
Can you find two folds φ, ψ so ψ (φ(A)) = C and ψ (φ(B)) = D? How
about three? Can you find a strategy so that you can always take A to C and
B to D using the minimum number of folds?

Theorem 2.14. Let A, B, C, D be points so that AB = CD. Then there is
a composition σ of at most (how many?) folds so that σ(A) = C and
σ(B) = D.

The previous theorem points out that it may be important to look
not merely at folds, but at compositions of folds, suggesting the fol-
lowing definition.

Definition: isometry
Definition 2.7 (Isometry). A finite composition σ of folds is called an isom-
etry.
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Definitions: identity, inverse
Definition 2.8 (Identity & Inverses). The isometry I that doesn’t move
anything is called the identity. In other words, for every point A, I(A) = A.
Given an isometry σ, its inverse σ−1 is the function that “undoes” σ. In
other words, for each X, Y, σ(X) = Y if and only if σ−1(Y) = X.

Theorem 2.15. Let I be a function on the line that doesn’t do anything, that
is, if A is a point, then I(A) = A. Then I is an isometry.

Practice 2.8. Let σ = ψ ◦ φ be an isometry that is a composition of two folds,
first φ, then ψ. In other words, σ(·) = ψ ◦ φ(·) = ψ (φ(·)). What is the
inverse of σ?

Theorem 2.16. The inverse of an isometry is an isometry.

Theorem 2.17. Isometries preserve distance and between relations.

Practice 2.9. Prove Theorem 2.17.
Definition: congruence

Definition 2.9 (Congruence). We say that two sets of points (on the line)
are congruent if each set corresponds to the other via a map that can be
written as an isometry. If sets S and S′ are congruent, we write S ∼= S′.

The next three theorems together say that congruence forms an
equivalence relation. That is to say that congruence is reflexive, sym- equivalence relation

metric, and transitive, and as such can be treated almost like equality.

Theorem 2.18. Congruence is reflexive, that is, if X is a set of points, then reflexive

there is an isometry σ so that σ(X) = X.

Theorem 2.19. Congruence is symmetric, that is, if X, Y are sets of points symmetric

and there is an isometry σ so that σ(X) = Y, then there is also an isometry τ

so that τ(Y) = X. Another way to say this is that the inverse of an isometry
is an isometry.

Practice 2.10. Prove Theorem 2.19.

Theorem 2.20. Congruence is transitive, that is, if X, Y, Z are sets of points transitive

and there are isometries σ, τ so that σ(X) = Y, τ(Y) = Z, then there is
also an isometry υ so that υ(X) = Z. Another way to say this is that the
composition of isometries is an isometry.

Theorem 2.21. Two segments are congruent if and only if they have the same
length.

There are actually two statements in this theorem. First, the theorem
claims that if two segments are congruent, then they have the same
length. Second, the theorem claims that if two segments have the same
length, then they are congruent.

Practice 2.11. Prove the first half of Theorem 2.21.
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Answers to Practice Problems:

2.11. Let AB ∼= CD. We will show that AB = CD. Since AB = CD,
there is an isometry σ so that σ (AB) = CD. Then by Theorem 2.17,
distance (and thus length) is preserved, so AB = CD.

2.10. Let σ be an isometry so that σ(X) = Y. We will show that
there is some isometry τ so that τ(Y) = X. Since σ is an isometry,
σ = φn ◦ . . . ◦ φ1, each φi a fold. Let τ = φ1 ◦ . . . ◦ φn. Then

τ(Y) = τ (σ(X))

= τ ◦ σ(X)

= X,

the last step because of Corollary 2.10.A. This completes the proof.

2.9. Let σ be a finite composition of isometries. If σ is a single fold,
then it preserves distance by Theorem 2.6 and preserves between rela-
tionships by Corollary 2.6.A. Otherwise we proceed by induction, so
assume that isometries composed of n folds preserve distance and be-
tween relationships. We will show that isometries composed of n + 1
folds do, too.
Let σ = φn+1 ◦ φn ◦ . . . ◦ φ1, for some n ∈ N and φi folds. Let τ =

φn ◦ . . . ◦ φ1. We have

σ(A)σ(B) = φn+1(τ(A))φn+1(τ(B))
= τ(A)τ(B)

by Theorem 2.6, but τ(A)τ(B) = AB by the inductive assumption.
Thus σ(A)σ(B) = AB. That σ(A)− σ(B)− σ(C) is true follows by a
similar inductive argument.

2.8. Since the inverse of a fold is the same fold (to “undo” a fold we
just fold again), we need to repeat the folds, but with the reverse order.
σ−1 = φ ◦ ψ, since σ−1 ◦ σ = φ ◦ ψ ◦ ψ ◦ φ, which is the same as doing
nothing.

2.7. Choose a ruler so that the coordinate of N is 0 and of C is c > 0.
Then the coordinate of D is −c, so that φ(A)N = AM = CN = c, and
similarly, φ(B)N = c. Thus the coordinates of φ(A) and φ(B) must be
±c, in some order. Thus φ(A) and φ(B) must be C and D, in some
order.

Exercise 2.19. Prove Theorem 2.15.

Exercise 2.20. Prove Theorem 2.16.

Exercise 2.21. Prove Theorem 2.13.

Exercise 2.22. Critique the following proof of Theorem 2.14.

Proof. Let φ1 be a fold taking A to C, as guaranteed by Theorem 2.9.
If φ1(B) = B, we are done, so assume not, and let φ2 be the fold with
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crease C. Then φ2 (φ1(B)) = D, so there is a composition of 2 folds that
does what we want. This completes the proof.

Exercise 2.23. Prove Theorem 2.14. Hint: Theorem 2.9 says that there is
a fold φ1 so that φ1(A) = C. If φ1(B) = D we are done (let σ = φ1), so
assume not, and let φ1(B) = B′. Show that there is another fold φ2 so that
φ2(C) = C and φ2(B′) = D. Then let σ = φ2 ◦ φ1. (And thus the answer
to the question in the statement of the theorem is “two.”)

Exercise 2.24. Prove Theorem 2.20. In other words, let X be a set, and
show that there is a finite composition of folds σ so that A ∈ X implies that
σ(A) ∈ X, and B 6∈ X implies that σ(B) 6∈ X.

Exercise 2.25. Prove Theorem 2.20.

Exercise 2.26. Prove Theorem 2.21. One half is done in Practice Problem
2.11, so you only need to prove the other half.

“The best way to show that a stick is crooked is not to argue about it
or to spend time denouncing it, but to lay a straight stick alongside it.”
–D.L. Moody

2.4 Linear Transformations

Let A, B, C, D be points so that AB = CD. We have seen that there
is a composition σ of either zero, one, or two folds so that σ(A) =

C, σ(B) = D. It is clear when it is possible with zero folds (if and only
if A = C, B = D), but it is not clear why we may sometimes require
one and sometimes require two, nor is it clear whether, if we can do so
with two folds, we might also be able to accomplish it with only one.

Activity 2.7. On a string, mark a point A. How many distinct isometries σ

can you find so that σ(A) = A? Pick a second point B on the string. How
many distinct isometries τ can you find so that τ(A) = B?

The following two theorems tell us that, once we know what a 1

dimensional isometry does to two distinct points, we know everything
about the isometry. Contrast these results with Theorems 5.11 and
5.12, the analogous results in 2 dimensional absolute geometry.

Theorem 2.22. Let σ be an isometry, and A, B two distinct points. Let C be
any point. If σ(A) = A and σ(B) = B, then σ(C) = C. In other words,
if we know that an isometry σ acts like the identity I on two distinct points,
then σ = I.



32 CHAPTER 2. 1-D LINEAR GEOMETRY

Theorem 2.23. Let A and B be distinct points, and σ, τ be two isometries
so that σ(A) = τ(A) and σ(B) = τ(B). Let C be any other point. Then
σ(C) = τ(C). In other words, if we know what an isometry does on two
distinct points, we know what it does everywhere.

Practice 2.12. Prove Theorem 2.23.

Corollary 2.23.A. Let A and B be any points. Then there are exactly two
distinct isometries σ1, σ2 so that σi(A) = B.

Practice 2.13. Prove Corollary 2.23.A in the case where A = B.

Theorem 2.24. Let φ be the fold with crease A, and a be the coordinate of A.
Let X be a point with coordinate x. Then the coordinate of φ(X) is 2a− x.

Corollary 2.24.A. Let φi be a fold with crease Ai, and ai the coordinate of
Ai, i = 1, 2. Let X be a point with coordinate x. Then the coordinate of
φ2 ◦ φ1(X) is 2(a2 − a1) + x.

The corollary essentially says that a composition of two reflections
just adds some constant (2(a2 − a1)) to the coordinate of each point;
in other words, it just “shifts things over.” This inspires the following
definition.

Definition: translation

Definition 2.10 (Translation). A composition of two folds (in 1 dimensional
linear geometry) is called a translation.

Corollary 2.24.B. Let σ be an isometry in 1 dimensional linear geometry.
Then σ is either a fold or a translation.

Note that if we write the coordinate of a point as a column vec-
tor with second entry 1 (instead of merely as a scalar), we obtain the
following.

Corollary 2.24.C. Let φ be the fold with crease A, having coordinate

[
a
1

]
,

and let X be any point,

[
x
1

]
its coordinate. Let Y = φ(X), and

[
y
1

]
its

coordinate. Then [
y
1

]
=

[
−1 2a
0 1

]
·
[

x
1

]
.

The matrix

[
−1 2a
0 1

]
is called the matrix for φ. In particular, it is a 1

dimensional fold matrix.
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Corollary 2.24.D. Let ψ be a translation, and X be any point,

[
x
1

]
its

coordinate. Let Y = ψ(X), and

[
y
1

]
its coordinate. Then

[
y
1

]
=

[
1 κ

0 1

]
·
[

x
1

]
.

The constant κ is called the translation vector, and the matrix

[
1 κ

0 1

]
is

the matrix for ψ, in particular it is a 1 dimensional translation matrix.

Practice 2.14. Prove Corollary 2.24.D.

Theorem 2.25. Let A 6= B, C 6= D be distinct points. If τ is a translation so
that τ(A) = C, τ(B) = D, then there is no fold φ so that φ(A) = C, φ(B) =
D. In other words, an isometry is either a fold or a translation, but cannot be
both.

Answers to Practice Problems:

2.14. Let φi be the fold with crease Ai so that ψ = φ2 ◦ φ1. Then by
Corollary 2.24.C, the coordinate of Z = φ1(X) is

[ z
1

] = [ −1 2a1

0 1

] · [ x
1

] .

Hence the coordinate of Y = φ2(Z) is
[ y

1

] = [ −1 2a2

0 1

] · [ z
1

] .

Substitution gives us
[ y

1

] = [ −1 2a2

0 1

] · [ −1 2a1

0 1

] · [ x
1

]

= [ 1 2(a2 − a1)

0 1

] · [ x
1

] .

Now let κ = 2(a2 − a1). This completes the proof.

2.13. Let C 6= A be any other point. Pick a ruler so that the coordinate
of A is 0 and of C is c > 0. Let σ be an isometry so that σ(A) =

B = A, and let C′ be the point with coordinate −c. Isometries preserve
distance by Theorem 2.17, so c = AC = Aσ(C). Hence the coordinate
of σ(C) must be ±c. Then σ(C) = C or σ(C) = C′. By Theorem 2.23,
once we know what σ does to C (and we already know what it does
to A), we know what it does everywhere. Hence there are two distinct
choices for σ, call them σ1, σ2.
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2.12. Note that τ−1 is an isometry by Theorem 2.19, and τ−1 ◦ σ is
an isometry by Theorem 2.20. Then σ(A) = τ(A) implies that τ−1 ◦
σ(A) = A, and similarly for B. Thus τ−1 ◦ σ(C) = C by Theorem 2.22,
so we have σ(C) = τ(C) by applying τ to both sides of the equation.

Exercise 2.27. In 2 dimensional geometry, the only possible design of “pop-
up” cards is shown in Figure 2.10, where an extra piece of paper is glued onto
the card so that it pops up when the card is opened, and folds flat when the
card is closed.

Create a pop-up card based on this principle, but “thickening” the design in
another dimension. (We also admit that this kind of card would only work in
theory, not in practice...what would prevent it from closing in 2 dimensions?)

Figure 2.10: A 2-D popup card?Exercise 2.28. Prove Theorem 2.22. Hint: Let C′ = σ(C). Use the Linear
Ruler Postulate to show that C′ = C.

Exercise 2.29. Prove Corollary 2.23.A. Hint: Use two cases: A = B and
A 6= B. The first is done in Practice 2.23.A.

Exercise 2.30. Prove Theorem 2.24. Hint: Split the proof into two cases
depending on the relationship of the coordinates a and x.

Exercise 2.31. Prove Corollary 2.24.A.

Exercise 2.32. Prove Corollary 2.24.B. Hint: First show that the composition
of three folds is just a fold. Then extrapolate.

Exercise 2.33. Critique the following proof of Corollary 2.24.C.

Proof. By Theorem 2.24, we have[
y
1

]
=

[
2a− x

1

]
.

Multiplying, we obtain[
−1 2a
0 1

]
·
[

x
1

]
=

[
2a− x

1

]
.

Substitution completes the proof.

Exercise 2.34. Prove Corollary 2.24.C. Obviously, if you believe that the
proof in Exercise 2.33 is correct, you can simply quote that. If you felt that
proof was incorrect but “fixable,” fix it. Otherwise, you will need to start
from scratch.

Exercise 2.35. Prove Theorem 2.25. Hint: Use a proof by contradiction.

Exercise 2.36. Show that a composition of translations is a translation.

Exercise 2.37. What is the determinant of a fold matrix? Of a translation
matrix?
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But in the present century, thanks in good part to the influence of Hilbert,
we have come to see that the unproved postulates with which we start
are purely arbitrary. They must be consistent, they had better lead to
something interesting.[12]

2.5 Linear Foldability

Activity 2.8. Play the game Euclidea. This dynamic geometry game gives
you geometric constructions to complete using a line tool and a circle tool.

We imagine a game, the foldability game, played by mathemati-
cians of the 2 dimensional world of Arde[14] similar to that of Activity
2.8. They begin with a set of two points S1 = {A0, A1}, marked on a
piece of paper (a string, to us). They may create new points to append
to the set in the following ways:

φ

AjAiAn+1

Figure 2.11: Fold of type 1

1. They may use any point in Sn, say Ai, as the crease of a fold φ, and
apply φ to any point in Sn, say Aj, folding a new point An+1 =

φ(Aj), as in Figure 2.11. The point An+1 is appended to the set,
obtaining Sn+1 = {A0, A1, . . . , An, An+1}.

2. They may fold the paper with a fold ψ so that any point in Sn, say
Ai, is folded atop another, say Aj, i.e., Aj = ψ(Ai), and create a new
point An+1, the crease of the fold, as in Figure 2.12. Point An+1 is
appended to the set, obtaining Sn+1 = {A0, A1, . . . , An, An+1}.

ψ

Aj An+1 Ai

Figure 2.12: Fold of type 2

One goal of the game is to classify all of the points that could pos-
sibly be in S∞, the set of all so-called foldable points. However, to
make the game more interesting, some foldable point can be chosen,
and contestants can “race” to fold the point, the winner being that per-
son who can fold the point in the least number of folds. It is usually
assumed that the starting points have coordinates 0 and 1.

Practice 2.15. Give the smallest set of coordinates needed to produce the
points with coordinates: a. 3

4 , b. 13.

Activity 2.9. With a piece of string, mark two points, A, B. Using only
the rules of the game described above, can you fold a segment CD so that
CD = 1

2 AB?

Our next theorem simply states your answer to Activity 2.9.

Theorem 2.26. Let AB be given. The midpoint M of AB can be folded.

Practice 2.16. Prove Theorem 2.26.

https://www.euclidea.xyz/
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Activity 2.10. With a piece of string, mark four points, A, B, C, D. Using
only the rules of the game described above, can you fold a point E so that
C−D− E and DE = AB? In other words, can you add the length of AB to
CD?

Our next theorem sums up (pun intended) your solution to Activity
2.10.

Theorem 2.27. Let AB and CD be given. There is some composition σ of at
most two folds so that σ(B) = D and C− D− σ(A).

By a slight change in technique we can use folding to subtract the
length of a shorter segment from the length of a longer segment. This
gives us the following corollary.

Corollary 2.27.A. Let AB and CD be given with CD > AB. Then there is
some composition σ of at most two folds so that σ(B) = D and C− σ(A)−
D.

Theorem 2.28. Let A, B have coordinates a, b respectively. Then by a single
fold using only points A and B, one may fold a point with coordinate 2a− b,
2b− a, or a+b

2 .

Theorem 2.29. Let the starting condition of the (linear) foldability game be
the set of points with coordinates 0 and 1. Then the set S of foldable points is
the set of points with coordinates in C =

{ n
2m : n ∈ Z, m ∈N

}
.

Although this last theorem completely solves the problem of what
points are foldable, it still leaves open the question of how many folds
are required. As you probably noticed when you did Practice 2.15, it Open Problem 2.1. Given foldable point P

with coordinate p, what is the least number
of folds needed to produce P?

is not always easy to tell what is the shortest set of folds needed to
obtain a given result.

Answers to Practice Problems:

2.16. Let φ be the fold so that φ(A) = B. Then the midpoint of AB is
the crease of φ by Theorem 2.10.

2.15. a. C4 = {0, 1, 1
2 , 3

4}, b. C9 = {0, 1, 2, 4, 8, 12, 16, 14, 13} .

Exercise 2.38. Explain the exact steps needed to fold the point B with coor-
dinate 15

2 starting with S = {A0, A1}, where the coordinate of A0 is 0 and
the coordinate of A1 is 1. What is the minimum number n so that B ∈ Sn?

Exercise 2.39. Prove Theorem 2.27.

Exercise 2.40. Prove Corollary 2.27.A.

Exercise 2.41. Prove Theorem 2.28.

Exercise 2.42. Prove Theorem 2.29.
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Exercise 2.43. In addition to the standard two moves, there is a third move
that could be added to the foldability game. We may fold a point Ai atop
another point Aj using fold φ, and create a new point by marking the position
to which φ takes a third point Ak, that is An+1 = φ(Ak). Show that this can
be accomplished with a finite sequence of moves of types 1 and 2 (and thus
doesn’t give us anything new).

“People almost invariably arrive at their beliefs not on the basis of proof
but on the basis of what they find attractive.”

–Blaise Pascal, De l’art de persuader



3
1-D Circular Geometry

The Ardians, inhabitants of Yendred’s world, believed that Arde, their
world, was flat until someone sailed over its ocean and landed on the
opposite shore of its lone continent[14]. They suddenly realized that
they lived on a world that couldn’t be approximated by a line: it was
essentially a circle.

Topologically, there are two things that can happen to a 1 dimen-
sional curve without endpoints: either it continues forever, or it cycles
back, forming a closed loop. Here we’d like to investigate the alternate
1 dimensional geometry: that of the circle.

In this case, distance is bounded by exactly half the circumference
of the circle. We call this distance λ so that we can change it as needed
for circles larger or smaller in circumference.

3.1 Circular Measurement

Activity 3.1. In Appendix A.3, paper craft project “Alien Invasion” can be
found. Cut out the UFO with the strip below it, and cut the circle from the
strip using a hobby knife. Separately cut out the disk and the Earth. Using
a hobby knife, cut the solid lines on the inside of the disk, and bend them up
along the dotted lines to form triangular tabs. Insert the tabs through the hole
in the strip, and glue them to the back center of the Earth. “Play” with it by
orbiting the UFO about the Earth.

Activity 3.2. Using your compass or a round object, draw a circle on a piece
of paper (or better yet, draw a circle on a solid round object like a ball or
cylinder). With a partner, find a way to measure distance between any two
points on the circle. Assume that you are not allowed to cross through the
interior of the circle. Find a method that will always tell the distance between
any two points.

The following postulate gives the ground rules for the terms “dis-
tance” for pairs of points and “length” for segments. It is probably
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similar in some way to the method you developed in Activity 3.2.

Postulate C-1. (Circular Ruler Postulate) Let λ > 0 be given. Given any
two distinct points, there is a 1-1 correspondence, called a ruler, between all
the points on the circle and the real numbers modulo 2λ that sends one of the
two given points to 0 and the other to some number x > 0. The number p
assigned to a point P is called its coordinate.

0 1

λ

A
a

Bb

points

coordinates

Figure 3.1: Circular Ruler Postulate

To make the modulo arithmetic easier, we take the coordinates from
a specific interval. Thus we shall assume that all coordinates are in the
interval (−λ, λ], and if not, we shall scale them (by adding 2nλ for an
appropriate n ∈ Z to “force” them into that interval.

Definition: (circular) distance
Definition 3.1 (Distance). If A, B are arbitrary points with coordinates a, b
respectively, then the distance from A to B is defined to be

AB =

{
|a− b| if |a− b| ≤ λ

2λ− |a− b| if |a− b| > λ

}
.

Practice 3.1. Let λ = π. Find the distance between the points with coordi-
nates:

a. 0 & 1.2 b. π
4 & 9π

4
c. 2π

3 & −2π
3 d. 2 & 10

Practice 3.2. Let A, B be points. Prove that AB = BA.
Definition: antipode

Definition 3.2 (Antipode). If AB = λ, then B is called the antipode of A,
and the pair {A, B} are called antipodes. We shall use notation Ȧ to denote
the antipode of A.

Definition: between
Definition 3.3 (Between). Let A, B, C be distinct points with coordinates
a, b, c respectively. Then B is between A and C (denoted A− B− C) pro-
vided that AB + BC = AC.

Practice 3.3. On the unit circle, identify three points for which no between
relationship exists.

The result of Practice Problem 3.3 is in stark contrast to Theorem
2.3; it says that we cannot guarantee between relations exist in circular
geometry. However, we obtain the following.

Theorem 3.1. Let A, B, C be three distinct points for which neither A− B−
C nor A− C− B nor B− A− C is true. Let Ȧ be the antipode of A. Then
B− Ȧ− C. B

C

A

Ȧ

Figure 3.2: Theorem 3.1

Before we prove this theorem, we should point out that the choice
of Ȧ was arbitrary: A− Ḃ− C and A− Ċ− B are likewise true.

Proof. Pick a ruler so that the coordinate of A is 0 and B is b > 0, and
let the coordinate of C be c. Assume that c > 0. If 0 < b < c ≤ λ,
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then it is straightforward to check that A − B − C, a contradiction.
Similarly if 0 < c < b ≤ λ. These contradictions show that c < 0.
Then AC = −c, AB = b. Recall that BC is either |b− c| = b− c, which
would imply that B− A− C, a contradiction, or

BC = 2λ− b + c. (3.1)

Hence this latter must be the case.
Note that the coordinate of Ȧ is λ, so that ȦC = 2λ− |λ− c| = λ+ c,

and ȦB = λ − b, while BC = 2λ − b + c by Equation 3.1. However,
this means that BȦ + ȦC = BC, so that B− Ȧ− C by the definition of
between.

Theorem 3.2. Let A, B, C be points with antipodes Ȧ, Ḃ, Ċ. If A− B− C,
then Ȧ− Ḃ− Ċ.

We obtain some results that are very similar to their counterparts in
Section 2.1.

AȦ

B

Ḃ

C

Ċ

Figure 3.3: Theorem 3.2

Theorem 3.3. Let A, B, C be points with coordinates 0, b, c, and A− B−C.
Then either 0 < b < c or c < b < 0.

Proof. Here we assume that AB + BC = AC (as given by the definition
of between), and that the coordinates of A, B, C are 0, b, c respectively,
and show that either 0 < b < c or c < b < 0. Without loss of generality,
we assume that 0 < b and prove that 0 < b < c.

Assume that the result isn’t true. Then either c = 0, 0 < c < b, or
c < 0 < b.
Case 1: (c = 0) This implies that C = A, contradicting distinctness of
points as required by the definition of between.
Case 2: (0 < c < b) Then AC + CB = c + (b− c) = b = AB. Substitut-
ing this into the given AB+ BC = AC, we obtain AC+CB+ BC = AC,
so 2BC = 0. This implies that B = C, again contradicting distinctness
of points.
Case 3: (c < 0 < b) Then AC = −c, AB = b, and either BC = b− c (if
b− c ≤ λ) or BC = 2λ− b + c (otherwise).
Case 3A: (b− c ≤ λ) Then BA + AC = BC. Substituting this into the
given AB + BC = AC, we obtain AB + BA + AC = AC, so 2AB = 0.
This implies that A = B, contradicting distinctness of points.
Case 3B: (b− c > λ) Then AB + BC = AC implies b + (2λ− b + c) =
−c, so 2λ = −2c, implying that c = −λ. Since c ∈ (−λ, λ], this is a
contradiction.

We note that we can apply the theorem to points of any coordinates
by modifying the ruler via a constant. In other words, if we have points
with coordinates 1, 2, and −3, simply subtract 1 from each coordinate
modulo 2λ to obtain 0, 1, and −4 modulo 2λ, and then apply Theorem
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3.3. Thus the result is not significantly different from that of Theorem
2.1, despite the obvious difference in the statement.

Practice 3.4. Let λ = π, and A, B, C be given so that their coordinates are
1, 2,−3, respectively. Apply Theorem 3.3, and show that it gives the correct
result in this case.

Theorem 3.4. Let A, B, C be distinct points with coordinates 0, b, c respec-
tively. If either 0 < b < c or c < b < 0, then A− B− C.

Definition: (circular) segment, length
Definition 3.4 (Segment). Given two non-antipodal points A, B, we define
the segment (denoted AB) to be the set of points C so that either C = A, C =

B, or A− C− B. In other words

AB = {C : C = A, C = B, or A− C− B} .

The length of segment AB is the distance between its endpoints A, B.
Definition: (circular) ray

Definition 3.5 (Ray). Given two non-antipodal points A, B, we define the
ray with endpoint A (denoted

−→
AB) to be the set of points C so that either

C = A, C = B, C is between A and B, or B is between A and C, i.e.,

−→
AB = {C : C = A, C = B, A− C− B, or A− B− C}

Practice 3.5. Let λ = π be given, and let A, B be points with coordinates
0, 1. What is the set C of coordinates of points in

−→
AB? What is the set D of

coordinates of points in
−→
BA?

Definition: opposite rays
Definition 3.6 (Opposite Ray). Let A, B and C be points. If A− B− C,
then the rays

−→
BA and

−→
BC are opposite rays.

Practice 3.6. Let
−→
BA,
−→
BC be opposite rays. What is

−→
BA ∩−→BC?

Theorem 3.5. Let A, B be non-antipodal points with a ruler so that their
coordinates are 0, b respectively. Let C be any other point, and c its coordinate.
If 0 < b, then AB = {C : 0 ≤ c ≤ b}.

Theorem 3.6. Let A, B be non-antipodal points with a ruler so that their
coordinates are 0, b respectively. Let C be any other point, and c its coordinate.
If 0 < b, then

−→
AB = {C : 0 ≤ c ≤ λ}.

Corollary 3.6.A. Let A, B be non-antipodal points, and C 6∈ −→AB, with 0, b, c
their respective coordinates. If 0 < b, then c < 0.

Corollary 3.6.B. The segment determined by A and B is contained in and
not equal to the ray determined by A and B (AB ⊂ −→AB).

Practice 3.7. Prove Corollary 3.6.B. Hint: Pick a ruler so that the coordinates
of A, B are 0, b > 0. Show that C ∈ AB implies that C ∈ −→AB, and that there
is some D ∈ −→AB so that D 6∈ AB.
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Answers to Practice Problems:

3.7. Pick a ruler as in the hint, and let C ∈ AB have coordinate c. Then
0 ≤ c ≤ b < λ by Theorem 3.5, so C ∈ −→AB by Theoremthm1DcircleRay.
Next, pick d so that b < d ≤ λ, and let D be the point with coordinate
d. Then D ∈ −→AB by Theorem 3.6, and D 6∈ AB by Theorem 3.5. This
completes the proof.

3.6. −→BA ∩−→BC = {B, Ḃ}.
3.5. C = [0, π], D = [1− π, 1].

3.4. The coordinates, by an equivalent ruler, are 4− 2π, 5− 2π, 0. It
is easy to check that AB = 1, BC = 5 − 2π, AC = 4 − 2π, so that
BA + AC = BC, and B− A− C. So Theorem 3.3 says either 5− 2π <

4− 2π < 0 or 0 < 4− 2π < 5− 2π. In fact, the latter is true.

3.3. The points A, B, C with coordinates − 2π
3 , 0, 2π

3 have no possible
between relation, since AB = AC = BC = 2π

3 , see Figure 3.4. B

C

A

Figure 3.4: Practice 3.3

3.2. Since |a− b| = |b− a|, we have that AB = BA.

3.1. a. 1.2, b. π, c. Since 4π
3 > π, we take 2π− 4π

3 = 2π
3 , d. Notice first

that coordinate 10 is out of bounds; it should be 10− 4π. Now we can
calculate 2− (10− 4π) = 4π − 8. However, that is larger than pi, so
we obtain 2π − (4π − 8) = 8− 2π ≈ 1.72.

hub

base

Figure 3.5: Paper Engineering “Pivot”

Exercise 3.1. In Paper Engineering, a pivot allows a piece of paper to rotate,
and is constructed from two pieces of paper as shown in Figure 3.5. The hub
is cut along all solid lines, two flaps of the hub are bent upwards along the
dotted lines, and the flaps inserted through the hole in the base before being
flattened again. A picture is glued to the hub, which then may rotate freely.
Design a card using a pivot. (The craft projects in Appendices A.3, A.6, A.8,
and A.10 are based on modified pivot designs.)

Exercise 3.2. After completing Exercise 3.1, discuss design improvements
that would improve your pivot-based card.

Exercise 3.3. Let λ = π, and points A, B, C have coordinates −1, 1, 2 re-
spectively. Show that A− B− C.

Exercise 3.4. Let λ = π, and points A, B, C have coordinates −3,−2, 3
respectively. Show that B− A− C.

Exercise 3.5. We have not defined the term “point,” so we can interpret that
word however we like, so long as it doesn’t conflict with Postulate C-1. In this
exercise, we shall use “point” to mean what you would usually think of as a
line through the origin in R2. Find a way to give a 1-1 relationship between
lines (with equations like y = mx, except that one is vertical and doesn’t have
an equation of that form) and the numbers

(
−π

2 , π
2
]
, see Figure 3.6.

Figure 3.6: “Point” with coordinate π
6 ?

What is the relationship between any two lines that represent points of
distance λ = π

2 from one another? Note the similarity to Practice Problem
2.4.
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Exercise 3.6. Let r be a ruler. Define a new ruler r′ by r′(P) = r(P) + 2
modulo 2λ. Denote distance between points A and B under the new ruler by
(AB)′ (to distinguish it from the old ruler). Prove that (AB)′ = AB. Note
the similarity to Exercise 2.5.

Exercise 3.7. Critique the following proof of Theorem 3.2.

Proof. Let the coordinates of A, B, C be 0, b, c respectively. Since A− B−
C is given, we have 0 < b < c by Theorem 3.3 (we already know 0 < c).
Then the coordinates of Ȧ, Ḃ, Ċ are λ, b− λ, c− λ by Definition 3.2, so
ȦḂ = b, ȦĊ = c, and ḂĊ = c− b. Then ȦḂ + ḂĊ = b + c− b = c = ȦĊ,
so Ȧ− Ḃ− Ċ. This completes the proof.

Exercise 3.8. Prove Theorem 3.2.

Exercise 3.9. In the definitions of AB and
−→
AB, we were specifically given

that the points A, B are non-antipodal. Why? What problem is created if we
allow antipodal points in these definitions?

Exercise 3.10. Prove Theorem 3.4. Don’t panic! The proof is much easier
than that of Theorem 3.3.

Exercise 3.11. Prove Theorem 3.5.

Exercise 3.12. Prove Theorem 3.6.

Exercise 3.13. Prove Corollary 3.6.A.

“It’s okay to spin around and around in the same place. Just so long as
you’re singing your heart out. THAT’s what life’s all about.”

–Chica Umino, Honey and Clover, Vol. 4

3.2 Circular Origami

Activity 3.3. Take a piece of kite string with the ends taped together (thus
forming a circle), and using colored pens, mark points, A, B, and C, on it,
with A− B− C. Fold the string at point B. Notice that you can pair points
on ray

−→
BA with points on ray

−→
BC in a 1-1 fashion. Let φ represent the pairing

process, and mark new points A′ = φ(A), B′ = φ(B), and C′ = φ(C). What
do you notice about the relationship of the new points to the old?

The next postulate simply spells out the things you (hopefully) no-
ticed in Activity 3.3.

Postulate C-2. (Circular Fold Postulate) Let O be a point. There is a
bijective function φ from the circle to the circle called a fold with crease O
such that:
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1. φ(O) = O.

2. Let
−−→
OA0,

−−→
OA1 be the two rays determined by O. Then B ∈ −−→OAi implies

φ(B) ∈ −−−→OA1−i.

3. If BC ⊂ −−→OAi and φ(B) = B′, φ(C) = C′, then BC = B′C′.

Informally, this postulate says that folds move points to the opposite
side of the crease, and that a fold will preserve the length of a segment,
provided that the segment lies entirely on one side of the crease. As
in Section 2.2, we will see that folds preserve distances and between
relations, but we will also obtain the following result with no analog
in the geometry of the line.

φ ȮO

Figure 3.7: Fold in circular geometryTheorem 3.7. Let O be a point, Ȯ its antipode, and φ the fold with crease
O. Then φ(Ȯ) = Ȯ. In other words, the fold with crease O is really the fold
with crease {O, Ȯ}, see Figure 3.7.

Proof. Pick a ruler so that the coordinate of O is 0. Then the coordinate
of Ȯ is λ, and the distance OȮ = λ. Assume that Z = φ(Ȯ) 6= Ȯ. Then
the coordinate of Z is some z ∈ (−λ, λ).

Consider the point X with coordinate −z. Then since OX must be
contained in one of the two rays determined by O, say

−−→
OA0, we must

have |z| = OX = Oφ(X) by Postulate C-2, part 3. Thus the coordinate
of φ(X) is ±z. However, the coordinate cannot be −z, because of Part
2 of the same postulate. Thus the coordinate of φ(X) is z, so that
φ(X) = Z. But now we know that φ(X) = Z = φ(Ȯ), and X 6= Ȯ
(because they have different coordinates), which contradicts the fact
that φ is bijective. This completes the proof.

Theorem 3.8. Let A, B be two points, and φ a fold. Then φ(A)φ(B) = AB.
(In other words, folds preserve distances.)

Proof. Let {O, Ȯ} be the crease of φ (as per Theorem 3.7). If {A, B} =
{O, Ȯ}, then the proof follows from the fact that φ(A) = A, φ(B) =

B, so assume not. In particular, assume that neither A, B is Ȯ, and
choose C0, C1 so that C0 −O− C1. Then OA = Oφ(A), OB = Oφ(B),
ȮA = Ȯφ(A), ȮB = Ȯφ(B) by Postulate C-2. Pick a ruler so that
the coordinates of O, A, B are 0, a > 0, b respectively. If b > 0, then
without loss of generality AB ⊂ −−→OC0, so φ(A)φ(B) = AB by Postulate
C-2, part 3. Hence we may assume that b < 0. Then it is easy to check
that O− A− B and O− B− A cannot be true (in the first case, a = 0 or
b = −λ, in the second b = 0 or a = λ, each of which is a contradiction),
so by Theorem 3.1, either A−O− B or A− Ȯ− B.
Case 1: (A−O− B) Then AO+OB = AB. Since AO = a and OB = −b,
then AB = a − b. Parts 2 and 3 of Postulate S1 − 2 imply that the
coordinate of φ(A) is −a. Similarly, the coordinate of φ(B) is −b. Thus
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since a − b = AB ≤ λ, we obtain φ(A)φ(B) = a − b = AB. This
completes the proof in case 1.

ȮO

φ(A)

A

B

φ(B)

Figure 3.8: Theorem 3.8, Case 1

Practice 3.8. Finish the proof of Theorem 3.8. In particular, finish the proof
in the case that A− Ȯ− B.

Corollary 3.8.A. Let A, B, C be points and φ a fold. Then A− B−C implies
φ(A)− φ(B)− φ(C). (In other words, folds preserve between relations.)

Definition: bisector(s)
Definition 3.7 (Bisectors). Let A, B be distinct points, and a, b their re-
spective coordinates. Let M, Ṁ be the points with coordinates a+b

2 , a+b
2 + λ,

taken modulo 2λ, respectively. Then the pair {M, Ṁ} are called bisectors of
the pair {A, B}. If, in addition, A−M− B, then M is called the interior
bisector or simply the bisector of the pair {A, B}, otherwise M is called the
exterior bisector of the pair {A, B}.

A

B

M

Ṁ

Figure 3.9: Interior bisector M, exterior
bisector Ṁ

Practice 3.9. Let λ = π, and A, B be points with coordinates −1, 3 respec-
tively. Find the coordinates of the bisectors of the pair {A, B}. If appropriate,
identify which bisector is internal and which is external.

Practice 3.10. Let A, B be distinct points and {M, Ṁ} be the set of bisectors
of the pair {A, B}. Under what conditions, if any, is it possible that both M
and Ṁ are the bisector of the pair {A, B}? Note the similarity to Practice
4.18.

Theorem 3.9. Let A, B be distinct points, and a, b their respective coordi-
nates. Let M be the point with coordinate a+b

2 taken modulo 2λ, and Ṁ its
antipode. Then AM = BM and AṀ = BṀ.

Corollary 3.9.A. Let A, B be distinct points, and a, b their respective coor-
dinates. Let M be the point with coordinate a+b

2 taken modulo 2λ, and Ṁ its
antipode. Then either A−M− B or A− Ṁ− B.

Practice 3.11. Let λ = π, and A, B be points with coordinates −1, 3 respec-
tively. Which is correct: A−M− B or A− Ṁ− B?

Theorem 3.10. Let A, B be distinct points, and M, Ṁ the bisectors of {A, B}.
Let φ be the fold with crease {M, Ṁ}. Then φ(A) = B and φ(B) = A.

Theorem 3.11. Let A, B be distinct points, and φ a fold so that φ(A) = B.
Let M, Ṁ be the bisectors of {A, B}. Then {M, Ṁ} is the crease of φ.

Corollary 3.11.A. Let φ be a fold and A a point. Then φ2(A) = A. In other
words, φ2 = I, where I refers to the identity.

Note that all of the results of Sections 2.3, 2.4, and 2.5 have ana-
logues in circular geometry (though the coordinates must always be
taken modulo 2λ), and the proofs are even similar. The most interesting
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difference is that the exact statement of Theorem 2.27 is no longer true,
but only because the lengths |c− d|+ |a− b| may be greater than λ; it
has to be re-worded as a theorem about coordinates of points rather
than points and lengths. Of course, the introduction of the phrase
“modulo 2λ” in the statement of Theorem 2.29 makes it difficult to vi-
sualize the solution set; where does a large integer fall when taken
modulo 2π, for example?

Answers to Practice Problems:
3.11. A− Ṁ− B.
3.10. Both M and Ṁ are bisectors for {A, B} if and only if AB = λ.

3.9. The coordinates of M, Ṁ are 1, 1− π respectively. Since AṀ +

ṀB = AB, Ṁ is internal, while M is external.

3.8. Pick a new ruler so that the coordinates of Ȯ, A, B are 0, a′ > 0, b′

respectively. Then apply the argument of case 1.
Alternately, you can use an argument analogous to that of Case 1,
replacing O and its coordinate of 0 by Ȯ and its coordinate of λ.

Exercise 3.14. Prove Corollary 3.8.A.

Exercise 3.15. Prove Theorem 3.9. Hint: Pick a ruler so that the coordinate
of M is 0.

Exercise 3.16. Prove Corollary 3.9.A.

Exercise 3.17. Prove Theorem 3.10.

Exercise 3.18. Prove Theorem 3.11. Hint: Let {O, Ȯ} be the crease of the
fold. Pick a ruler, and show that {M, Ṁ} must have the same coordinates as
{O, Ȯ} (in some order).

Exercise 3.19. Prove Corollary 3.11.A.

Exercise 3.20. In Section 2.5, we discussed “foldable points” in Linear Ge-
ometry. In that setting, we needed to begin with a set of at least two points in
order to obtain more. In Circular Geometry, however, we only need to begin
with one point. What guarantees that we can obtain a second point?

Exercise 3.21. Following Exercise 3.20, we start with a set S1 = {A1} and
fold to obtain more points using the folding rules in Section 2.5. State an
analogue of Theorem 2.29 in Circular Geometry.

“You gotta know when to hold ’em, know when to fold ’em, know when
to walk away, know when to run.” –K. Rogers
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3.3 Groups

Activity 3.4. Watch M. du Sautoy’s Symmetry: Reality’s Riddle TED talk.
This talk discusses the “language of symmetry.”

Definitions: group, subgroup, commuta-
tiveDefinition 3.8 (Group). A group is a set G together with a binary operation

◦ such that

1. If a, b ∈ G, then a ◦ b, b ◦ a ∈ G. (closure)

2. If a, b, c ∈ G, then a ◦ (b ◦ c) = (a ◦ b) ◦ c. (associative)

3. There is a unique element I ∈ G satisfying ∀a ∈ G, a ◦ I = I ◦ a = a.
(identity)

4. Given a ∈ G, there is a unique element a−1 ∈ G satisfying a ◦ a−1 =

a−1 ◦ a = I. (inverse)

Let G be a group. A set F ⊆ G is called a subgroup of G if F is a group.
A group G is said to be commutative (or sometimes abelian) provided

that for each choice of a, b ∈ G, we have a ◦ b = b ◦ a.

Definition 3.9 (Group of Isometries). A group of isometries on a set A
is a nonempty set S of isometries of the set A onto itself that is closed under
products and inverses, that is, if f , g ∈ S, then f ◦ g and f−1 are in S.

We note that for isometries, the associative property is a conse-
quence of the definition of composition: f ◦ (g ◦ h) and ( f ◦ g) ◦ h both
indicate the composition of the same three isometries in the same or-
der. In other words, with isometries, the associative property comes
for free.

Activity 3.5. Let T be the set of points on the circle with coordinates 0,± 2
3 λ,

and consider the set S of isometries from T to T. Cut an equilateral triangle
out of paper, and trace its image on another paper; its vertices represent the
three points in T. Enumerate each isometry. (For example, one might be
“120◦ clockwise rotation,” or R120 for short, and another might be “flip it
over a vertical axis,” or F1 for short.) It would probably help if you labeled
the vertices of both triangle and paper so that you can record all possibilities.

Practice 3.12. Let T be the set of points on the circle with coordinates 0,± 2
3 λ.

Show that the set D3 of isometries that take points in T to points in T is a
group. Hint: Make a list of all ways to permute points in T, and then make a
table of what happens when you compose elements of that list.

Practice 3.13. Show that the set D3 of isometries in Practice 3.12 is not
commutative.

Practice 3.14. Let F0, F1, F2 represent the elements of D3 that hold one point
fixed while swapping the other two (i.e., folds with creases points of coordi-
nates 0,± 2

3 λ). Is the set {I, F0, F1, F2} a subgroup of D3? (Here I means the
identity isometry.) Why or why not?

http://www.ted.com/talks/marcus_du_sautoy_symmetry_reality_s_riddle?language=en
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Theorem 3.12. The set of isometries (of the circle) is a group of transforma-
tions.

Theorem 3.13. The group of isometries (of the circle) is non-commutative.

Theorem 3.14. The set of folds (reflections) do not form a subgroup of the
group of isometries.

Answers to Practice Problems:

3.14. Since F0 ◦ F1 = R2 6∈ {I, F0, F1, F2}, the set isn’t closed under
composition. Thus this subset is not a subgroup of D3.

3.13. All we need to do is find two elements whose compositions in
different orders are not the same. Looking at the answer to Practice
3.12, we can see that

F1 = R1 ◦ F0 6= F0 ◦ R1 = F2.

We also note that any choice of Fi, Rj would also provide a counterex-
ample.

3.12. Let I represent the identity, R1 the clockwise rotation by 120◦,
R2 the clockwise rotation by 240◦, F0 folding over a vertical line, and
F1 and F2 represent folds over lines at angles of 120 and 240 degrees
with the vertical. We compose elements in the left column (first) with
elements in the top row (second), obtaining the following.

◦ I R1 R2 F0 F1 F2

I I R1 R2 F0 F1 F2

R1 R1 R2 I F1 F2 F0

R2 R2 I R1 F2 F0 F1

F0 F0 F2 F1 I R2 R1

F1 F1 F0 F2 R1 I R2

F2 F2 F1 F0 R2 R1 I

Exercise 3.22. Identify all subgroups of D3. (A subgroup of a group S is a
subset that by itself satisfies the properties of a group.)

Exercise 3.23. Let S be the set of points (on the circle) with coordinates
± 1

3 λ,± 2
3 λ. Show that the set of isometries from S to S is a group. Hint:

Those 4 points can be imagined as the vertices of a non-square rectangle, so
this problem can be rephrased as asking about the isometries of a rectangle to
itself. In that sense, it could be solved in a fashion similar to Activity 3.5.

Exercise 3.24. List all of the subgroups of the group of isometries of a non-
square rectangle. (See Exercise 3.23.)

Exercise 3.25. Is the set of isometries of a non-square rectangle commutative?
Explain.
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Exercise 3.26. Explain how a kaleidoscope works, and why it is an applica-
tion of groups of isometries of a regular polygon.

Exercise 3.27. Prove Theorem 3.12.

Exercise 3.28. Critique the following proof of Theorem 3.13.

Proof. The set T of points with coordinates 0,± 2
3 λ is a subset of the set

of points of the circle, so the group D3 of isometries on T is a subgroup
of the group of isometries of the circle. Practice 3.12 shows that D3
is non-commutative, so the group of isometries of the circle must be,
too.

Exercise 3.29. Prove Theorem 3.14.

Exercise 3.30. Prove that the set of isometries of 1 dimensional linear geom-
etry (Chapter 2) is a group.

Exercise 3.31. Prove that the set of translations of 1 dimensional linear ge-
ometry (Section 2.4) is a subgroup of the group of isometries. Hint: Use the
matrix representation of translations.

“The importance of group theory was emphasized very recently when
some physicists using group theory predicted the existence of a particle
that had never been observed before, and described the properties it
should have. Later experiments proved that this particle really exists
and has those properties.”

–I. Adler

3.4 Circular Isometry Exploration

This section is an exploration of 1 dimensional circular geometry from
a more algebraic perspective.

We envision the circle as the set of points S = {(x, y) : x2 + y2 = r2},
where r > 0 is a real number. Alternately, we could envision the circle
as the set of points T = {(r cos θ, r sin θ) : −π < θ ≤ π}.

1. Show that these two sets are the same, i.e., that S = T.

2. Given that the circle is the set of points {(r cos θ, r sin θ) : −π <

θ ≤ π}, what is λ? In other words, what is the largest arc-distance
between two points on the circle?

3. Notice that points on the circle have a 1-1 relationship with points in
the interval (−π, π]. In that sense, we can use the interval (−π, π],
modulo 2π, to represent the points of the circle. However, the num-
ber in the interval (−π, π] that represents the point on the circle is
probably not its coordinate. Why not? When might they match?
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4. What is the distance between two points θ1, θ2?

5. Verify that the distance between two points θ1, θ2 is also given by
the expression:

r arccos
(

x1 · x2 + y1 · y2

r2

)
.

6. Let θ0 represent the crease of fold φ (of course, by Theorem 3.7, the
crease is really {θ0, θ0 ± π}), and θ1 represent a point on the circle.
Calculate θ2 = φ(θ1).

7. Imagine we are playing the foldability game of Section 2.5, but in-
stead of a line, we are playing it on a circle. Then in addition to the
two types of fold mentioned in that section, there is a third:

“3. We may use any point in Sn, say Ai, as the crease of a fold υ, and
mark the antipodal point An+1 = Ȧi. The point An+1 is appended to
the set, obtaining Sn+1 = {A0, A1, . . . , An, An+1}.”

This allows us to begin the “game” with one point instead of two.
Assume that we begin with the point A0 whose coordinate is 0.

(a) What is the necessary first step of the game?

(b) What is the result of the first step?

(c) What is the necessary second step of the game?

(d) What is the result of the second step?

(e) Your result in part 7d should again show that something is dif-
ferent between the linear foldability game and the circular fold-
ability game. Describe the difference.

(f) Find and prove an analog of Theorem 2.29 for the circular fold-
ability game. In other words, give a general (algebraic) form for
the set of (coordinates of) foldable points.

“The whole universe is based on rhythms. Everything happens in circles,
in spirals.”

–J. Hartford

3.5 Circular Matrix Exploration

This section is an exploration activity using the Online Sage Math Cell.
The purpose of the exploration is to find matrices representing trans-
formations in 1 dimensional circular geometry. We start by declaring
the variables we will be using.

https://sagecell.sagemath.org
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var(’x y m t r’)

(If you copy and paste this into Sage, the apostrophes will be incorrect:
simply retype them.)

We envision the circle as the set of points

{(r cos θ, r sin θ) : −π < θ ≤ π}

in the plane.

1. Let φ represent the fold with crease y = mx. In Sage, type

line0=y==m*x

This command tells Sage to assign to the variable line0 the equa-
tion y = mx; the crease of our fold. The single equals sign is an
assignment, and the double equals sign is a conditional.

2. Find the slope of a line that intersects line0 at a right angle. Al-
though we haven’t proven it yet, you may assume that slopes of
perpendicular lines obey the rule you learned in high school.

3. Find an equation representing the line that is perpendicular to line0
and passes through the point X with coordinates (r cos t, r sin t).
Here you should type:

line1=y==expression .

You should replace the word “expression” with the right hand side
of the equation you found.

4. We’d like to find the other point of intersection of line line1 with
the circle x2 + y2 = r2. Hence type:

solve([line11,x^2+y^2==r^2],x,y)

Store these two answers (x1, y1), (x2, y2) by typing

x1=first x expression.full simplify()

and so on.

5. Each of these expressions has something of the form√
−m2 sin2(t)− 2m sin(t) cos(t) + m2 − cos2(t) + 1

embedded in it. Sage doesn’t recognize that this can be simpli-
fied to sin(t) − m cos(t), so make that substitution by hand. You
should find that one of the answers is X = (r cos t, r sin t), as ex-
pected (why?). The other is φ(X).
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6. Notice that φ(X) has an x-coordinate in the form

r cos t · a11 + r sin t · a12,

and a y-coordinate in the form

r cos t · a21 + r sin t · a22,

for some values of aij. Type

F=Matrix(2,2, [ a11, a12, a21, a2,2 ] ) ,

replacing the aij with the appropriate expressions, and

X=Matrix(2,1, [ r · cos t, r · sin t ] ) .

7. Now you can check your work. Type F*X and see if you got the
same answer as for Step 4. If so, congratulations! If not, go back
and make adjustments.

8. Since the crease of the fold falls on (0, 0) and (r cos t0, r sin t0), the
slope m is really m = tan t0. We’d like to go back and substitute
m = tan t0 in the aij, but it is easier to do so by just redefining F.
Notice that one of the aij is 2m

m2+1 , so replace this by

(2*m/(m^2+1)).substitute(m=tan(t0)).trig reduce().

This is the 1 dimensional circular fold matrix. If you represent the
point X in circular geometry in the form

X =

[
r cos t
r sin t

]
,

then φ(X) = F · X.

9. It is instructive to further trig reduce Y = F ∗ X, which you can do
element-wise using Y=F*X first, and then typing Y[0].trig reduce(),
Y[1].trig reduce(). Does the answer remind you of a theorem of
Section 2.4?

10. Let φ1, φ2 be folds with creases Oi = (r cos ti, r sin ti), i = 1, 2, and
F1, F2 be their fold matrices. Find the matrix of their composition
R (called a rotation for φ2 ◦ φ1. Let t0 = 2(t1 − t2). Show that R
can be written as a matrix of t0. Hint: You can find R by matrix
multiplication. Then try trig reducing the elements of R.
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Exercise 3.32. Let φ0 be the fold with crease {(r, 0), (−r, 0)} and X the
point with coordinates

(
−3r

5 , 4r
5

)
. Find the matrix H for φ0, and verify that

H · X represents φ0(X).

Exercise 3.33. Let φ1 be the fold with crease {(0, r), (0,−r)} and X the
point with coordinates

(
−3r

5 , 4r
5

)
. Find the matrix V for φ1, and verify that

V · X represents φ1(X).

Exercise 3.34. Let φ2 be the fold with crease {( r√
2
, r√

2
), ( −r√

2
, −r√

2
)} and X

the point with coordinates
(
−3r

5 , 4r
5

)
. Find the matrix D for φ2, and verify

that D · X represents φ2(X).

Exercise 3.35. Let ρ be the rotation by π
2 and X the point with coordinates(

−3r
5 , 4r

5

)
. Find the matrix R for ρ, and verify that R · X represents τ(X).

Exercise 3.36. Let ρ be the rotation by π
2 . Find the matrix R for ρ (see

Exercise 3.35, and verify that R4 = Id, but that Rk 6= Id for 1 ≤ k < 4.
This can be used to show that {Id, R, R2, R3} is a group of transformations.

“Science is a way of life. Science is a perspective. Science is the process
that takes us from confusion to understanding in a manner that’s precise,
predictive and reliable – a transformation, for those lucky enough to
experience it, that is empowering and emotional.”

–B. Greene



4
2-D Postulates

In this chapter, we begin a study of 2 dimensional geometry, or rather
we should say 2 dimensional geometries, since, like the 1 dimensional
case, there are multiple possibilities, depending on the postulates cho-
sen.

In particular, it is easy to imagine several possibilities: plane (think
of a “product” of two lines), cylinder (a “product” of a line and a
circle), torus (a “product” of two circles), sphere, and even some exotic
examples (such as taxicab and hyperbolic geometries) that are harder
to imagine, but nonetheless consistent.

Although it is difficult to measure, one of the most popular books
of all time is thought to be The Elements, by Euclid[23]. This work, es-
sentially a geometry textbook, begins with a set of assumptions which
Euclid called “postulates” and “common notions”. From these basic
assumptions, Euclid went on to prove many theorems.

We shall follow a similar pattern, beginning with undefined terms,
stating postulates (statements accepted without proof), about how we
expect those undefined things to behave, and defined terms, and then
using those to prove theorems (other statements that must be true).
We will endeavor to make each of our postulates seem plausible, but
note that we may just as easily change those postulates to create new
geometries; so long as the postulates are consistent, we are free to
choose as we like. We have already seen in Chapters 2 and 3 how a
different choice of postulates leads to the geometry of the line versus
the geometry of the circle, each of which is valid in its own context.

The first three postulates of Euclid[23] can be read as instructions
in the use of straightedge and compass, two tools used extensively by
Greek mathematicians at that time.

Since the Common Core Standards[8] place a strong emphasis on
transformational geometry, we shall choose wordings for our postu-
lates so that we may apply paper folding (origami) to our constructions,
allowing us to apply the study of transformations via paper folding.
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Activity 4.1. Play the game Euclidea. This game uses the geometry of Eu-
clid, and in particular the straightedge and compass, in constructing various
objects. As we move forward in our study of transformational geometry, try
to imagine what a game similar to Euclidea, but based on folds as opposed to
straightedge and compass, would look like.

4.1 Lines

As a starting point, we take the terms point, line, plane and on as unde-
fined terms; since they are undefined, they can mean anything we like
so long as our interpretation doesn’t contradict a postulate. We also as-
sume the usual notions of sets, elements, functions, and the properties
of real numbers, as in Chapters 2 and 3.

Activity 4.2. Draw two points on a piece of patty paper. How many ways
can you fold the patty paper so that the crease of the fold lies on both points?
What do you notice about the crease of the fold? Can you fold the patty paper
in a non-straight curve?

We begin by stating what you (hopefully) discovered in Activity 4.2.

Postulate 1 (Linear Determination). Any two points determine a unique
line.

A

B

Figure 4.1: Postulate 1

We should be clear about what this means: it doesn’t mean that if
we change the two points we will (necessarily) obtain a different line,
nor does it mean that for each line there are two points. It does mean
that if we are given two distinct “points”, there is one and only one
“line” “on” those points.

This postulate could be thought of as instructions for a type of
fold in origami by replacing the (undefined) word “line” by the word
“crease.” Essentially, this is the first of the Huzita-Justin-Hatori axioms
of origami.[27]

When given two points A, B, we shall use notation
←→
AB to refer to

the unique line determined by A, B.

Theorem 4.1. Two distinct lines can intersect in at most one point.

Practice 4.1. What is wrong with the following incorrect proof?

Incorrect Proof: Pick distinct points A, B, C. Then Postulate 1 implies that both
←→
AB and

←→
AC determine unique lines, and they intersect in point A, so there is

one point of intersection.

Practice 4.2. Keeping in mind your answer to Practice 4.1, write a correct
proof for Theorem 4.1. Hint: Proving there is at most one point of intersection
is the same as proving that there aren’t two or more points of intersection.

https://www.euclidea.xyz/
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Notice that Theorem 4.1 tells us that any pair of lines could intersect
in either 0 or 1 point. This allows us to define the following.

Definition: parallel
Definition 4.1 (Parallel). If two lines l, m do not intersect, we call them
parallel lines, and write l||m. Otherwise, we call them intersecting lines.

Practice 4.3. Assume that we want to prove that two lines l, m are parallel.
After an introductory statement, what should be the first line of the proof?

Activity 4.3. In Appendix A.4, paper craft project “Thorough-meter” can be
found. Cut on the solid black lines and thread the red and white strip through
the two horizontal slits to form a thermometer. Pull on either end to change
the setting of the thermometer. We’ll use it in class as a “thorough-meter” to
express approval or disapproval of a proof.

Our next postulate gives ground rules for the terms “distance” for
pairs of points and “length” for segments. Note that this is essentially
identical to Postulate L-1; the only difference is that in 2 dimensional
geometry, points are not assumed to fall on any particular line, hence
“points” has become “points on (a/the) line.”

A
a

B
b

points
coordinates 0 1

Figure 4.2: Distance
Postulate 2 (Ruler Postulate). Given any two distinct points on a line,
there is a 1− 1 correspondence, called a ruler, between all points on the line
with the real numbers that sends one of the two given points to 0 and the
other to some number greater than 0. The number p assigned to a point P by
the ruler is called its coordinate.

Definition: distance

Definition 4.2 (Distance). If A, B are arbitrary distinct points, they deter-
mine a unique line. Assign a ruler to that line however you like, and let the
coordinates be a, b respectively. Then the distance from A to B is defined to
be AB = |a− b|.

Definition: collinear
Definition 4.3 (Collinear). Let points A, B, C be given. If there is some
line l so that A ∈ l, B ∈ l, C ∈ l are all true, then the points are said to be
collinear.

Definitions: between, segment, ray,
lengthDefinition 4.4 (Between). Let A, B, C be collinear points with coordinates

a, b, c respectively. Then B is between A and C (denoted A− B− C) pro-
vided that either a < b < c or c < b < a.

We define segment, length, and ray as in Section 2.1. Definition: opposite rays

Let A, B, C be collinear points. If A− B− C, then the rays
−→
BA and

−→
BC

are opposite rays.

Note that the only difference between Definitions 2.2 and 4.4 is the
addition of the word “collinear” in the latter. Hence distance, length,
and between are essentially the same as in Chapter 2, so long as we
are speaking about collinear points. Thus we obtain all of the results
of Section 2.1 with the addition of the term “collinear” when speaking
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about sets of more than two points. In particular, we obtain the fol-
lowing, of which only Corollaries 4.6.A and 4.6.D are not represented
in Section 2.1.

Theorem 4.2. If A, B, C are collinear points with A − B − C, then AB +

BC = AC.

Theorem 4.3. If A, B, C are distinct collinear points with AB + BC = AC,
then A− B− C.

A

a
B

b C

c

Figure 4.3: Theorems 4.2 & 4.3
Theorem 4.4. If A, B, C are distinct collinear points, then exactly one of
A− B− C or A− C− B or B− A− C must be true.

Theorem 4.5. Let A, B be points on a line with a ruler so that a, b are their
respective coordinates. Let C be any point collinear with A, B, and c its
coordinate. If a < b, then AB = {C : a ≤ c ≤ b}.

Theorem 4.6. Let A, B be points on a line with a ruler so that a, b are their
respective coordinates. Let C be any point collinear with A, B, and c its
coordinate. If a < b, then

−→
AB = {C : a ≤ c}.

Corollary 4.6.A. Let A, B, C be distinct points with C ∈ −→AB. Then
−→
AB =−→

AC.

Corollary 4.6.B. Let A, B be points, and C ∈ ←→AB, C 6∈ −→AB, with a, b, c the
respective coordinates. If a < b, then c < a.

Corollary 4.6.C. The segment determined by A, B is contained in and not
equal to the ray determined by A, B (AB ⊂ −→AB).

Corollary 4.6.D. The ray determined by A, B is contained in and not equal
to the line determined by A, B (

−→
AB ⊂ ←→AB).

Figure 4.4: “Lines” on a kamifûsen

Activity 4.4. Using a kamifûsen (Japanese paper balloon), fold a line. What
do you notice about the line that you folded? Does it contradict either postu-
late?
Crease the fold, unfold the kamifûsen, and fold another (distinct) line. What
do you notice about the intersection of these two lines? Does this contradict
either postulate? How do you know? What can you conclude?
On either of the lines that you folded, can you find three (collinear) points for
which no between relation holds?

Note that the results of Activities 4.2 and 4.4 are quite different.
This should suggest that we will need to change our postulates when
we later examine spherical geometry.

We continue by recalling Definition 2.6 from Section 2.2.
Definition: midpoint

Definition 4.5 (Midpoint). Let A, B be distinct points. Pick a ruler on
←→
AB

and let a, b be their respective coordinates. Let M be the point with coordinate
a+b

2 . Then M is called the midpoint of the segment AB.
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Theorem 4.7. Let A, B, C be distinct collinear points so that AB = BC.
Then B is the midpoint of AC.

Practice 4.4. Prove Theorem 4.7.

Answers to Practice Problems:

4.4. Pick a ruler on ←→AB so that the coordinates of A, B, C are a > 0, 0, c
respectively. Then a = AB = BC = |c|. But since A 6= C, a 6= c. Thus
c = −a. But then B is the midpoint of AC by definition. This completes
the proof.

4.3. “Assume that l and m (aren’t parallel -or- intersect), and let P be
the point of intersection.”

4.2. Let l, m be 2 distinct lines. If they intersect in less than two points
we are done, so assume that they intersect in (at least) two distinct
points A, B. Then by Postulate 1 they determine a unique line. This
contradicts the fact that l and m are distinct, completing the proof.

4.1. First, it begins with 2 specific lines that intersect, and should begin
with two arbitrary lines which may or may not intersect. The pur-
ported proof shows that the two specific lines intersect, but doesn’t
show that they cannot intersect at a second point.

Exercise 4.1. Watch Vi Hart’s video “What was up with Pythagoras?”.
Based on the discussions in the video, how might Pythagoras have criticized
our Ruler Postulate?

Exercise 4.2 (Submitted by J. McBeath). Theorem 4.1 says that two arbi-
trary lines l and m can be related to one another in three possible ways. What
are they?

Exercise 4.3 (Submitted by S. Slocum). How many lines could be deter-
mined by three distinct points? Explain.

Exercise 4.4 (Submitted by L. Tran). In order to use a theorem efficiently
in a proof one must fully understand the theorem. Explain the circumstances
under which Theorem 4.5 could be applied, and what would be the end result.

Exercise 4.5. Explain why Postulate 1 is false in spherical geometry. (Think
of an example of two points that either do not determine a [spherical] line, or
that determine more than one.)

Exercise 4.6. What happens if we try to apply the Ruler Postulate to the
points on a sphere? Does anything go wrong? (How might we rephrase the
Ruler Postulate so that it was appropriate on the earth?) Note the similarity
to Exercise 2.4.

Exercise 4.7. Prove Theorem 4.2.

Exercise 4.8. Critique the following proof of Theorem 4.3.

https://www.youtube.com/watch?v=X1E7I7_r3Cw


4.2. NOT LINES 59

Proof. Let A, B, C be distinct collinear points, and assume that A− B−
C. Then Theorem 2.1 says that AB + BC = AC. Thus we have both
AB + BC = AC and A− B− C, so the proof is complete.

Exercise 4.9. Prove Theorem 4.3.

Exercise 4.10. Prove Theorem 4.4.

Exercise 4.11. Prove Theorem 4.5.

Exercise 4.12. Prove Theorem 4.6.

Exercise 4.13. Prove Corollary 4.6.A. Although we usually show that two
sets are equal by showing that anything in (or not in) one must also be in (or
not in) the other, here we can use an alternate strategy: show that both sets
are equal to the same other set.

Exercise 4.14. Prove Corollary 4.6.B.

Exercise 4.15. Prove Corollary 4.6.C.

Exercise 4.16. Prove Corollary 4.6.D.

“Everything is within walking distance if you have the time.”

–S. Wright

4.2 Not Lines
Definition: same side

Definition 4.6 (Same/Opposite Side). Given a line l and two points A, B 6∈
l in the plane, we say that A, B lie on opposite sides of l provided that
∃C ∈ AB ∩ l. Otherwise we say they lie on the same side of l.

We note that by Theorem 4.1, if there is a point of intersection C ∈
AB ∩ l, then C = AB ∩ l, so there are only two possiblities.

l

A

B

Figure 4.5: Theorem 4.8

Theorem 4.8. Let A ∈ l, B 6∈ l. Let C ∈ −→AB, C 6= A. Then C is on the
same side of l as B.

Proof. By Definition 4.6, there are three possibilities: C ∈ l, B, C are on
opposite sides of l, or B, C are on the same side of l. We will show that
the first two cannot be true.
Case 1: If C ∈ l, then Theorem 4.1 says that

←→
AC = l. However, Corol-

lary 4.6.A says that
−→
AB =

−→
AC, and Corollary 4.6.D says that

−→
AC ⊂ ←→AC.

Thus
−→
AB ⊂ l, and B ∈ l. However, this contradicts the fact that B 6∈ l.

Hence C 6∈ l. This completes case 1.

Practice 4.5. Complete the proof of Theorem 4.8.



60 CHAPTER 4. 2-D POSTULATES

l

H0

H1

Figure 4.6: Plane Separation
Postulate 3 (Plane Separation). Every line l determines a decomposition of
the plane into 3 distinct sets: H0, H1, and l, where:

• Every pair of points in one of the Hi are on the same side of l.

• Every pair of points where one is in H0 and the other is in H1 are on
opposite sides of l.

Definition: half plane
Definition 4.7 (Half Planes). The sets H0, H1 guaranteed by Postulate 3
are called the half planes determined by l, and l is called the edge of each
half plane. The sets Hi = Hi ∪ l, i = 0, 1 are called the closed half planes
determined by l.

Activity 4.5. Imagine an infinitely long cylinder using a spent paper towel
or toilet paper roll. In this context, “line” may have three different interpreta-
tions: meridianal (horizontal) loops, longitudinal (vertical) lines, and helices
(like RNA). Show that only one of these satisfies Postulate 3. In addition,
explain why the one kind of “line” that satisfies Postulate 3 doesn’t satisfy
Postulate 2

Figure 4.7: Möbius band

Activity 4.6. A Möbius band can be considered as a vertically infinite strip
of paper with the left and right sides glued together via a half-twist. Construct
a finite model of a Möbius band with a strip of paper. In this context, “line”
could have a variety of interpretations. Some are: vertical lines (from one
boundary to the other), the central horizontal loop, and other horizontal loops
(parallel to the boundary). Show that only one of these satisfies Postulate 3. In
addition, explain why the one kind of “line” that satisfies Postulate 3 doesn’t
satisfy Postulate 2.

Activity 4.7. On your computer, start Geometry Explorer. Choose File →
New, and then choose elliptic geometry., also known as projective geometry.
Construct a line, and then construct a segment whose endpoints do not fall on
the line. Choose the manipulate (arrow) tool, and move the endpoints of the
segment about. Can you find an example for which the two endpoints appear
to be on opposite sides of the line, yet the segment they determine doesn’t
cross the line? This demonstrates that projective geometry does not satisfy
Postulate 3.

The next three theorems use the notation of Postulate 3, that is, we
assume l is a line and H0, H1 are the two half planes that are deter-
mined by l.

Theorem 4.9. Let A, B, C be points, A ∈ l, and B ∈ Hi for i = 0 or 1. If
C ∈ AB and C 6= A, then C ∈ Hi.

l

B

A H0

H1

Figure 4.8: Theorem 4.10

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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Theorem 4.10. If A− B− C, A ∈ Hi, and B ∈ l, then C ∈ H1−i (i = 0 or
1). In other words, if A− B− C and B ∈ l, A 6∈ l, then A, C are on opposite
sides of l.

Theorem 4.11. Let A, B, C be distinct collinear points with A ∈ Hi, B ∈ l,
and C ∈ H1−i, i = 0 or 1. Then A− B− C.

The next few theorems show, in a few different ways, that if a line
enters a triangle it must exit the triangle.

Theorem 4.12 (Pasch’s Theorem). Let A, B, and C be any three distinct
noncollinear points. Let l 6= ←→AB be any line in the plane that passes through
a point D with A − D − B. Then l passes through a point E with either
A− E− C, B− E− C, or E = C, the three cases being mutually exclusive.

B

A

D
C

Figure 4.9: Pasch’s Theorem

In other words, if a line enters a triangle along an edge, then it must
exit the triangle either at the opposite vertex or along exactly one of
the opposite edges.

Proof. Let H0, H1 be the two half planes determined by l, and assume
without loss of generality that A ∈ H0. Theorem 4.10 says that B ∈ H1.
Consider point C. There are three cases.
Case 1: (C ∈ H1)

Practice 4.6. Prove Theorem 4.12 in case 1.

Case 2: (C ∈ H0) This case is left as Exercise 4.27.
Case 3: (C ∈ l) Assume there is some point E 6= C on either AC or BC
so that E ∈ l. Theorem 4.9 says C 6= E ∈ AC implies E ∈ H0, and
therefore E 6∈ l. Similarly, C 6= E ∈ BC implies E ∈ H1, and therefore
E 6∈ l. Hence l cannot intersect either AC or BC except at C. This
completes case 3 and the proof.

Activity 4.8. In Appendix A.6, paper craft project “Mood-o-meter” can be
found. Cut on the solid lines, fold on the dotted line, and attach the needle to
the meter by folding out the center flaps. For children, the meter is supposed
to be labelled with moods such as “happy,” “angry,” and so on, but perhaps
you might label yours with “I get it,” “confused” and the like.

Definitions: angle, supplementary
Definition 4.8 (Angles). A pair of rays with common endpoint B is called
an angle with vertex B. If A 6= B is on one ray, and C 6= B is on the other,
then the angle is denoted by ∠ABC.
If
−→
BA,
−→
BC are the same ray, then we call ∠ABC a degenerate angle. If they

are opposite rays, then we call ∠ABC a straight angle. If ∠ABC is neither
degenerate nor straight, we say that it is a proper angle. If ∠ABC is a
straight angle and D 6∈ ←→AC, then we call angles ∠ABD,∠DBC supple-
mentary angles. B

A

C

Figure 4.10: Angle ∠ABC
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Definition: angle interior
Definition 4.9 (Angle Interior). The interior of a proper angle ∠ABC
is the intersection of the half plane of line

←→
AB that contains C and the half

plane of line
←→
BC that contains A. We shall denote the interior of proper angle

∠ABC by ◦∠ABC.

Theorem 4.13. For proper ∠ABC, if D ∈ ◦∠ABC, then X ∈ −→BD and
X 6= B implies that X ∈ ◦∠ABC.

Practice 4.7. Prove Theorem 4.13. Hint: Apply Theorem 4.8 twice.

Theorem 4.14 (Crossbar Theorem). If D ∈ ◦∠ABC, then
−→
BD meets AC

at some point other than A or C.

In other words, if a line enters a triangle at a vertex, then it must
exit the triangle along the opposite side.

C

A

B D

Figure 4.11: The Crossbar Theorem
Proof. Using Postulate 2, choose a point E ∈ ←→BC so that E − B − C.
Using Postulate 1, construct EA. Now by Theorem 4.12,

←→
BD intersects

either A or AE at some point X with A− X − E, or AC at some point
X with A− X− C.

Let H0, H1 be the half planes determined by
←→
BA, K0, K1 the half

planes determined by
←→
BC. Assume without loss of generality that C ∈

H0, A ∈ K0. We now examine three cases.
Case 1: (A ∈ ←→BD) Then

←→
AB =

←→
BD, so D 6∈ ◦∠ABC, a contradiction.

This completes case 1.
Case 2: (

←→
BD intersects AE at some point X with A − X − E) Since

D ∈ ◦∠ABC, any point Y ∈ −→BD is in the interior of ∠ABC by Theorem
4.13, and hence Y ∈ H0, K0. Any point Z 6= B on the ray opposite to−→
BD satisfies Z− B− D by the argument of Corollary 4.6.B, and hence
by Theorem 4.10, Z ∈ H1, K1. Thus all points in

←→
BD are either B, in

both H0, K0, or in both H1, K1.
Since

←→
BD intersects AE at some point X with A− X − E and A ∈

K0, we must have X ∈ K0 by Theorem 4.9. Theorem 4.10 shows that
E ∈ H1, so by Theorem 4.9, X ∈ H1. Thus X ∈ H1, K0. But this is
a contradiction, since we have previously seen that all points of

←→
BD

other than B are either in both H0, K0 or H1, K1. This completes case 2.
Case 3: (

←→
BD intersects AC at some point X with A−X−C) This is left

as Exercise 4.28.

Theorem 4.15. Let ∠ABC be proper. If X is any point so that A− X − C,
then X ∈ ◦∠ABC.

AB

C

X

Figure 4.12: A− X− CAnswers to Practice Problems:
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4.7. Let l =←→BA, m =←→BC. Let H0, H1 be the two half planes determined
by l, and K0, K1 those determined by m. Without loss of generality,
assume that C ∈ H0, A ∈ K0. Since D ∈ ◦∠ABC, D is on the same side
of l as C, so D ∈ H0. Similarly, D ∈ K0. By Theorem 4.8, B 6= X ∈ −→BD
implies that X ∈ H0, X ∈ K0. Thus by definition X ∈ ◦∠ABC. This
completes the proof.

4.6. Since A ∈ H0, B, C ∈ H1, Postulate 3 says that BC doesn’t intersect
l while AC does. It cannot intersect at A or C, so it must intersect at
some point E with A− E− C. This completes case 1.

4.5. Case 2: Assume B, C on opposite sides of l. Then BC intersects l,
and Theorem 4.1 says BC ∫ l = A. Thus A = B or A = C or B− A− C
by definition of segment. Since the first two are not possible, we have
B − A − C. Pick a ruler so the coordinates of A, B, C are 0, b > 0, c
respectively. Then by definition of between we have c < 0 < b, but
Theorem 4.6 says c > 0. This contradiction completes case 2 and the
proof.

Exercise 4.17. Make three angle-a-trons (described in the linked Vi Hart
video of the same name) with angle measures π

3 , π
4 , and π

6 .

Exercise 4.18. What are the Section 2.2 analogues of l, H0, H1 of Postulate
3?

Exercise 4.19 (Submitted by M. Møller). What is the difference between a
half plane and a closed half plane?

Exercise 4.20 (Submitted by S. Slocum). Let A, B, C be distinct non-
collinear points, and consider the segments AB, AC, BC. Let D, E, F be points
so that A− D− B, A− E− C, B− F− C. Is it possible to find a line l

1. on D but no points between A, C or B, C?

2. on both of D, E, but not points between B, C?

3. on all three of D, E, F?

Exercise 4.21. Critique the following theorem and proof. Your critique should
address the questions: Is the theorem correct? Is the proof correct? What, if
anything, could be improved about the way the proof is written?

Theorem? Let l, m be lines. Then l ∪m determine a decomposition of the plane
into exactly 6 distinct sets.

Proof. By Postulate 3, l determines a decomposition into 3 distinct sets:
l and two half planes H0, H1. Similarly, m determines a decomposition
into 3 distinct sets: m and two half planes K0, K1. Thus l, m determine
a decomposition into 6 distinct sets: l, m, H0 ∩ K0, H0 ∩ K1, H1 ∩ K0,
H1 ∩ K1.

Exercise 4.22. Prove Theorem 4.9.

https://www.youtube.com/watch?v=o6W6P8JZW0o
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Exercise 4.23. Critique the following proof of Theorem 4.10.

Proof. By the definition of between, A < B < C or C < B < A. Because
this is true, and because we know that A ∈ Hi, B ∈ l, C must be in H1−i
in order for B to be between A, C.

Exercise 4.24. Prove Theorem 4.10.

Exercise 4.25. Critique the following proof of Theorem 4.11.

Proof. We will assume that A ∈ H0, B ∈ l, C ∈ H1, and show that A−
B− C. Assume that A− B− C. Then Theorem 4.10 shows that C ∈ H1.
This is what we wanted to show.

Exercise 4.26. Prove Theorem 4.11. Hint: Use Postulate 3.

Exercise 4.27. Prove Theorem 4.12, case 2.

Exercise 4.28. Complete the proof of Theorem 4.14. In case 3, we only need
to show that X ∈ −→BD.

Exercise 4.29. Prove Theorem 4.15. Hint: Theorem 4.9 may be useful.

Exercise 4.30. Critique the following theorem and proof. Your critique should
answer the following questions. Is the theorem correct? Is the proof correct?
What, if anything, could the writer have done to improve the statement of the
theorem and/or proof?

Theorem? Let l||m be distinct lines. Then the two lines l, m determine a
decomposition of the plane into 5 distinct sets: l, m and three “third planes.”

Proof. Using Postulate 3, l determines a decomposition of the plane into
two half planes H0, H1, and m determines a decomposition of the plane
into two half planes K0, K1. Then a point could be in l, m, or one of four
“quarter planes” H0 ∩ K0, H0 ∩ K1, H1 ∩ K0, H1 ∩ K1, hence any one of
six distinct sets. We show that at least one of the four “quarter planes”
must be empty.

Assume not, and let points A ∈ H0 ∩ K0, B ∈ H0 ∩ K1, C ∈ H1 ∩ K0, D ∈
H1 ∩ K1. Then m must intersect AB in some point, say E. Similarly, let
F = l ∩ AC, G = m ∩ AD, H = l ∩ AD. Since l||m, G, H must be distinct
points. Without loss of generality, assume that A − G − H. Note that
F ∈ K0, H ∈ K1. Thus m must cross FH. However,

←→
FH = l, so this

implies that l 6|| m. This contradiction proves that at least one of the four
“quarter planes” defined by l ∪m must be empty. QED.

Exercise 4.31. Let l, m be distinct lines with point O = l ∩ m. Into how
many distinct sets does l ∪m divide the plane? (Assume that l ∩m is one of
the sets.) Prove your answer.

“Provability is a weaker notion than truth.” –D. Hofstadter
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4.3 Angles

We next postulate that it is possible to measure angles. Essentially the
measure of an angle equals the arc length cut out by the angle on a
conveniently sized circle when the angle vertex is at the circle’s center.

There are at least four units by which angles are measured: degrees,
radians, gradians, and hours (minutes, seconds). The first of these
assumes that the circumference of the “measuring circle” is 360, the
second assumes 2π, the third assumes 1, and the last assumes 24.

Probably the most familiar to you is the first, though it is not natural
at all; it comes to us for historic reasons (the Sumerian, Babylonian,
and Persian calendars had 360 days per year, and the Babylonians had
a base 60 number system).

On the other hand, the second is natural, to the point that it has
been proposed as one of the first things that could be communicated
with intelligent aliens, [6]. Although in Chapter 3 we chose to use the
variable λ as the maximum distance between points on a circle to allow
us to adjust for the size of the circle, here we shall choose π, so that we
are choosing to measure angles by the arclength of the subtended arc
of the circle of radius 1. However, it may sometimes be necessary to
convert between radian measure and degree measure, if only because
your protractor probably comes marked in degrees.

Activity 4.9. In Appendix A.5, a template for a radian protractor can be
found. Print the protractor on transparent film, and cut around the outer
circle to create a usable protractor with angle measures in radians.

Activity 4.10. Using a straightedge, draw a line
←→
AB, marking the points

A, B on it. Pick one of the two half planes. Have a partner pick a number
0 ≤ x ≤ π, and try to find a point C in the half plane so that the measure
of ∠BAC is x radians. (It is recommended that you use the protractor that
you created in Activity 4.9, otherwise you may need to use 0 ≤ x ≤ 180 for
angles measured in degrees.) Is it possible for each choice of x? Can you find
a point C so that the measure of ∠BAC is greater than π, according to your
protractor? Why or why not?

Postulate 4 (Protractor Postulate). Let
−→
OA be given. Then there is a 1-

1 correspondence, called a protractor, between all rays
−→
OB with the real

numbers in the interval (−π, π] that sends
−→
OA to 0 and

−→
OB to some number

x ∈ (−π, π]. The number p assigned to a ray
−→
OP by the protractor is called

its coordinate. Further:

•
−→
OB has coordinate 0 if and only if ∠AOB is degenerate.

•
−→
OB has coordinate π if and only if A−O− B, that is, if∠AOB is straight.

O

C
[
− 5π

6

]

B
[ 3π

4

]
A
[

π
6

]
5π
12

7π
12

π

Figure 4.13: Measuring angles

https://www.nsa.gov/public_info/_files/cryptologic_spectrum/communications_with_extraterrestrial.pdf
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Definition: angle measure

Definition 4.10 (Angle measure). If
−→
OA,
−→
OB are arbitrary rays with co-

ordinates a, b respectively, then the angle measure µ(∠AOB) between
−→
OA

and
−→
OB is defined to be

µ(∠AOB) =

{
|a− b| if |a− b| ≤ π

2π − |a− b| if |a− b| > π

}
.

We want to point out that Postulate 4 bears a striking resemblance
to Postulate C-1, and Definition 4.10 is likewise similar to Definition
3.1, both of Section 3.1.

Practice 4.8. Verify that the angle measures shown in Figure 4.13 are correct.
Here we use notation A

[
π
6
]

to mean that the coordinate of ray
−→
OA, for some

unspecified protractor, is π
6 .

Practice 4.9. Because of the (intentional) similarity in wording between Pos-
tulates C-1 and 4 and between Definitions 3.1 and 4.10, the theorems of Sec-
tion 3.1 will all have some analogues in this new setting. Interpret Theorem
3.1 in our current context.

Theorem 4.16. Angle ∠AOB is degenerate if and only if µ(∠AOB) = 0,
and ∠AOB is straight if and only if µ(∠AOB) = π.

Practice 4.10. Prove Theorem 4.16. In particular, prove the first part (the
second part is analogous).

Activity 4.11. Using a straightedge, draw an angle ∠ABC on a piece of
paper. Pick a point D ∈ ◦∠ABC, and draw ray

−→
BD. Using your pro-

tractor, measure ∠ABC,∠ABD,∠DBC. What do you notice? (Since your
protractor is marked in degrees [unless you completed Activity 4.9], these
measurements must be in degrees.)

Postulate 5 (Angle Addition). Let
−→
OA,
−→
OB,
−→
OC be distinct rays. Then

µ(∠AOB) + µ(∠BOC) = µ(∠AOC) if and only if B ∈ ◦∠AOC (when
µ(∠AOC) < π) or ∠AOB,∠BOC are supplementary (when µ(∠AOC) =
π).

Definition 4.11. Let
−→
OA,
−→
OB,
−→
OC be distinct, and ∠AOC be proper. We say

that
−→
OB is between

−→
OA and

−→
OC provided that µ(∠AOB) + µ(∠BOC) =

µ(∠AOC).

Practice 4.11. Let rays
−→
AB,
−→
AC,
−→
AD in Figure 4.14 have coordinates 0, π

3 , π
6 ,

respectively. Does this violate Postulate 5? Why or why not? You may
assume the betweenness relationships as apparent in the figure.

A B

C

D

Figure 4.14: Angle Addition

Theorem 4.17 (Supplementary Angles Theorem). Angles supplemen-
tary to angles with equal measures have equal measures. In other words,
if ∠ABC,∠CBD and ∠A′B′C′,∠C′B′D′ are pairwise supplementary, and
µ(∠ABC) = µ(∠A′B′C′), then µ(∠CBD) = µ(∠C′B′D′).
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Definition: vertical angles
Definition 4.12 (Vertical Angles). Let l, m be lines that intersect at O.
Let A −O − B be points on l, and C −O − D be points on m, see Figure
4.15. Then ∠AOC and ∠BOD are called vertical angles, as are the pair
∠AOD,∠BOC.

Theorem 4.18 (Vertical Angles Theorem). Let l, m be lines that intersect
at O. Let A−O− B be points on l, and C−O− D be points on m. Then
µ(∠AOC) = µ(∠BOD), µ(∠AOD) = µ(∠BOC). O

A

D

B

C

Figure 4.15: Vertical Angles

Proof. There are two cases to consider: either l = m or they are differ-
ent lines.
Case 1: Assume that l = m, and choose a ruler on l so that the coor-
dinates assigned to O, A are 0, a > 0 respectively. Then the coordinate
assigned to B is b < 0 by Corollary 4.6.B. Without loss of generality,
assume that d < 0 < c (the other case is analogous). Then ∠AOC is de-
generate, so µ(∠AOC) = 0, while ∠AOD is straight, so µ(∠AOD) =

π, by Theorem 4.16. Similarly, µ(∠BOD) = 0 and µ(∠BOC) = π. But
then µ(∠AOC) = µ(∠BOD), µ(∠AOD) = µ(∠BOC), as we wanted.
This completes case 1.
Case 2 is left as Exercise 4.40.

Definitions: right, acute, obtuse
Definition 4.13. If µ(∠ABC) = π

2 , then we call ∠ABC a right angle. If
µ(∠ABC) < π

2 , then we say that ∠ABC is acute, and if µ(∠ABC) > π
2 ,

we say that ∠ABC is obtuse. Two lines l, m that meet in a right angle are
called perpendicular lines, which we denote l ⊥ m. Similarly, we can talk
about perpendicular segments or rays.

Theorem 4.19 (Perpendicular Lines). Let l, m be lines that intersect at O.
Let A−O− B be points on l, and C−O− D be points on m. If ∠AOC is
a right angle, then so are ∠AOD,∠BOC,∠BOD.

Practice 4.12. Let l, m be lines that intersect at O. Let A−O− B be points
on l, and C −O− D be points on m. Assume that ∠AOC is acute. What
can be said of ∠AOD,∠BOC,∠BOD? Explain.

Theorem 4.20. Given line l and point P ∈ l, there is a unique line m so that
l ∩m = P and the angles formed at the intersection are all right.

Answers to Practice Problems:

4.12. Since ∠AOC,∠BOD are vertical angles, they have the same
measure, so ∠BOD is acute. Since µ(∠AOC) + µ(∠AOD) = π =

µ(∠AOC) + µ(∠BOC), ∠AOD,∠BOC are obtuse.

4.11. In the figure, C is on the same side of line ←→AB as D and on
the same side of ←→AD as B, and is thus in the interior of ∠BAD.
Thus we should have µ(∠BAC) + µ(∠CAD) = µ(∠BAD). However,
µ(∠BAC) =

π
3 , while µ(∠CAD) =

π
6 = µ(∠BAD). It is easy to verify

that this does not satisfy Postulate 5.
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4.10. Assume ∠AOB is degenerate. Then the coordinate of −→OA is 0,
while the coordinate of −→OB is 0. Hence the measure of the angle is
µ(∠AOB) = |0 − 0| = 0. Now assume that µ(∠AOB) = 0. Pick a
protractor so that the coordinate of −→OA is 0, and of −→OB is b. Since
0 = µ(∠AOB) = |0− b| = b, we have b = 0. Then by Postulate 4,
∠AOB is degenerate.

4.9. Let −→OA,−→OB,−→OC be rays, and
−→
OȦ be the opposite ray to −→OA. If

A 6∈ ◦∠BOC and B 6∈ ◦∠AOC and C 6∈ ◦∠AOB, then Theorem 3.1
says that Ȧ ∈ ◦∠BOC.

4.8. Ray −→OA has coordinate a =
π
6 , −→OB has b = 3π

4 , and −→OC has c =

− 5π
6 . Then µ(∠AOB) = |a− b| = 7π

12 , and µ(∠AOC) = |a− c| = π.
However, |b− c| > π, so µ(∠BOC) = 2π − |b− c| = 5π

12 .

Exercise 4.32. Play Alien Angles Math Game. What discrepancy is there
between this game and Postulate 4?

A B

C D

Figure 4.16: V-fold

Exercise 4.33. In paper engineering, one of the “foundation shapes” is the
V-fold, shown in Figure 4.16; often two of these shapes are chosen to make
the head and jaw of a moving face in “pop-up” cards or books. Note that
µ(∠A) > µ(∠C), µ(∠B) > µ(∠D) are required, and for symmetry (which
isn’t necessary, but usually desirable) we must also have µ(∠A) = µ(∠B),
µ(∠C) = µ(∠D). Construct a pop-up card employing this foundation shape.

Exercise 4.34. Let rays
−→
AB,
−→
AC,
−→
AD in Figure 4.17 have coordinates 0, π

5 ,
and π

3 , respectively. Does this violate Postulate 5? Why or why not? You
may assume the betweenness relationships as apparent in the figure.

A B

C

D

Figure 4.17: Rays in Exercise 4.34

Exercise 4.35. Let
−→
OA be a ray, and B, C be two points on opposite sides of

the line
←→
OA so that µ(∠AOB) = µ(∠AOC) = 2

3 π. Show µ(∠BOC) =
2
3 π.

Exercise 4.36. In Appendix A.8, a paper craft slide rule project can be found.
Cut out the three circular pieces, and then cut the central circle in the base
and the “tabs” on the wheel using a hobby knife. Insert the tabs through the
hole in the base so that the numbers on both wheel and base are visible, gluing
the hubcap onto the tabs in back to stabilize the rotating wheel. The numbers
1 ≤ n ≤ 100 are marked around the wheel so that the position of n is at
2π log10(n) radians clockwise from the position of the number 1. Explain
how this craft project allows us to use clockwise angle addition to perform
multiplication and anticlockwise angle addition to perform division.

Exercise 4.37 (Submitted by L. Winchell). Why have we chosen to use π

instead of just using 180◦?

Exercise 4.38. Let N be the north pole of a sphere, and l represent the equator
(a line in circular geometry). Let A, B ∈ l. Imagine defining the distance AB

http://www.mathplayground.com/alienangles.html
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by applying Postulate 4 to the angle ∠ANB, see Figure 4.18. How does this
compare to the modified version of the Ruler Postulate you created in Exercises
2.4, 4.6?

N

l

A
B

Figure 4.18: Exercise 4.38

Exercise 4.39. Prove Theorem 4.17.

Exercise 4.40. Finish the proof of Theorem 4.18. In particular, complete Case
2, in which l 6= m.

Exercise 4.41. Critique the following proof of Theorem 4.19.

Proof. Let A−O− B on l and C−O−D on m, where l, m are lines that
meet at O. We assume that∠AOC is right, and show that∠AOD, ∠BOC,
and ∠BOD are right. By definition, ∠AOC,∠COB are supplementary, so
that µ(∠AOC)+ µ(∠COB) = π by Postulate 5. But since µ(∠AOC) = π

2
by definition of right angle, this implies that µ(∠COB) = π

2 , too. Now
application of Theorem 4.18 shows that the other two angles are also
right.

Exercise 4.42. Prove Theorem 4.19.

Exercise 4.43. Prove Theorem 4.20. Note that you will need to prove two
statements: first that the line m exists, and secondly that m is unique.

“Why,” said the Dodo, “The best way to explain is to do it.”[11]

4.4 Incidence Exploration

This section is an exploration activity. The purpose of the exploration
is to encourage students (and instructors) to question their geometric
intuition, and to accept different interpretations of undefined terms
such as “point,” “line,” and “on.”

On a computer, start Geometry Explorer.

1. We will begin the exploration in Elliptic geometry, so choose File→
New, and choose “Elliptic.”

() List all of our postulates thus far. We will check whether the
strange geometry of the elliptic plane satisfies our postulates.

(a) Using Geometry Explorer, construct two lines l, m. Notice that
the lines probably don’t “look like” lines. However, we are not
concerned whether they “look” right. We’d like to check whether
our lines satisfy Postulate 1, but we will do so by checking whether
they satisfy Theorem 4.1. Find l ∩ m. Recalling what are and
aren’t points in this geometry, how many points of intersection

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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are there? Use the arrow tool to move the points determining l, m
about. Can you position the lines so that they intersect in more
than 1 point? Why or why not? Is Postulate 1 satisfied?

(b) Erase the screen, and construct a line l on points A, B, and then
construct a point C ∈ l. Select points A and C, and measure the
distance AC. Use the arrow tool to move point C. What happens
to AC? Does it appear that Postulate 2 is satisfied?

(c) Again erase the screen. Construct a line l on points A, B, and
then construct a segment CD with C, D 6∈ l. Move the points
C, D about. Can you position them so that they appear to be on
the same side of l, and yet CD intersects l? Can you position
them so that they appear to be on opposite sides of l, and yet CD
doesn’t intersect l? Is Postulate 3 satisfied?

(d) Erase the screen, and construct two rays
−→
AB,
−→
AC. Measure∠BAC.

Can you always measure the angle? Is Postulate 4 satisfied?

(e) Without clearing the screen, construct a point D ∈ ◦∠BAC. Use
Measure → Angles to measure ∠BAD,∠DAC, and calculate
µ(∠BAD) + µ(∠DAC). Is Postulate 5 satisfied?

(f) Looking back at your answers in Steps A1 through A5, what can
you conclude about this geometry? Does it satisfy all of our pos-
tulates so far? If not, which postulate(s) are not satisfied?

2. Use File→ New and choose Euclidean geometry. Repeat Steps A1

through A6 in this geometry.

3. Use File → New and choose spherical geometry. Repeat Steps A1

through A6 in this geometry.

4. Use File→ New and choose hyperbolic geometry. Repeat Steps A1

through A6 in this geometry.

“When I use a word,” Humpty-Dumpty said, “it means just what I
choose it to mean–neither more nor less.”[11]

4.5 Folds: Preservation

Activity 4.12. On a piece of patty paper, draw a segment AB, an angle
∠CDE, and a line l. Fold the patty paper along l, and trace the images of
the segment and angle. Unfold the paper. What do you notice about the
relationships between the original segment and its image? The original angle
and its image?
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Folds, or reflections, are the fundamental transformation from which
others can be constructed. Our notion of congruent figures emerges
from the properties of folds. We start by assuming only the most ob-
vious congruences.

Fuchs and Tabachnikov have shown that, although perfect folds
should occur in “straight lines,” in practice folds can be made along
non-straight curves[16]. Since we have not defined the terms “straight”
or “line,” it shall not matter to us; we simply assume that the crease of
a fold is a line, and satisfies the postulates that apply to lines.

Postulate 6 (Fold Postulate). Given a line l, there is a unique bijective
function φ from the plane to the plane called a fold with crease l or a
reflection with mirror l, such that:

1. If A ∈ l, then φ(A) = A.

2. Let H0, H1 be the half planes determined by l. Then A ∈ Hi implies
φ(A) ∈ H1−i, i = 0, 1.

3. If AB ⊂ Hi, then φ(A)φ(B) = AB.

4. If ∠ABC ⊂ Hi, then µ (∠φ(A)φ(B)φ(C)) = µ(∠ABC). l
H1
H0

A

φ(A)

B

φ(B)
C

φ(C)

Figure 4.19: Fold with crease l

Remark 4.1. Although a fold φ is a function that takes points to points, we
can consider the action of φ on other objects, such as lines, by considering
what φ does to the set of points on that object. In other words, if S represents
a set of points, we shall use φ(S) to mean {φ(X) : X ∈ S}.

Practice 4.13. Fold a line on a piece of patty paper. Using a ruler, mark four
points A, B, C, D with coordinates 0, 1, 3, 4 (units), respectively. Can you
find a fold φ so that φ(A) = D and φ(B) = C? If so, what is the intersection
of the crease with the line? If not, explain why not.

Informally, Postulate 6 says that a fold will preserve the length of
a segment and measure of an angle, provided that the segments and
angles lie entirely on one side of the crease. This means that we assume
a consistency between distance functions on different lines, so that
those values will be preserved by folds. The assumption seems natural
given our experience with folds and reflections.

It turns out that folds preserve distances and angle measures even
when the segment or angle is not contained in one of the closed half
planes determined by the crease. The big question is whether a line
that crosses a crease is taken to another line by the fold. Conceivably,
it could be bent at the crease. If that were the case, the image of a line
segment crossing the crease might not be another line segment, and
the image of the ray(s) of an angle that cross the crease may not be
ray(s). We first show that this cannot happen.
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Activity 4.13. Fold two lines on a piece of patty paper. Mark them l, m, and
fold along m. Trace the reflection of line l through line m, and denote it n.
What do you notice about n? (It is interesting to repeat this activity on a
kamifûsen. What happens in that case?)

m

l

n = φ(l)

Figure 4.20: Line l folded over line m

Theorem 4.21 (Folds Preserve Lines). Let l be a line and φ be a fold. Then
φ(l) is a line.

Proof. Let line m be the crease of the fold φ. We examine cases l =

m, l||m, and point O = l ∩m.
Case 1: (l = m)

Practice 4.14. Prove Theorem 4.21 in case 1.

Case 2: (l||m)

Practice 4.15. Prove Theorem 4.21 in case 2. Hint: Let A− B− C be any
three points on l, and show that ∠φ(A)φ(B)φ(C) is straight.

Case 3: Let point O = l ∩m. Choose points A, B ∈ l with A−O− B.
We will show that ∠φ(A)Oφ(B) is straight.

Consider the segment Aφ(A). Since A 6∈ m, then A is in one of the
two half planes H0, H1 determined by m. Without loss of generality,
say A ∈ H0. Then φ(A) ∈ H1 by Postulate 6 part 2. Thus by Pos-
tulate 3, Aφ(A) intersects m at some point, say C. Since ∠AOC is en-
tirely inside of H0, and since the fold preserves O, C, then µ(∠AOC) =
µ(∠φ(A)OC) by Postulate 6 part 3.

Let B′ be a point on the opposite ray to
−−−−→
Oφ(A), and C′ be a point on

the opposite ray to
−→
OC. By Theorem 4.18, µ(∠φ(A)OC) = µ(∠B′OC′)

and µ(∠AOC) = µ(∠BOC′). Thus µ(∠BOC′) = µ(∠B′OC′) by substi-
tution.

Since ∠BOC′ is contained in H1, µ(∠φ(B)OC′) = µ(∠BOC′). But

then µ(∠φ(B)OC′) = µ(∠B′OC′), so Postulate 4 says that
−→
OB′ =

−−−→
Oφ(B). This shows that ∠φ(A)Oφ(B) is straight, completing case 3

and the proof.

Corollary 4.21.A (Folds Preserve Rays). Let
−→
AB be a ray and φ a fold.

Then φ
(−→

AB
)
=
−−−−−−→
φ(A)φ(B).

Proof. Let
−→
AB be a ray and φ a fold. Let A′ = φ(A), B′ = φ(B). Pick a

ruler on each of
←→
AB,
←−→
A′B′ so that the coordinates of A, A′ are 0, and of

B, B′ are b, b′ > 0. We will look at two cases.
Case 1: Assume that

−→
AB doesn’t intersect the crease of φ. We will show

that if C ∈ −→AB, then φ(C) ∈
−−→
A′B′, and that if D′ ∈

−−→
A′B′, then there is

some D ∈ −→AB so that φ(D) = D′.
Let C ∈ −→AB, C′ = φ(C), with coordinates c, c′. By Theorem 4.6, we

have c ≥ 0, and by Theorem 4.21, C′ ∈
←−→
A′B′. Since distance inside of
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either closed half plane (of the crease of φ) is preserved by Postulate 6,

part 3, b′ = b, c′ = c. This forces C′ ∈
−−→
A′B′ by Theorem 4.6.

Next let D′ ∈
−−→
A′B′, with coordinate d′. By Theorem 4.6, d′ > 0.

Let D ∈ ←→AB be the point with coordinate d = d′. Then since d > 0,
D ∈ −→AB by Theorem 4.6. Thus φ(D) = D′ by the previous argument,
and case 1 is complete.
Case 2: Assume that

−→
AB intersects the crease of φ at point C. By switch-

ing point B to a different element of
−→
AB if necessary (using Corollary

4.6.A), we assume that A− C− B. Then
−→
AB = AC ∪−→CB, where with-

out loss of generality the segment lies entirely inside H0 and the ray
lies entirely inside H1. Let D ∈ −→AB, D′ = φ(D) with coordinates d, d′.

Then D ∈ ←→AB, so that D′ ∈
←−→
A′B′ by Theorem 4.21. Further, either

D ∈ AB or D ∈ −→CB.
In the first case, Postulate 6, part 3 guarantees that d′ = d, so that

D′ ∈ A′C ⊂
−−→
A′B′, the containment because of Corollary 4.6.C. In the

second case, We can apply the argument of case 1 to show that D′ ∈
−→
CB′ ⊂

−−→
A′B′, the containment a result of Theorem 4.6. Hence in either

case, D′ ∈
−−→
A′B′. A similar argument shows that D′ ∈

−−→
A′B′ implies the

existence of D ∈ −→AB so that φ(D) = D′. This completes case 2 and the
proof.

Corollary 4.21.B (Folds Preserve Segments). Let AB be a segment and φ

a fold. Then φ
(

AB
)
= φ(A)φ(B).

Theorem 4.22 (Folds Preserve Angle Measure). Let ∠ABC be an angle
and φ a fold. Then µ (∠φ(A)φ(B)φ(C)) = µ(∠ABC).

Proof. Note that by Theorem 4.21 and Corollary 4.21.A we may assume
that the angle is proper. Let m be the crease of φ, and A′ = φ(A), B′ =
φ(B), C′ = φ(C). We show that µ(∠A′B′C′) = µ(∠ABC). There are
three cases.

m

A

B

C

Figure 4.21: Case 1

Case 1: Assume ∠ABC ⊂ Hi, i = 0 or i = 1. Then the result is obtained
by application of Postulate 6. This completes case 1.
Case 2: Assume that m passes through the interior of the angle via
the vertex B. Then m intersects AC by Theorem 4.14. The point of
intersection, call it D, in in the interior of ∠ABC by Theorem 4.15.
Since B, D ∈ m we have φ(B) = B, φ(D) = D by Postulate 6. Thus
µ(∠ABD) = µ(∠A′BD), µ(∠DBC) = µ(∠DBC′), also by Postulate 6.

m

A

B

C

Figure 4.22: Case 2

By Corollary 4.21.B, A′C′ is a segment, and Theorem 4.15 guaran-
tees that A′ − D − C′, so that D ∈ ◦∠A′BC′. Then by Postulate 5 we
have

µ(∠A′BC′) = µ(∠A′BD) + µ(∠DBC′)

= µ(∠ABD) + µ(∠DBC)

= µ(∠ABC).



74 CHAPTER 4. 2-D POSTULATES

This completes case 2.
m

D

A

B

C

Figure 4.23: Case 3

Case 3: Assume that m intersects
−→
BA but not

−→
BC. Pick a point D on the

opposite ray to
−→
BA, and let D′ = φ(D). Note that

−→
BD doesn’t intersect

m by Theorem 4.1, so that ∠CBD doesn’t intersect m. Then we may
apply Postulate 6 to see that µ(∠C′B′D′) = µ(∠CBD).

But by Theorem 4.21,
←−→
A′D′ is a line, so that angles ∠A′B′C′ and

∠C′B′D′ are supplementary, by Postulate 5. Thus

µ(∠A′B′C′) = π − µ(∠C′B′D′)

= π − µ(∠CBD)

= µ(∠ABC).

This completes case 3.
Case 4: Assume that both

−→
BA,
−→
BC intersect m.

Practice 4.16. Complete the proof of Theorem 4.22, case 4.

Theorem 4.23 (Folds Preserve Distance). Let AB be a segment and φ a
fold. Then φ(A)φ(B) = AB.

Theorem 4.24 (Folds Preserve Between Relations). Let A, B, C be points
with A− B− C, and φ a fold. Then φ(A)− φ(B)− φ(C).

Theorem 4.25 (Folds Preserve Perpendicular Lines). Let φ be a fold with
crease m, and l any line with l ⊥ m. Then φ(l) = l. That is, if A ∈ l, then
φ(A) ∈ l, and there is some point B ∈ l so that φ(B) = A.

Answers to Practice Problems:

4.16. Pick D, E on the opposite ray of −→BA,−→BC respectively, and define
D′ = φ(D), E′ = φ(E). Then ∠DBE can’t intersect m by Theorem 4.1,
so by Postulate 6 we obtain µ(∠D′B′E′) = µ(∠DBE), and by Theorem
4.18 µ(∠A′B′C′) = µ(∠ABC). This completes case 4 and the proof.

4.15. Let A− B− C be any three points on l. Then ∠ABC is a straight
angle that lies entirely in one of the closed half planes determined by
m. Therefore by Postulate 6 part 4, φ takes l, a.k.a. ∠ABC, to another
straight angle, i.e., a straight line. This completes case 2.

4.14. Assume l = m. Then by Postulate 6, part 1, φ(l) = φ(m) = m = l,
which is a line. This completes case 1.

4.13. There is a fold. Its crease intersects the line ←→AB at the midpoint
of AD, also the midpoint of the segment BD. It is the point with
coordinate 2.

Exercise 4.44. Vi Hart examines folding of space-time (one dimension of
space and one of time) in her video Folding Space-Time. Explain how her
folds satisfy Postulate 6. In particular, how might you define the half-planes
of the folds so that Postulate 6 makes sense in her example?

https://www.youtube.com/watch?v=WkmPDOq2WfA
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Exercise 4.45. On one side of a piece of patty paper, draw your 2 dimensional
creature from Activity 2.1, Chapter 2. Fold the patty paper down the center
and copy your creature on the other side of the fold (preferably so that your
fold misses your creature). Your creature perceived a fold in 1 dimensional
geometry as a fold. How does (s)he perceive a fold in 2 dimensional geometry?

Exercise 4.46. As in Practice 4.13, fold a line on patty paper and use a ruler
to mark points A, B, C, D with coordinates 0, 1, 3, 4 respectively. Can you
find a fold φ so that φ(A) = C and φ(B) = D? If so, what is the intersection
of the crease with the line? If not, explain why not.

Exercise 4.47. Let ∠ABC be proper, and choose a protractor so that
−→
BA,
−→
BC

have coordinates 0, c. Let φ, ψ be the folds with creases
←→
BA,
←→
BC respectively.

Notice that φ(B) = B = ψ(B). What are the coordinates of
−−−→
Bφ(A),

−−−→
Bφ(C)

and
−−−−→
Bψ(A),

−−−→
Bψ(C)?

Exercise 4.48 (Submitted by L. Strom). Fill in the missing justifications
in the following 2-column proof. At the end, critique the proof; is the theo-
rem/proof correct? Is anything missing that could make it better?

Theorem?: Let A, B, C be points, and φ a fold with crease line l so that φ(A) =

B. If C ∈ l, then AC = CB.
Proof:

Statement Justification

1. φ(A) = B
2. Line l determines half planes H0, H1.
3. Wolog, A ∈ H0.
4. C ∈ l
5. AC ⊂ H0.
6. AC = CB

Exercise 4.49. Consider the following conjecture. Either prove it (as a theo-
rem) or give a counterexample to show that it is false.

Conjecture 4.1. Let φ1, φ2 be folds. Then φ2 ◦ φ1 is a fold. In other words, a
composition of two folds is itself a fold.

Exercise 4.50. Prove Corollary 4.21.B.

Exercise 4.51. Critique the following proof of Theorem 4.23.

Proof. Let l be the crease of the fold. There are two cases.
Case 1: (A, B on the same side of l) Then AB is contained in one side of
l, say H0. Then Postulate 6, part 3 says that φ(A)φ(B) = AB.
Case 2: (A, B on opposite sides of l) Then AB intersects l, say at point
O, so that A−O− B. Since AO, OB are both inside an Hi for i = 0, 1,
φ(A)φ(O) = AO, φ(O)φ(B) = OB. Thus

φ(A)φ(B) = φ(A)φ(O) + φ(O)φ(B)

= AO + OB

= AB.

This completes the proof.
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Exercise 4.52. Prove Theorem 4.23.

Exercise 4.53. Prove Theorem 4.24.

Exercise 4.54. Prove Theorem 4.25.

Exercise 4.55. Consider the following conjecture. Either prove it (as a theo-
rem) or give a counterexample to show that it is false.

Conjecture 4.2. Let point D ∈ ◦∠ABC, and φ be a fold. Then φ(D) ∈
◦∠φ(A)φ(B)φ(C).

“Creation out of nothing. I often say that origami is as close as you can
get to that. It’s a piece of paper. Beyond that you don’t need anything
else.” –Joseph Wu

4.6 Folds: Bisection
Definition: perpendicular bisector

Definition 4.14 (Perpendicular Bisector). Let A, B be points, and M the
midpoint of AB. By Theorem 4.20, there is a unique line l that is perpendic-
ular to

←→
AB and lies on M. The line l is called the perpendicular bisector

of AB.

Theorem 4.26. Let A, B be distinct points and l the perpendicular bisector
of AB. Let φ be the fold with crease l. Then φ(A) = B. In particular, for any
points A, B, there is a fold taking A to B.

A

B
φ

Figure 4.24: Theorem 4.26

Proof. Let H0, H1 be the half planes determined by l. We know that φ

takes points in
←→
AB to points in

←→
AB by Theorem 4.25. Hence φ(A) ∈←→

AB. Let M be the midpoint of AB. Pick a ruler on
←→
AB so that the

coordinates of A, M, B are a > 0, 0, b. By the definition of midpoint,
the coordinate 0 of M satisfies 0 = a+b

2 . Hence b = −a. By Theorem

4.1, M is the only point on both l and
←→
AB, so that, without loss of

generality, A ∈ H0. Then by Postulate 6, φ(A) ∈ H1, so in particular,
the coordinate of φ(A) cannot be a. Note that φ(M) = M by Postulate
6 part 1, so that AM = φ(A)M by Postulate 6 part 3 (or Theorem
4.23). Thus the coordinate of φ(A) must be −a. Hence φ(A) = B. This
completes the proof.

Theorem 4.27. Let A, B be distinct points, and φ the fold with crease the
perpendicular bisector of AB. Let ψ be any fold so that ψ(A) = B. Then
ψ = φ. In other words, the fold taking A to B is unique.
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We note that Theorems 4.26 and 4.27 together are equivalent to the
second of the Huzita-Justin-Hatori axioms of origami.[27]

We prove Theorem 4.27 by proving the following two lemmas.

Lemma 4.27.a. Let A, B be distinct points, and let φ be a fold so that φ(A) =

B. Then the crease of φ is perpendicular to AB.

Proof. Let l be the crease of φ, and H0, H1 the two half planes deter-
mined by l. Since φ(A) = B 6= A, A 6∈ l by Postulate 6, so without loss
of generality A ∈ H0 by Postulate 3, and B ∈ H1 by Postulate 6. Thus
by definition of opposite sides, AB intersects l at some point C.

Choose some point C 6= D ∈ l. Since C, D ∈ l, φ(C) = C, φ(D) = D
by Postulate 6. By Theorem 4.22, µ(∠ACD) = µ(∠BCD). But since
A− C− B, ∠ACB is a straight angle, so that µ(∠ACD) + µ(∠DCB) =
π by Postulate 5. This then forces µ(∠ACD) = π

2 , so ∠ACD is right
by definition. Thus by Theorem 4.19 the other three angles are also
right angles. This completes the proof.

Lemma 4.27.b. Let A, B be distinct points, and let φ be a fold so that φ(A) =

B. Then the midpoint M of AB lies on the crease of φ.

Theorem 4.28. Let φ be a fold and A, B be points so that φ(A) = B. Then
φ(B) = A.

Corollary 4.28.A. Let φ be a fold, and A a point. Then φ2(A) = A.

Practice 4.17. Prove Corollary 4.28.A.

Theorem 4.29. Let C be any point on the perpendicular bisector of AB. Then
AC = BC.

We can look at this situation another way. If C is the midpoint of
the segment AB, we can say that the crease of the fold taking

−→
CA to

−→
CB

divides the straight angle ∠ACB into two right angles. We next extend
this idea to angles that are not necessarily straight angles, recalling
Definition 4.15 from Section 3.2.

Activity 4.14. On patty paper, draw (or crease) an angle ∠ABC. Find a fold
φ so that φ(

−→
BA) =

−→
BC. In other words, find a fold that takes points in the

ray
−→
BA to points in the ray

−→
BC. What do you notice about the crease l of φ?

Pick a point B 6= D ∈ l. Use your protractor to measure ∠ABD,∠CBD.
What do you notice?

interior bisector

exterior bisector

B
A

C

Figure 4.25: Angle Bisectors
Definition: angle bisector

Definition 4.15 (Angle Bisector). Given ∠ABC and any point D 6= B, if

µ(∠ABD) = µ(∠DBC),

we say the ray
−→
BD bisects ∠ABC. If in addition

µ(∠ABD) + µ(∠DBC) = µ(∠ABC),
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then
−→
BD is called an interior angle bisector or simply a bisector of∠ABC,

otherwise we say that
−→
BD is an exterior angle bisector.

Practice 4.18. Let A, B, C, D, E be distinct points, and
−→
BD,
−→
BE be distinct

rays that bisect ∠ABC. Under what conditions, if any, is it possible that both
rays are internal bisectors for ∠ABC? Note the similarity to Practice 3.10.

We have already shown that angle bisectors exist if the angle in
question is straight. It is also straightforward to show that the angle
bisector exists if the given angle is degenerate. Next we show that
angle bisectors exist in general.

Theorem 4.30. Let ∠ABC be a proper angle. Then there is a unique ray
−→
BD

that is an interior angle bisector of ∠ABC.

Proof. Apply Postulate 4 to ∠ABC, giving rays
−→
BA,
−→
BC the coordinates

0, c respectively, where 0 < c < π since ∠ABC is proper. By the
same postulate, there is a unique ray

−→
BD having coordinate c

2 . Then
µ(∠ABD) =

∣∣0− c
2

∣∣ = c
2 , and µ(∠DBC) =

∣∣ c
2 − c

∣∣ = c
2 . Further, since

µ(∠ABD) + µ(∠DBC) = µ(∠ABC), so that
−→
BD is an interior angle

bisector of ∠ABC.
Assume that there is some other ray

−→
BE that is a bisector of ∠ABC,

and let c′ ∈ (−π, π] be its coordinate. Then µ(∠ABE) = |c′| and
µ(∠EBC) is either |c′ − c| or 2π − |c′ − c|, depending on whether |c−
c′| ≤ π or not.

In the first case either

1. c′ = c′− c, so that c = 0, contradicting the fact that ∠ABC is proper.

2. c′ = c− c′, so that c′ = c
2 , and

−→
BE =

−→
BD by Postulate 4.

In the latter case, we have one of the following.

1. c′ ≥ 0, c′ − c ≥ 0, so that c′ = 2π − c′ + c, so that c′ = π + c
2 . This

contradicts the fact that c′ ≤ π.

2. c′ ≥ 0, c′ − c < 0, so that c′ = 2π + c′ − c. But then c = π, a
contradiction.

3. c′ < 0, c′ − c ≥ 0, so that −c′ = 2π − c′ + c. But then c = −π, a
contradiction.

4. c′ < 0, c′ − c < 0, so that −c′ = 2π + c′ − c, and we have c′ = c
2 − π.

Then

µ(∠ABE) + µ(∠EBC) =
(

π − c
2

)
+
(

2π − c +
c
2
− π

)
= 2π − c,

while µ(∠ABC) = c. Since µ(∠ABE) + µ(∠EBC) = µ(∠ABC), we
see that 2π − c = c or c = π, contradicting properness of ∠ABC.
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This completes the proof.

Corollary 4.30.A. Let
−→
BD be the bisector for proper ∠ABC, and E be some

point so that E − B − D. Then
−→
BE is the unique external angle bisector

for ∠ABC. In other words, µ(∠ABE) = µ(∠CBE), but µ(∠ABE) +
µ(∠EBC) 6= µ(∠ABC).

Practice 4.19. Prove Corollary 4.30.A.

Theorem 4.31. Let ∠ABC be given. Then there is a unique fold φ so that
φ
(−→

BA
)
=
−→
BC.

Remark 4.2. This theorem is roughly equivalent to the third of the Huzita-
Justin-Hatori axioms of origami.[27] However, that axiom says that given two
lines l, m, there is a fold φ so that φ(l) = m, while the theorem only guaran-
tees that in the case that l intersects m; it has nothing to say about the case in
which l||m. It turns out that parallel lines create all kinds of difficulties, and
led to 2000 years of confusion in the mathematical community. We will not
completely rectify this until Section 6.1 (for Euclidean geometry) and Section
7.1 (for hyperbolic geometry).

Proof. If ∠ABC is degenerate, then Postulate 6 shows that the crease
of the fold must be

←→
BA, so there is one unique fold φ taking a ray to

itself. Similarly, if ∠ABC is straight, we have already seen in Theorems
4.26 and 4.27 that there is exactly one such fold. Hence we assume that
∠ABC is proper.

Pick a protractor so that the coordinates of
−→
BA,
−→
BC are 0, c respec-

tively, where 0 < c < π. We first show existence. Let
−→
BD be the ray

with coordinate c
2 given by Postulate 4, set l =

←→
BD, and let φ be the

fold with crease l. By either Postulate 6 or Theorem 4.22, the coordi-

nate of
−−−→
Bφ(A) must be c, so that φ

(−→
BA
)
=
−→
BC.

We leave the proof of uniqueness as Exercise 4.63.

Theorem 4.32. Let A, B, C be points. Then AC = BC if and only if C is on
the perpendicular bisector of AB.

A

B

M

C

Figure 4.26: Theorem 4.32

Proof. Let l be the perpendicular bisector of AB. Theorem 4.29 shows
that if C ∈ l, then AC = BC. Thus we assume that AC = BC and show
that C ∈ l.

If A, B, C are collinear, then Postulate 2 forces C to be the midpoint
of AB. Then the proof follows from Lemma 4.27.b. Hence we may
assume that A, B, C are not collinear, that is, that ∠ACB is proper. Let
φ be the fold that takes

−→
CA to

−→
CB as given by Theorem 4.31. Thus

φ(A) ∈ −→CB. By Corollary 4.21.A, φ(C) = C.
Pick rulers on

←→
CA,
←→
CB so that the coordinates of C on both lines are

0, the coordinate of A ∈ ←→CA is a > 0, and the coordinate of B ∈ ←→CB is
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b > 0. Since CA = CB, a = b. Since CA = Cφ(A) by Theorem 4.23, the
coordinate of φ(A) ∈ −→CB is a. Thus B = φ(A). Then by Theorem 4.27,
φ is the fold with crease the perpendicular bisector of AB. Since C was
on the crease, C is on the perpendicular bisector. This completes the
proof.

Theorem 4.33. Let l, m be two distinct lines that are not parallel. Then there
are exactly two distinct folds φ1, φ2 so that φ1(l) = m, φ2(l) = m. φ1

φ2
A

D

O

C

Figure 4.27: Theorem 4.33
Proof. Let ψ be a fold with ψ(l) = m.

If ψ(O) = P 6= O, then the midpoint M ∈ OP is on the crease of the
fold by Lemma 4.27.b, so that ψ(M) = M by Postulate 6. But M 6∈ l
since O 6= M ∈ m. However, since M ∈ m, there must be some point
M′ ∈ l so that ψ(M′) = M. The argument of Corollary 4.28.A shows
that M′ = M, so that M ∈ l. This contradiction shows that ψ(O) = O.

Choose point A 6= O in l, and C, D ∈ m so that C−O−D. Theorem
4.31 shows that there is a unique fold φ1 so that φ1

(−→
OA

)
=
−→
OC, and

another φ2 so that φ2

(−→
OA

)
=
−→
OD. Since O 6= ψ(A) must be in one of

−→
OC or

−→
OD, ψ must be either φ1 or φ2.

Theorem 4.21 shows that each of φ1, φ2 preserves not just the ray,
but the entire line. This completes the proof.

Answers to Practice Problems:

4.19. Following the proof of Theorem 4.30, we let the coordinates of
rays −→BA,−→BC,−→BD be 0, c, c

2 , with 0 < c < π. Then the coordinate of
−→BE is c

2 − π. Thus µ(∠ABE) = π − c
2 , and µ(∠EBC) is π − c

2 , while
µ(∠ABC) = c. Thus in order for −→BE to be an interior bisector, we
require 2π− c = c, or c = π. This contradicts the properness of ∠ABC.
Let −→BF be any exterior angle bisector. It is straightforward to show that
its coordinate must be π − c

2 , and thus −→BF = −→BE.

4.18. Both rays are internal bisectors for ∠ABC if and only if
µ(∠ABC) = π, that is, when ∠ABC is straight.

4.17. Let B = φ(A). By Theorem 4.28, φ(B) = A. Hence φ2(A) =

φ (φ(A)) = φ(B) = A.

Exercise 4.56. Can line segments in spherical geometry have perpendicular
bisectors? Explain why or why not.

A B

C O

Figure 4.28: Circumcircle of 4ABC

Exercise 4.57. On a patty paper, draw three non-collinear points A, B, C.
(It is helpful, though not necessary, that they form a triangle whose largest
angle is acute or not much larger than right.) Some circle probably traverses
all three of the points, see Figure 4.28. (We say probably, since we have not
proven that it must be the case.) Find its center, called the circumcenter,
of the triangle determined by the three points. Explain how you know that
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the point you found is the center. (You should also demonstrate that it is the
center by using your compass to draw the circle.)

Exercise 4.58. Prove Lemma 4.27.b.

Exercise 4.59. Critique the following proof of Theorem 4.28.

Proof. If A = B this is trivial, so assume not. By Theorem 4.27, there
is only one such fold, and its crease is the perpendicular bisector of
AB (which is also the perpendicular bisector of BA). By Theorem 4.26,
φ(B) = A. This completes the proof.

Exercise 4.60. Prove Theorem 4.28.

Exercise 4.61. Let A, B, C be points, and φ a fold so that φ(A) = B, φ(B) =
C, φ(C) = A. Prove that A = B.

Exercise 4.62. Prove Theorem 4.29.

Exercise 4.63. Complete the proof of Theorem 4.31 by proving uniqueness.
Assume that there is a fold ψ so that ψ

(−→
BA
)
=
−→
BC, and show that ψ = φ.

You may be able to recycle parts of the proof of Theorem 4.30.

Exercise 4.64. Let l, m be lines, and φ a fold. Show that if φ(l) = m, then
φ(m) = l.

Exercise 4.65. Prove or disprove the following conjecture.

Conjecture 4.3. The creases of the two folds that pair two distinct intersecting
lines are perpendicular to one another.

In other words, let m, n be two distinct intersecting lines, and φ1, φ2 be the
two folds given by Theorem 4.33, with l1, l2 their creases. This conjecture
says that l1 ⊥ l2.

Exercise 4.66. Let l be a line and P ∈ l be a point. Show that there are exactly
two folds φ1, φ2 so that φi(l) = l and φi(P) = P. (This is an analogue of
Theorem 4.33 in the case where l = m.)

“Believe it or not, lots of people change their majors and abandon their
dreams just to avoid a couple of math classes in college.” –D. McKellar

4.7 Taxicab Exploration

This section is an exploration activity. The purpose of the exploration
is to challenge preconceptions about folds and congruence criteria. We
will see in the next chapter that the traditional congruence theorems all
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hold. In order to recognize the significance of this fact, it helps to un-
derstand that a simple, plausible change in rules can make everything
fall apart.

1. You may remember a theorem from high school geometry class that
was probably called “Side-Angle-Side” or just “SAS.” What did the
theorem say? (This is Proposition 4 of Euclid, so you can look it up
if you are unfamiliar with it.)

(a) Imagine that we are trying to move from the point A(0, 0) to the
point C(2, 2), but are only allowed to move horizontally and/or
vertically (like a taxi on NS and EW roads, See Figure 4.29).

P

Q

Figure 4.29: A path from P to Q

i. Is there a “shortest path” from A to C? If so, what is it? If not,
why not?

ii. Is there a “shortest distance” of paths from A to C? If so, what
is it? If not, why not?

iii. In general, find a formula for the shortest distance of paths
from A(0, 0) to P(x, y).

(b) Denote a point in the plane by its x and y coordinates, i.e., (x, y).
Then we define the taxicab distance from (x1, y1) to (x2, y2) to Taxicab distance

be the quantity |x2 − x1| + |y2 − y1|. Note that this is different
from the “standard method” of measuring distances. Does this
method of measuring distance satisfy Postulate 1? Postulate 2?
Postulate 3? Postulate 4? Postulate 5? Note that we are not
changing anything about what “lines” or “points” are assumed
to be, only the way that distance is measured. Explain your an-
swers.

(c) Let A(0, 0), B(2, 0), and C(2, 2).

i. Find the (taxi) distance from A to B.

ii. Find the measure of the angle ∠ABC.

iii. Find the (taxi) distance from B to C.

(d) Let X(0,−1), Y(1, 0), and Z(0, 1).

i. Find the (taxi) distance from X to Y.

ii. Find the measure of the angle ∠XYZ.

iii. Find the (taxi) distance from Y to Z.

(e) Verify that the “SAS” hypothesis has been satisfied for the trian-
gles 4ABC and 4XYZ (assuming the taxicab distance). Then
find the (taxi) distances from A to C and X to Z. What can we
conclude about the “SAS” theorem in Manhattan geometry?
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Exercise 4.67. A circle is the set of all points that are equidistant from a
given point. In taxicab geometry, what does the circle of radius 1 about the
origin look like?

Exercise 4.68. An ellipse is the set of points X(x, y) whose sum of distances
from two points F0, F1, called foci (singular: focus), is a constant k. Let
F0(1, 0), F1(−1, 0), and k = 4. What does the taxicab ellipse look like?

Exercise 4.69. Let F0(1, 0), F1(0, 1), and k = 4. What does this taxicab
ellipse look like? (See Exercise 4.68.)

D

CA

B

Figure 4.30: Folding a point

Exercise 4.70. In what you think of as the coordinate plane, the points
A(0, 0) and B(4, 3) determine a line l. Let φ be the fold with crease l. It
is tedious, but elementary, to check that φ(4, 0) =

( 28
25 , 96

25
)
, see Section 6.8.

Call C = (4, 0), and D =
( 28

25 , 96
25
)
, see Figure 4.30.

1. Verify that, with the standard planar distance formula, AC = AD and
BC = BD.

2. This shows that, at least for these points, consequences of the Fold Postulate
are satisfied. Why?

3. Verify that, with the taxicab distance, AC 6= AD and BC 6= BD.

4. This demonstrates that the Fold Postulate is not satisfied in Taxicab Geom-
etry. Why?

Exercise 4.71. Taxicab (or Manhattan) Geometry is only one example in
which the Fold Postulate is not satisfied, but all of our other postulates (thus
far) are satisfied. Our familiar Euclidean geometry, also called L2-geometry, is
based on the metric, or method of measuring distances, in which the distance
between points A(x1, y1) and B(x2, y2) is

d2(A, B) =
(
|x1 − x2|2 + |y1 − y2|2

) 1
2 .

Given a real number 1 ≤ p < ∞, the Lp-geometry is based on the metric

dp(A, B) =
(
|x1 − x2|p + |y1 − y2|p

) 1
p ,

of which taxicab geometry is just L1. Another interesting geometry is L∞, in
which

d∞(A, B) = max (|x1 − x2| , |y1 − y2|) .

(L∞ is so called because d∞ = lim
p→∞

dp.) Show that L∞ also contains triangles

that satisfy the SAS hypothesis but are not congruent.

Exercise 4.72. Let O be the origin (0, 0) and X be the point with coordinates
(x, y) in L∞ geometry (see Exercise 4.71). Then the distance is

d∞(O, X) = max(|x|, |y|).

Sketch the unit circle in L∞ geometry.
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“Manhattan can act as a giant suction cup, sucking you into its folds.”

–K. Rockland



5
Composition of Folds

We have now seen all of the postulates of what is called absolute ge-
ometry. Many geometry texts at this point immediately introduce the
Parallel Postulate (or an equivalent postulate), and prove theorems of
Euclidean geometry. However, we shall follow Euclid’s lead by prov-
ing as much as possible before adding the parallel postulate; this shall
be helpful to us when we later explore hyperbolic geometry, as all of
the results prior to the addition of the parallel postulate will still be
valid in that geometry.

Here we begin to explore what happens when we compose folds.
For a nice introduction to the complexity that is possible when folds
are combined, watch TED talk R. Lang folds way new Origami.

5.1 Isometries

Activity 5.1. Using a ruler, draw any two segments of the same length on
a piece of patty paper. Label them AB, CD. Now try to fold the paper with a
single fold φ1 so that φ1(A) = C, φ1(B) = D. Is this possible? If not, can
you find a second fold φ2 so that φ2 ◦ φ1(A) = C, φ2 ◦ φ1(B) = D? (See
Figure 5.1.) How about three folds? Figure out what is the least number of
folds needed so that φn ◦ . . . ◦ φ1(A) = C, φn ◦ . . . ◦ φ1(B) = D. Explain a
strategy to always accomplish this in a minimum number of folds (regardless
of the choice of segments).

A B
l1

φ1(A)

φ1(B)
l2

φ2 (φ1(A))

φ2 (φ1(B))

Figure 5.1: Folding a segment

Theorem 5.1. Let A, B, C, D be points so that AB = CD. Then there is a
composition σ of at most folds so that σ(A) = C, σ(B) = D.

The past activity and theorem suggest that compositions of folds
may be as important as folds themselves. Thus we define the follow-
ing.

Definition: isometry
Definition 5.1. A finite composition σ of folds is called an isometry.

http://www.ted.com/talks/robert_lang_folds_way_new_origami?language=en
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Definitions: identity, inverse
Definition 5.2. The function I is called the identity function if for each
element X of its domain, I(X) = X. The inverse of a bijective function f is
a function f−1 so that for each element X in the domain and Y in the range
of f , f (X) = Y if and only if f−1(Y) = X.

Remark 5.1. Although our definition of fold has changed from Chapter 2
now that we are in 2-dimensions, the past two definitions are identical to
Definitions 2.7 and 2.8 of Section 2.3. This will allow us to replicate many of
the results of that section with little effort.

Theorem 5.2. Let I be the identity function on the plane. Then I is an
isometry.

Practice 5.1. Prove Theorem 5.2.

Theorem 5.3. Let σ be an isometry. Then σ−1 exists and is an isometry.

We note that your answer to Exercise 5.2 is essentially a (construc-
tive) proof for this theorem.

Activity 5.2. Draw an angle ∠ABC and a point D on a piece of patty paper.
Let φ1, φ2 be the fold with crease

←→
BA,
←→
BC respectively. Find E = φ2 ◦ φ1(D).

With a protractor, measure µ(∠ABC), µ(∠DBE). What do you notice?
What if ∠ABC is acute? Right? Obtuse? Trace the points B, D on a second
piece of patty paper. Set the second patty paper atop the first, and hold the two
points B together with the tip of your pencil. Can you rotate the top paper so
that D, E coincide?

Activity 5.3. On a kamifûsen, draw an angle ∠ABC and a point D. Let
φ1, φ2 be the fold with crease

←→
BA,
←→
BC respectively. Find E = φ2 ◦ φ1(D).

With a protractor, measure µ(∠ABC), µ(∠DBE). What do you notice?
What if ∠ABC is acute? Right? Obtuse?

Activity 5.4. On Geometry Explorer, select File→ New, and choose hyper-
bolic geometry. Draw an angle ∠ABC and a point D. Let φ1, φ2 be the fold
with crease

←→
BA,
←→
BC respectively. Use the mark tool (in the transformations

sub-menu) to mark
←→
BA as a mirror, and then reflect D in this mirror to find

φ(D). Repeat with
←→
BC as a mirror to find E = φ2 ◦ φ1(D). Measure the

angles µ(∠ABC), µ(∠DBE). What do you notice? What if ∠ABC is acute?
Right? Obtuse?

Theorem 5.4. Let ∠ABC be an angle, and D a point. Let φ1, φ2 be the fold
with crease

←→
BA,
←→
BC respectively. Then E = φ2 ◦ φ1(D) satisfies BE = BD.

Practice 5.2. Prove Theorem 5.4.

Theorem 5.5 (The Rotation Theorem). Let ∠ABC be either right or acute.
Let D 6= B be a point in the plane and φ1, φ2 be the fold with crease

←→
BA,
←→
BC

respectively. Denote E = φ2 ◦ φ1(D). Then µ(∠DBE) = 2µ(∠ABC).

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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AB

C

D

E

D′

Figure 5.2: Theorem 5.5

Proof. The Theorem is easy to check if µ(∠ABC) = 0, so assume that
the angle is proper. Pick a point C′ so that C′− B−C, and a protractor
so that the coordinates of

−→
BA,
−→
BC,
−→
BD are 0, c > 0, d respectively. Then

the coordinate of
−→
BC′ is c− π. Let D′ = φ1(D) and H0, H1 be the half

planes determined by
←→
BC. We proceed by calculating the coordinates

of
−−→
BD′,

−→
BE.

Case 1: (D ∈ −→BA) Then d = 0, so the coordinate of
−−→
BD′ is 0, since

D′ = φ(D) = D. Then µ(∠CBD′) = c, so µ(∠CBE) = c by Theorem
4.22. Since D ∈ ←→BA and D 6= B, D 6∈ ←→BC. Hence, without loss of
generality, D′ = D ∈ H0, so that E = φ2(D′) ∈ H1 by Postulate
6. Thus the coordinate e of

−→
BE cannot be 0. However, µ(∠CBE) is

either |c− e| or 2π − |c− e|. The first of these implies that e = 2c, the
second that e = 2π. As the second is impossible, e = 2c. But then
µ(∠DBE) = 2c = 2µ(∠ABC). This completes case 1.
Case 2: (D in the opposite ray to

−→
BA)

Practice 5.3. Finish the proof of case 2.

Case 3: (D 6∈ ←→BA) Then the coordinate of
−→
BD is 0 6= d ∈ (−π, π).

Since d = µ(∠ABD) = µ(∠ABD′) by Theorem 4.22, but D′ 6= D since

D 6∈ ←→BA, the coordinate of
−−→
BD′ must be −d. Let e be the coordinate

of
−→
BE. We know that µ(∠CBD′) = µ(∠CBE) by Theorem 4.22. But

µ(∠CBD′) is either |c + d| or 2π − |c + d|, depending on whether |c +
d| ≤ π or not, and µ(∠CBE) is likewise either |c− e| or 2π − |c− e|.
Although there are several cases, it is straightforward to check each
case to verify that one of the following holds: i. e = −d, ii. e = 2c + d,
iii. e = 2c + d− 2π, iv. e = 2π − 2c + d.

In case 3.i, e = −d implies that D′ = E ∈ ←→BC and hence −d =

c or −d = c − π. Then |d − e| = 2c < π in the former case, and
|d − e| = |(π − c) − (c − π)| = 2(π − c) > π in the second. Thus
µ(∠DBE) = 2c = 2µ(∠ABC) in either case. This completes case i.

In case 3.ii, e = 2c + d implies that |d− e| = |d− (2c + d)| = 2c < π.
Then µ(∠DBE) = 2c = 2µ(∠ABC). This completes case ii.

Case 3.iii is left as Exercise 5.10.
In case 3.iv, e = 2π − 2c + d implies that |d− e| = 2π − 2c > π, so

that µ(∠DBE) = 2π − (2π − 2c) = 2c = 2µ(∠ABC). This completes
case iv and the proof.

ρ

ρ
P

ρ(P)

Q

ρ(Q) O

l2

l1

Figure 5.3: Rotation ρ = φ2 ◦ φ1

The past two theorems suggest the following definition.

Definition: rotation

Definition 5.3 (Rotation). A rotation is a composition ρ of two folds whose
creases intersect in a single point O, called the center of rotation. Twice the
measure of the non-obtuse angle between the creases is called the angle of
rotation.
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Remark 5.2. It is straightforward to show that an isometry fixing a point
O and moving every other point a fixed angle θ about O can be realized
as a composition of two folds whose creases intersect in point O. (To see
this, just pick two lines l1, l2 that intersect in O and have acute or right
angle measuring 1

2 θ, and let φ1, φ2 be the folds with creases l1, l2. Then
either ρ = φ2 ◦ φ1 or ρ = φ1 ◦ φ2 must be the desired rotation.) Thus the
composition of two rotations with the same center is a rotation.

Activity 5.5. In Appendix A.9, craft project “Twist Mechanism” can be
found. Cut along all solid lines, using a hobby knife for the internal square.
Make valley folds on the dashed lines, and mountain (ridge) folds on the dotted
lines. Glue the triangles marked “A” and “B” on the center twist mechanism
to the lower folding card, and then glue tabs “C” and “D” on the top of the
twist mechanism (top piece) to the spots marked “C” and “D” on the main
twist mechanism.

When the card is closed, the mechanism twists (up) into a flat position,
and as the card is fully opened, the mechanism twists (down) into a flat posi-
tion. The twisting, surprising when viewed in action, is often used in pop-up
cards or books to produce fanciful animal bodies (such as dragons) or moving
(human) figures, especially when humor is appropriate.

It is interesting to note that, as you discovered in Activities 5.2 and
5.4, Theorem 5.5 is valid in Euclidean and hyperbolic geometries. In
fact, we have not yet had enough postulates to differentiate between
Euclidean and hyperbolic geometries, so the fact that it is valid in both
of those is not surprising.

However, that it remains valid in spherical geometry (as you discov-
ered in Activity 5.3), despite the fact that some of our postulates have
already excluded that geometry, is striking. In fact, the creases of any
two folds in spherical geometry must intersect, so that this is the only
way that two folds can be composed!

Figure 5.4: Snowflake symmetry

Practice 5.4. You want to fold and cut a holiday “snowflake” that has 6-fold
rotational symmetry (like a real snowflake). At what angles should you make
folds to obtain that symmetry?

Answers to Practice Problems:

5.4. Since there are 360◦ about the center point, and I’d like to have
6-fold rotational symmetry, I want the angle between designs to be( 360

6 )◦ = 60◦. Thus the angle between folds should be ( 60
2 )◦ = 30◦. An

angle-a-tron (see Exercise 4.17) to measure this angle can be found in
Appendix A.7.
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5.3. Then the coordinate of −→BD is π, so the coordinate of
−−→
BD′ is π, since

D′ = φ(D) = D. Then µ(∠CBD′) = π − c, so µ(∠DBE) = π − c by
Theorem 4.22. Since D ∈ ←→BA and D 6= B, D 6∈ ←→BC. Hence, without loss
of generality, D′ = D ∈ H0, so that E = φ2(D′) ∈ H1 by Postulate 6.
Thus the coordinate e of −→BE cannot be π. However, µ(∠CBE) is either
|c − e| or 2π − |c − e|. The first of these implies that e = 2c − π, the
second that either e = −π or e = π + 2c, both of which are impossible.
Thus e = 2c− π. But then µ(∠DBE) = 2π − |π − (2c− π)| = 2c =

2µ(∠ABC). This completes case 2.

5.2. If B = D, then D ∈ ←→BA, so φ1(D) = D, and D ∈ ←→BC, so
φ2(D) = D. Thus E = φ2 ◦ φ1(D) = D, so that BE = BD. Other-
wise BD = φ1(B)φ1(D) = Bφ1(D) by Theorem 4.23, and Bφ1(D) =

φ2(B)φ2 (φ1(D)) = BE by the same theorem. Thus BD = BD. This
completes the proof.

5.1. We need to show that I can be written as a finite composition
of folds. Although this can be done with zero folds, that feels like
cheating, so let φ be any fold. Then by Corollary 4.28.A, φ2 = I. Thus
I can be written as a composition of 2 folds.

Exercise 5.1. Once you have completed Activity 5.5, notice that the action
of the top center line of the mechanism appears to be a rotation (in fact, it
is a more complex three dimensional action, but its shadow or projection in
the plane of the open card is a rotation). Explain the relationship between
the twist mechanism and Theorem 5.5. (We note that there are other paper
engineering methods that produce rotations related to Theorem 5.5. Most
produce surprising actions.)

Exercise 5.2. Let σ = φn ◦ . . . ◦ φ2 ◦ φ1, where each φi is a fold. What is
σ−1? In other words, what composition of folds will “undo” a composition
of folds? Hint 1: You put on your socks first, then your shoes (unless you’ve
read [34]). How do you remove them? Hint 2: See Corollary 4.28.A.

Exercise 5.3. Show that the set of isometries (of the plane) is a group. Note
the similarity to Theorem 3.12 and Exercise 3.30.

Exercise 5.4. Let O be a point. Show that the set of rotations with center O
is a group of isometries. Notice the similarity to Exercise 3.31.

Exercise 5.5. Fold a piece of paper in half. Using your protractor (placed at
the midpoint of the fold) and a pencil, mark both rays that form a 36◦ angle
with the fold, and both that form a 72◦ with the fold. Fold one of the 36◦ angles
downward in a ridge fold. Fold the next angle (the first of the 72◦ angles) Ridge fold

upward in a valley fold. Repeat this back and forth (accordion) folding Valley fold

Accordion foldsuntil the paper appears as one 36◦ angle and its interior. Using a scissors, cut
patterns out of the edges of the angle, as you did when making “snowflakes”
in art class as a child. -Before- unfolding it, predict the appearance: what
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types of symmetry do you expect, and why? Relate the symmetry you find to
Theorem 5.5.

Figure 5.5: Exercise 5.6

Exercise 5.6. Make a “snowflake” as in Exercise 5.5, but having 7-fold rota-
tional symmetry, see Figure 5.5. Hint: What angles must be folded to produce
7-fold rotational symmetry?

Exercise 5.7. Describe the symmetries of a snowflake made as in Exercise
5.5, except with marked angles in 12◦ increments.

Exercise 5.8. On patty paper, construct segments AA′, BB′ which intersect
at their common midpoint M. Show that there is a pair of folds φ1, φ2 so that
φ2 ◦ φ1(A) = A′, φ2 ◦ φ1(B) = B′, and φ2 ◦ φ1(M) = M. Hint: Since
A−M− A′ and B−M− B′, we know that µ(∠AMA′) = µ(∠BMB′) =
π.

Exercise 5.9. Fold a proper angle ∠ABC on patty paper. Fold lines l ⊥ ←→BA,
m ⊥ ←→BC through point B, and find point A′ ∈ l so that BA = BA′, and
points C′, C′′ ∈ m so that BC = BC′ = BC′′. Show that there is an isometry
σ so that σ(B) = B, σ(A) = A′, and either σ(C) = C′ or σ(C) = C′′.

Exercise 5.10. Prove Theorem 5.5, case 3.iii.

Exercise 5.11. Prove the statement in Remark 5.2.

“Music is the arithmetic of sounds as optics is the geometry of light.”

–C. Debussy

5.2 Congruence
Definition: congruence

Definition 5.4 (Congruence). We say that two sets of points S, S′ (in the
plane) are congruent provided that there is an isometry σ so that σ(S) = S′.
In other words, there is an isometry σ so that A ∈ S implies σ(A) ∈ S′

and B 6∈ S implies σ(B) 6∈ S′. We shall abbreviate this by writing simply
S′ = σ(S). If sets S, S′ are congruent, we write S ∼= S′.

Our definition of congruence is unusual; most texts define congru-
ence for different types of objects based on their measurable proper-
ties. However, it turns out that it doesn’t matter that our definition is
unusual, since we shall later show that two segments are congruent by
our definition if and only if they are congruent by the more traditional
definition that their lengths are equal, and similarly for angles, circles,
and so on.
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Theorem 5.6. Congruence is an equivalence relation, that is, it is:

reflexive (∀X, X ∼= X),
symmetric (X ∼= Y → Y ∼= X),
transitive (X ∼= Y, Y ∼= Z → X ∼= Z).

Practice 5.5. Show that congruence is reflexive.

Theorem 5.7. Congruence preserves linearity.

Proof. Let σ be an isometry, and l be a line. Let A, B, C ∈ l, D 6∈ l
be distinct points. We show that σ(C) ∈

←−−−−→
σ(A)σ(B), and that σ(D) 6∈

←−−−−→
σ(A)σ(B) using induction.

If σ is an isometry consisting of a single fold φ1, then Theorem

4.21 shows that σ(C) ∈
←−−−−→
σ(A)σ(B), and that σ(D) 6∈

←−−−−→
σ(A)σ(B). This

completes the base step.
We then assume that the theorem is true for isometries consisting

of n folds, that is, of the form φn ◦ . . . ◦ φ1, and show that it is also true
for isometries composed of n + 1 folds.

Let σ = φn+1 ◦ φn ◦ . . . ◦ φ1 be an isometry, and define τ = φn ◦ . . . ◦
φ1. Since τ is an isometry composed of n folds, τ(C) ∈

←−−−−→
τ(A)τ(B), and

τ(D) 6∈
←−−−−→
τ(A)τ(B) by the inductive assumption. But φn+1

(
τ(C)

)
∈

←−−−−−−−−−−−−−−−→
φn+1

(
τ(A)

)
φn+1

(
τ(B)

)
by Theorem 4.21, and since σ = φn+1 ◦ τ, this

tells us that σ(C) ∈
←−−−−→
σ(A)σ(B). Similarly, σ(D) 6∈

←−−−−→
σ(A)σ(B). This

completes the inductive step.

Theorem 5.8. Congruence preserves distance.

Practice 5.6. Prove Theorem 5.8.

Theorem 5.9. Congruence preserves angle measure.

Theorem 5.10. Congruence preserves between relations.

The following two theorems tell us that once we know what a 2 di-
mensional isometry does to three non-collinear points, we know every-
thing about it. Contrast this to Theorems 2.22 and 2.23, the analogous
theorems in 1 dimensional geometry.

Theorem 5.11. Let A, B, C be distinct non-collinear points and σ an isom-
etry so that σ(A) = A, σ(B) = B, σ(C) = C. Let X be any point. Then
σ(X) = X. In other words, if σ acts like the identity on three distinct non-
collinear points, then it is the identity.

Proof. Since the theorem is clearly true if X is one of A, B, C, we assume
it is some other point, and divide the argument into cases depending
on where X is found.
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Case 1: (X is on one of
←→
AB,
←→
AC,
←→
BC, without loss of generality X ∈ ←→AB)

Then Theorem 5.7 shows that σ(X) ∈
←−−−−→
σ(A)σ(B). Further, Theorem 5.8

shows that σ(X)σ(A) = XA and σ(X)σ(B) = XB. But σ(A) = A,
σ(B) = B, so that σ(X)A = XA, σ(X)B = XB. Pick a ruler on

←→
AB

so that the coordinates of A, B, X, σ(X) are 0, b > 0, x, x′ respectively.
Then

x = XA = σ(X)A = x′

implies that x′ = ±x, while

|x− b| = XB = σ(X)B = |x′ − b|

further implies that x′ = x. Thus σ(X) = X, completing case 1. We
mention that this case is essentially the proof of Theorem 2.22.

A B

C

X

D

Figure 5.6: Case 2

Case 2: (X isn’t on any of
←→
AB,
←→
AC,
←→
BC.) Let D ∈ AB so that A−D− B,

and construct
←→
XD. By Theorem 4.12, there is some point E ∈ ←→XD so

that either A− E−C or B− E−C or E = C. Whichever is true, Case 1

shows that σ(D) = D, σ(E) = E. Thus by using the argument of Case
1, we obtain σ(X) = X. This completes Case 2 and the proof.

Theorem 5.12. Let A, B, C be distinct non-collinear points and σ, τ two
isometries so that σ(A) = τ(A), σ(B) = τ(B), σ(C) = τ(C). Then if X is
any point, σ(X) = τ(X), in other words, σ = τ. Another way to say this
is once we know what an isometry does to three distinct non-collinear points,
we know what it does to every point in the plane.

Answers to Practice Problems:

5.6. If σ is an isometry that consists of a single fold, then σ(A)σ(B) =
AB by Theorem 4.23. We then proceed by induction, so assume that
folds composed of n folds preserve length, and let σ = φn+1 ◦ φn ◦
. . . ◦ φ1 be an isometry. Let τ = φn ◦ . . . ◦ φ1. Thenτ(A)τ(B) = AB by

the inductive assumption, so φn+1(τ(A))φn+1(τ(B)) = τ(A)τ(B) by

Theorem 4.23. But σ = φn+1 ◦ τ, so σ(A)σ(B) = τ(A)τ(B) = AB. This
completes the inductive step and the proof.

5.5. Let X be any set and φ be any fold, and set σ = φ ◦ φ = φ2. Then
for each point A ∈ X, σ(A) = A ∈ X, and for each point B 6∈ X,
σ(B) = B 6∈ X by Corollary 4.28.A. Thus σ(X) = X. This completes
the proof.

Exercise 5.12. Look up the definition of congruence in Math Open Reference.
Compare and contrast their definition with ours. What is different about
them? What is the same?

Exercise 5.13. Give an example of four distinct points A, B, C, D and an
isometry σ so that σ(A) = A, σ(B) = B, σ(C) = C, but σ(D) 6= D. Does
this contradict Theorem 5.11? Explain.

http://www.mathopenref.com/congruent.html
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Exercise 5.14. Let A, B, C be distinct points, and σ, τ be isometries so that
σ(A) = τ(A), σ(B) = τ(B), and σ(C) = τ(C). Assume that there is some
point X so that σ(X) 6= τ(X). What can be said about A, B, C? Explain.

Exercise 5.15. Explain why equality (=) is an equivalence relation and less
than (<) isn’t. Is ≤ an equivalence relation? Why or why not?

Exercise 5.16. Prove Theorem 5.6. Note that one part (reflexivity) was done
in Practice 5.5, so you only need to show symmetry and transitivity.

Exercise 5.17. Prove Theorem 5.9.

Exercise 5.18. Prove Theorem 5.10.

Exercise 5.19. Prove Theorem 5.12.

“I shall now recall to mind that the motion of the heavenly bodies is
circular, since the motion appropriate to a sphere is rotation in a circle.”

–N. Copernicus

5.3 Triangles

Activity 5.1 suggests the following theorem.

Theorem 5.13. Two line segments are congruent if and only if they have the
same length.

Practice 5.7. Give a non-constructive proof that AB ∼= BA.

Practice 5.8. Give a constructive proof that AB ∼= BA.
Definition: triangle

Definition 5.5 (Triangle). If A, B, C are distinct points, the ordered col-
lection

(
AB, AC, BC

)
is called a triangle and denoted 4ABC. The points

A, B, C are called the vertices (singular: vertex), and the segments BC, AC,
AB are called the sides or edges of the triangle, and are opposite to the
respective vertices. The angle at A is called the angle included between
the sides AB, AC, which is often denoted ∠BAC, or simply ∠A if B, C are
clear from context. If the three points are collinear, the triangle is called a
degenerate triangle, otherwise the triangle is proper.

Remark 5.3. Notice that 4ABC and 4BCA are distinct triangles, since
their ordered collections of sides are different. When we write 4ABC ∼=
4XYZ, we imply that there is an isometry σ taking one ordered collection to
the other, so in particular σ(A) = X, σ(B) = Y and σ(C) = Z. Thus, in
general, 4ABC 6∼= 4CBA.
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Activity 5.6. On a piece of paper, draw a proper triangle. Trace that tri-
angle twice onto a piece of patty paper, labeling one of the traced triangles
4A0B0C0 and the other 4XYZ. Fold the paper once and trace the image of
the first triangle, labeling it 4A1B1C1. Continue this process, attempting to
create an image 4AnBnCn that coincides with 4XYZ. How many folds are
necessary? Can you create a strategy that guarantees a minimum number of
folds? (You may want to experiment with several different starting configu-
rations, including some in which you have traced the triangle onto opposite
and some the same sides of the patty paper.)

Exercise 4.70 showed us that we can eliminate Taxicab geometry
from our consideration based on its failure to satisfy the Fold Postu-
late. However, it also demonstrated that the Side-Angle-Side theorem
you probably remember from high school needs careful proof: we can
imagine a situation in which the SAS hypothesis is satisfied but the
conclusion is not.

A
B

C
X

Y

Z

Figure 5.7: Theorem 5.14

Theorem 5.14 (SAS). Let triangles4ABC,4XYZ have AB = XY, AC =

XZ, and µ(∠BAC) = µ(∠YXZ). Then 4ABC ∼= 4XYZ.

This is [23], Proposition IV. However, there are examples of ge-
ometries in which Theorem 5.14 is false. For example, in the “taxi-
cab” or “Manhattan” geometry of Section 4.7, we constructed exam-
ples of triangles 4ABC,4XYZ so that AB = XY, AC = XZ, and
µ(∠BAC) = µ(∠YXZ), but BC 6= YZ. Thus to prove Theorem 5.14,
we make essential use of Postulate 6.

Corollary 5.14.A. Let ∠ABC,∠XYZ be angles. Then ∠ABC ∼= ∠XYZ if
and only if µ(∠ABC) = µ(∠XYZ). A

B

C
X

Y

Z

Figure 5.8: Corollary 5.14.B

Corollary 5.14.B (ASA). Let proper triangles 4ABC,4XYZ have AB =

XY, µ(∠BAC) = µ(∠YXZ), µ(∠ABC) = µ(∠XYZ). Then 4ABC ∼=
4XYZ.

Definitions: equilateral, isosceles, sca-
leneDefinition 5.6 (Isosceles). A triangle 4ABC is called equilateral pro-

vided that AB = AC = BC. It is called isosceles if one pair of edges have
equal lengths, for example, if AB = AC. It is called scalene if all of its edges
are of different lengths.

Activity 5.7 (One Cut Problem). Draw an equilateral triangle on patty
paper. Try to fold the paper so that, making a single cut, you cut out the
triangle along its edges (and nowhere else). Once you have figured out how
to do so with an equilateral triangle, move to an isosceles triangle, and then
a scalene triangle. A recent theorem of E. DeMaine that says that this can be
done for any polygonal region in the plane, so if you want a real challenge,
try a “scalene quadrilateral”.
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Practice 5.9. Let4ABC ∼= 4XYZ be scalene triangles. Prove that4ABC 6∼=
4XZY.

Activity 5.8. On a piece of patty paper, draw two segments AB, AC of equal
length, and then create a triangle by drawing BC. Fold point B atop point C,
and crease the fold carefully. What do you notice about ∠B and ∠C? Do you
notice anything else interesting about the crease of the fold?

A

B C

Figure 5.9: Theorem 5.15

Theorem 5.15 (Isoscelese Triangle Theorem -or- Pons Asinorum). Given
proper triangle 4ABC, AB = AC if and only if µ(∠B) = µ(∠C).

Proof. The proof has two parts. In part 1 we assume AB = AC and
show that µ(∠B) = µ(∠C).

Practice 5.10. Prove part 1 of Theorem 5.15.

Practice 5.11. Show by way of example that the proof does not extend to
degenerate triangles.

Next we move to part 2: we assume that µ(∠B) = µ(∠C) and prove
that AB = AC. This part is left as Exercise 5.30.

Theorem 5.16 (SSS). Let4ABC,4XYZ have AB = XY, AC = XZ, BC =

YZ. Then 4ABC ∼= 4XYZ.

Proof. If A, B, C are collinear, then the proof follows from applica-
tion of Theorem 5.13, together with the fact that folds preserve seg-
ments and lengths (Corollary 4.21.B and Theorem 4.23) or Theorem
5.8. Hence we assume that 0 < µ(∠BAC) < π. Let H0, H1 be the half
planes determined by

←→
XY. Without loss of generality, we assume that

Z ∈ H0.
Let τ be a finite composition of folds so that τ(A) = X, τ(B) =

Y, τ(C) = C′ ∈ H1; we know that we can do this by Theorem 5.1, and
by further composing with the fold with crease

←→
XY if the point C′ was

in H0.
X Y

Z

C′

Figure 5.10: Theorem 5.16

Then AC = XC′, BC = YC′ by Theorem 4.23. By Theorem
4.32, X, Y are on the perpendicular bisector of ZC′. Let φ be the fold
with crease

←→
XY. Then φ(X) = X, φ(Y) = Y, φ(C′) = Z, the first two by

Postulate 6, the latter by Theorem 4.26. Define σ = φ ◦ τ. Then σ is a
finite composition of folds with σ(A) = X, σ(B) = Y, σ(C) = Z. This
completes the proof.

Theorem 5.17. Let 4ABC ∼= 4XYZ. Then there is a composition σ of at
most folds so that σ(A) = X, σ(B) = Y, σ(C) = Z.

Answers to Practice Problems:

5.11. Let A, B, C be collinear with coordinates 0,−1, 2 respectively.
Then µ(∠B) = 0 = µ(∠C), but AB = 1 6= 2 = AC.
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5.10. Assume AB = AC. Since µ(∠BAC) = µ(∠CAB), Theorem 5.14

says that 4ABC ∼= 4ACB. Thus ∠B ∼= ∠C, so that µ(∠B) = µ(∠C)
by Corollary 5.14.A. This completes the proof.

5.9. Since the triangles are congruent, there is a finite composition σ of
folds so that σ(A) = X, σ(B) = Y, σ(C) = Z. Thus AB = XY, AC =

XZ, BC = YZ by Theorem 4.23. However, since the triangles are sca-
lene, AB 6= AC = XZ. Assume that 4ABC ∼= 4XZY. Then there is
a finite composition τ of folds so that τ(A) = X, τ(B) = Z, τ(C) = Y.
Thus AB = XZ (and AC = XY, BC = YZ). But we have just shown
that AB 6= XZ, so no such τ can exist. This completes the proof.

5.8. Theorems 4.26 shows that the fold φ with crease the perpendicular
bisector of AB has φ(A) = B. Theorem 4.28 shows that φ(B) = A.
Thus the fold φ is a finite composition of folds with the desired prop-
erty. Alternately, the rotation ρ with center the midpoint of AB and
with angle π has ρ(A) = B, ρ(B) = A. By definition, ρ is an isometry.

5.7. Since AB = |a− b| = |b− a| = BA, then AB ∼= BA by Theorem
5.13. This completes the proof.

Exercise 5.20. Prove Theorem 5.1. Hint: Your proof should essentially be a
description of your strategy from Activity 5.1, with theorems and/or defini-
tions explaining why that strategy works.

A B

D C

O

Figure 5.11: Exercise 5.21

Exercise 5.21. There are several triangles in Figure 5.11, with congruences
marked, and A−O− C, B−O− D given. Prove that ∠OBA ∼= ∠ODC.

Exercise 5.22. Let AB = AC. Prove that 4ABC ∼= 4ACB. Contrast this
with Practice 5.9.

Exercise 5.23. Prove Theorem 5.14. If4ABC is degenerate, the proof follows
from Theorems 4.24 and 5.13, so we may assume that 0 < µ(∠BAC) =

µ(∠YXZ) < π.

Exercise 5.24. Prove Corollary 5.14.A.

Exercise 5.25. Give a non-constructive proof that ∠ABC ∼= ∠CBA.

Exercise 5.26. Give a constructive proof that ∠ABC ∼= ∠CBA.

Exercise 5.27. Prove Corollary 5.14.B. If AC = XZ, we can apply Theorem
5.14, so we may further assume AC 6= XZ; without loss of generality, take
AC < XZ.

Exercise 5.28. What can be said about Corollary 5.14.B in the case that the
triangles are degenerate? Is the Corollary still true, true only in specific cases,
or simply false?

Exercise 5.29. In Activity 5.8, you noticed that the crease of the fold φ (with
φ(B) = C) was on A. What theorem says that this must be so?
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Exercise 5.30. Prove part 2 of Theorem 5.15.

Exercise 5.31. Prove Theorem 5.17. If4ABC is degenerate, the proof follows
from application of Theorems 4.24 and 5.13, so we may assume not.

“In matters connected with geometry, nothing is to be taken upon trust:
mere opinion, unsupported by reasonings which elevate it into proof,
must be regarded, in this subject, as of but little worth.”
–J. R. Young

5.4 Triangle Inequality Theorems

A

BC D

E

Figure 5.12: Exterior angles

Definition: exterior angle

Definition 5.7. Let 4ABC be a triangle. Choose points D, E so that D −
B−C and A− B− E. Then each of ∠ABD,∠CBE is an exterior angle for
∠ABC of the triangle, see Figure 5.12.

Theorem 5.18. Let 4ABC be a triangle, and ∠DBA,∠EBC the two ex-
terior angles for ∠ABC. Then ∠ABD ∼= ∠CBE, and µ(∠DBA) = π −
µ(∠ABC).

Practice 5.12. Prove Theorem 5.18.

Activity 5.9. On a computer, start Geometry Explorer, select File → New,
choose hyperbolic geometry, and construct a triangle 4ABC. Compare the
measures of any two angles to the measure of the third exterior angle. What do
you notice? Move the vertices by using the arrow tool. Are your observations
still true? (It might help to repeat this in Euclidean geometry.)

Theorem 5.19 (Exterior Angle Inequality). In proper triangle4ABC, the
measure of ∠A is less than the measure of an exterior angle for either ∠B or
∠C.

Remark 5.4. In a former geometry class, you may have seen a stronger ver-
sion of Theorem 5.19 which says that µ(∠BDA) = µ(∠A) + µ(∠C). In
fact, we cannot prove this theorem yet, since we do not have enough postu-
lates.

BC

A

D

M

A1

Figure 5.13: Theorem 5.19

Proof. Let D− B−C. Without loss of generality, we show µ(∠BAC) <
µ(∠DBA).

First we construct some useful objects, see Figure 5.13. Let M be
the midpoint of AB, which we can find via Theorem 4.5. Let ρ be the
rotation with center M and angle π. Then ρ(A) = B, ρ(B) = A. Let
A1 = ρ(C). Then C−M− A1, so that CA1 = 2CM, in other words, so
that A1M = CM. By Theorem 4.18, µ(∠AMC) = µ(∠BMA1). Then
Theorem 5.14 tells us that 4AMC ∼= 4BMA1.

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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We next show that A1 ∈ ◦∠ABD. Since M ∈ ◦∠BCA by Theorem
4.15, A1 ∈ ◦∠BCA by Theorem 4.13. Hence A1 is on the same side of←→
BD as A. The construction of point A1 guarantees that A1 − M − C,
so A1 must be on the opposite side of

←→
AB as C by Theorem 4.11. But

D− B− C is true by choice of D, so C and D must also be on opposite
sides of

←→
AB, again by Theorem 4.11. This forces A1 to be on the same

side as D, so that by definition A1 ∈ ◦∠ABD.
We now show that µ(∠ABD) > µ(∠ABA1) = µ(∠A). Since A1 ∈

◦∠ABD, we have µ(∠ABA1) + µ(∠A1BD) = µ(∠ABD) by Postu-
late 5, and since neither of the angles is degenerate, µ(∠ABD) >

µ(∠ABA1). But we also know that µ(∠ABA1) = µ(∠MBA1) = µ(∠A)

because 4AMC ∼= 4BMA1. This completes the proof.

Practice 5.13. Theorem 5.19 is false in general in spherical geometry, and
therefore, at least one of the steps in the proof breaks down there. Which step
breaks down, and why? Hint: Use Geometry Explorer to apply the argument
of the proof to some triangle for which the theorem is false.

Activity 5.10. Using a kamifûsen, can you construct a counterexample to
the Exterior Angle Inequality? Hint: The proof breaks down in spherical
geometry when the size of CM is too large, suggesting that the EAI may be
true for small triangles but false for large ones.

The Exterior Angle Inequality has many corollaries. Here are a few
of the most important.

Corollary 5.19.A (AAS). Let4ABC,4XYZ be proper triangles with µ(∠A) =

µ(∠X), µ(∠B) = µ(∠Y), AC = XZ. Then 4ABC ∼= 4XYZ.

Practice 5.14. Prove Corollary 5.19.A. Hint: Use a proof by contradiction,
so assume that 4ABC 6∼= 4XYZ.

Corollary 5.19.B (Scalene Inequality). In proper triangle 4ABC, AB >

AC if and only if µ(∠C) > µ(∠B).

Proof. The proof has two parts.

A C

B
D

Figure 5.14: Corollary 5.19.B, Case 1

Part 1: We assume that AB > AC and prove that µ(∠C) > µ(∠B).
Since AB > AC there is some point D ∈ AB so that AD = AC. Since
A−D− B, Theorem 4.15 tells us that D ∈ ◦∠ACB, so Postulate 5 gives
us µ(∠ACB) = µ(∠ACD) + µ(∠DCB), or

µ(∠ACB) > µ(∠ACD). (5.1)

By Theorem 5.15,
µ(∠ACD) = µ(∠ADC), (5.2)

and Theorem 5.19 says that

µ(∠ADC) > µ(∠B). (5.3)

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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Putting inequalities 5.1, 5.2, and 5.3 together, we obtain µ(∠ACB) >

µ(∠B). This completes part 1.
Part 2 is left as Exercise 5.35.

Corollary 5.19.C (Triangle Inequality). In triangle 4ABC, AB + BC ≥
AC.

Corollary 5.19.D. Let4ABC be a proper triangle. Then µ(∠A)+µ(∠B) <
π.

Practice 5.15. Prove that the shortest distance from a line l to a point P 6∈ l
is along the line m through P with m ⊥ l.

Theorem 5.20 (Saccheri-LeGendre). Let4ABC be a triangle. Then µ(∠A)+

µ(∠B) + µ(∠C) ≤ π.

Proof. If 4ABC is degenerate the sum is clearly π, so we assume that
4ABC is proper. Assume that µ(∠A) + µ(∠B) + µ(∠C) = π + ε,
where ε > 0.

Apply the argument of the proof of Theorem 5.19 to 4ABC to
find A1, and to 4A1BC to find A2, and so on. We will show that
µ(∠A) > µ(∠A1) > µ(∠A2) > . . ., and eventually has measure less
than ε. By Theorem 5.14, 4ABM ∼= 4CA1M, so that ∠A1

∼= ∠ABA1.
Since A1 ∈ ◦∠ABC, we have µ(∠ABA1) + µ(∠A1BC) = µ(∠ABC).
Similarly, µ(∠A1BA2) + µ(∠A2BC) = µ(∠A1BC), and so on. Hence
µ(∠A1) + µ(∠A2) + . . . + µ(∠An) < µ(∠B). Thus µ(∠An) <

1
n µ(∠B).

Pick n large enough so that µ(∠An) < ε.
Next we note that by congruence, the sum of measures of angles in

4ABC equals that of 4A1BC, which equals that of 4A2BC, and so
on. Hence for 4AnBC, µ(∠An) + µ(∠B) + µ(∠C) = π + ε. However,
by Corollary 5.19.D, we know that µ(∠B) + µ(∠C) < π, so we can
conclude that µ(∠An) > ε. This contradiction completes the proof.

We comment here that there are several other triangle congruence
theorems that can be proven with the help of Theorem 5.19 and its
corollaries. Some of these are explored in the exercises.

Answers to Practice Problems:

5.15. Let Q = m ∩ l, and R ∈ l be any other point. Then 4PQR is a
right triangle. By Theorem 5.20, µ(∠Q) > µ(∠R), so that PQ < PR by
Corollary 5.19.B. This completes the proof.
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5.14. If AB = XY, Theorem 5.14 says that the triangles are congruent,
so without loss of generality, assume that AB < XY. Then there is
some point W ∈ XY so that AB = XW (by Postulate 2). Then The-
orem 5.14 says 4ABC ∼= 4XWZ, implying µ(∠XWZ) = µ(∠B) by
Corollary 5.14.A. Angle ∠XWZ is an exterior angle for ∠XYZ, so by
Theorem 5.19, µ(∠XWZ) > µ(∠XYZ). But we are also given that
µ(∠Y) = µ(∠B). Thus µ(∠B) > µ(∠B). This contradiction completes
the proof.

5.13. The point A1 ∈ −→CM has the property CA1 = 2CM. However,
since distances are bounded in spherical geometry, this may not be
possible. (If you ignore this issue and choose instead A1 6= C so that
A1M = CM, another possible problem arises: A1 may not be on the
ray −→CM, and as such it may not be true that A1 ∈ ◦∠BCA, much less
∠ABD.

5.12. We show that µ(∠DBA) = π− µ(∠ABC) = µ(∠EBC). Applying
Corollary 5.14.A then shows that ∠DBA ∼= ∠EBC.
Since D− B−C, we have that ∠DBA,∠ABC are supplementary. Then
Postulate 5 shows that µ(∠DBA) = π − µ(∠ABC). The proof is iden-
tical for ∠EBC.

Exercise 5.32. In Figure 5.15, assume that µ(∠ADE) = 2π
5 , µ(∠ABE) =

π
5 , AB = 3, and AD = 2. What are possible values for µ(∠ACB), µ(∠ACD),
and AC? Explain how you know.

A

B C D E

Figure 5.15: Exercise 5.32

Exercise 5.33 (Submitted by E. Wolf). Notice that the statement of Theorem
5.19 specifically says that 4ABC is proper. What can be said when 4ABC
is degenerate? State and prove a theorem for this case.

Exercise 5.34. Critique the following proof of part 2 of Corollary 5.19.B.

Proof. Assume that µ(∠C) > µ(∠B). Then there is some ray
−→
CD so

that µ(∠B) = µ(∠ACD), and D ∈ ◦∠ACB by Postulates 4 and 5. By
Theorem 4.14,

−→
CD intersects AB at some point E with A− E− B. Then

AE+ EB = AB, while AC = AE by Theorem 5.15. Thus AC + EB = AB,
so that AC < AB. This completes the proof.

Exercise 5.35. Finish the proof of Corollary 5.19.B by proving part 2.

A B

C

D

Figure 5.16: Exercise 5.36

Exercise 5.36. Prove Corollary 5.19.C. Hint: If4ABC is degenerate, use an
argument with coordinates. Otherwise, see Figure 5.16.

Exercise 5.37. Show that, among all points C on the perpendicular bisector
l of AB, the point where AC is shortest is when C is taken to be the midpoint
of AB.

Exercise 5.38. Prove Corollary 5.19.D.

Exercise 5.39. Give an example to show that the Angle-Side-Side (oops, I
mean Side-Side-Angle) hypothesis does not imply congruence. In particular,
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given points A, B with µ(∠CAB) = 30◦, AB = 1, show by construction that
there are two possible points C with BC = 0.6. (It is also interesting to note
that [in a construction on paper] there is exactly one point C if BC = 0.5,
and there isn’t any point C if BC = 0.4.)

Exercise 5.40. Although Exercise 5.39 shows that we cannot prove an “SSA
congruence theorem,” show the following. If µ(∠A) = µ(∠X), AB =

XY, BC = YZ, and 4ABC 6∼= 4XYZ, then µ(∠Z) = π − µ(∠C).

Exercise 5.41 (SsA Theorem). Use the results of Exercise 5.40 to show the
following. If µ(∠A) = µ(∠X), AB = XY, BC = YZ, and AB < BC, then
4ABC ∼= 4XYZ. This is called the SsA Theorem. (Note the lowercase
“s” in the middle of the name.)

Exercise 5.42. Let 4ABC,4XYZ be right triangles with the right angle
at vertices A, X. Prove the HL Corollary, that is, that if AB = XY and
BC = YZ, then 4ABC ∼= 4XYZ.

“The play is independent of the pages on which it is printed, and ‘pure
geometries’ are independent of lecture rooms, or of any other detail of
the physical world.” –G. H. Hardy

5.5 Folds Revisited

Activity 5.11. On a piece of patty paper, fold a line l and draw a point A.
Fold the paper with a crease different from l, so that l lies atop itself and P
is on the crease of the fold. How many different ways are there to accomplish
this? Do you notice anything unusual about the relationship between the
crease of the fold and l?

l

A

Figure 5.17: Theorem 5.21

Theorem 5.21. Given a line l and a point A, there is a unique line through
A that is perpendicular to l.

Practice 5.16. Theorem 5.21 makes two claims that need to be proven sepa-
rately. What are they?

Lemma 5.21.a. If A is any point and l is a line, then there is a unique fold
φ whose crease is not l so that φ(l) = l and whose crease passes through A.

Proof. Let m be the unique line through A and perpendicular to l, as
guaranteed by Theorem 5.21. Let φ be the fold with crease m. We first
show that φ(l) = l, proving existence.

Let B = l ∩m, and pick any points C, D so that B 6= C ∈ l, B 6= D ∈
m. Then µ(∠CBD) = π

2 because l ⊥ m. Thus µ (∠φ(C)φ(B)φ(D)) = π
2
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by Theorem 4.22. However, B, D ∈ m implies that φ(B) = B, φ(D) =

D, so we know that µ (∠φ(C)BD) = π
2 , implying that φ(C) ∈ l. A

similar argument shows that C 6∈ l implies φ(C) 6∈ l. Since C ∈ l was
arbitrary, this shows that φ(l) = l.

Next we let ψ be a fold whose crease n is not l but for which ψ(l) = l
and A ∈ n. We show that ψ = φ, demonstrating uniqueness. Since
the crease of ψ is not l, there is some point P ∈ l so that P 6∈ n. Then
Q = φ(P) 6= P. Then n is the perpendicular bisector of PQ by Theorem
4.27. Since A ∈ n, we know that n is the unique line through A that
is perpendicular to l by Theorem 5.21, and thus n = m, implying that
ψ = φ. This completes the proof.

Lemma 5.21.b. The crease of the fold in Lemma 5.21.a is perpendicular to l.

We note that Lemma 5.21.a is essentially the fourth of the axioms
of origami.[27] Note also that Postulate 6 and Lemma 5.21.a together
imply that the fold φ restricted to the line l satisfies the properties of
Postulate L-2 from Section 2.2. Since Postulate L-1 says the same thing
as Postulate 2, we thus obtain all the results of Chapter 2 as they apply
to lines in the plane.

Activity 5.12. On a piece of patty paper, fold a line l and mark two points
A1, A2 ∈ l. Fold lines mi through the Ai and perpendicular to li. What seems
to be true about the relationship between m1, m2?

Activity 5.13. On a kamifûsen, fold a line l and mark two points A1, A2 ∈ l.
Fold lines mi through the Ai and perpendicular to li. What seems to be true
about the relationship between m1, m2?

Activity 5.14. On a computer, start Geometry Explorer and choose hyper-
bolic geometry. Construct a line l through two points A1, A2, and then con-
struct the lines mi through Ai and perpendicular to l. What seems to be true
about the relationship between m1, m2? Repeat in projective geometry.

Theorem 5.22. Let A1, A2 be distinct points on line l. Let mi ⊥ l pass
through Ai, i = 1, 2. Then m1||m2.

Activity 5.15. On a piece of patty paper, fold two parallel lines l, m. Fold the
paper so that l lies atop m. How many different ways are there to accomplish
this? Do you notice anything unusual about the relationship between the
crease of the fold, l, and/or m?

We now return to the matter discussed in Remark 4.2. Although
we are unable, at this time, to show that there is a fold taking parallel
lines to parallel lines, we can show that there is a sequence of at most
two folds that does so. In fact, the proof will make it clear that there
are infinitely many ways to do so.

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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Theorem 5.23. Let l||m be two lines. Then there is a composition σ of at
most two folds so that σ(l) = m.

Practice 5.17. Prove Theorem 5.23. Hint: Begin by picking some points in
l, m.

Activity 5.16. Using Geometry Explorer, choose hyperbolic geometry. Con-
struct two lines l, m that do not intersect (this is easier than you might think
from your experience in Euclidean geometry). Construct a perpendicular line
p to one of your parallel lines, say l. Measure the angle between lines p and
m. What did you expect it to be? What was it? Can you force it (by mov-
ing points around without moving either l or m) to be what you originally
expected it to be?

Theorem 5.24. Let l||m be lines, and φ be a fold with φ(l) = m (if one
exists), and n the crease of φ. Let A ∈ l and A′ = φ(A) ∈ m. Then n is the
perpendicular bisector of AA′.

Theorem 5.25. Let l||m be lines, and assume we are given a line p so that
l ⊥ p ⊥ m. Then there is a fold φ so that φ(l) = m.

Theorem 5.26. Let l||m be lines, and φ be a fold with φ(l) = m (if one
exists). Then φ(m) = l.

Practice 5.18. Prove Theorem 5.26. Hint: Let A, B ∈ l be distinct points, so
that l =

←→
AB. Then use Theorems 4.21 and 4.28. l

m

n

φ

Figure 5.18: Theorem 5.27

Theorem 5.27. Let l||m be lines, φ a fold with φ(l) = m (if one exists), and
n the crease of φ. Then l||n||m.

Answers to Practice Problems:

5.18. Let A, B ∈ l be distinct points, and φ the fold that takes l to
m. Denote A′ = φ(A), B′ = φ(B). Then A′, B′ ∈ m. Since A, B are
distinct, A′, B′ = AB 6= 0 by Theorem 4.23. Thus A′, B′ are distinct.

Since φ(l) = m, we have
←−→
A′B′ = m. Now by Theorem 4.28, φ(A′) =

A, φ(B′) = B. Thus by Theorem 4.21, φ takes m to ←→AB = l. This
completes the proof.

5.17. Let A 6= B ∈ l, C 6= D ∈ m be points. By Theorem 4.26, there is
a fold φ1 so that φ1(A) = C. If φ1(B) ∈ m, then since folds preserve
lines, φ1(l) = m and we are done, so assume that B′ = φ(B) 6∈ m.
Then Theorem 4.31 says that there is a fold φ2 so that φ2(C) = C and
E = φ2(B′) ∈ −→CD. Let σ = φ2 ◦ φ1. Then

σ(A) = φ2 ◦ φ1(A) σ(B) = φ2 ◦ φ1(B)
= φ2 (φ1(A)) = φ2 (φ1(B))
= φ2(C) = φ2(B′)
= C = E,

and since C, E ∈ m, this implies that σ(l) = m by Theorem 4.21.

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html


104 CHAPTER 5. COMPOSITION OF FOLDS

5.16. The theorem claims existence: there is a line through A and
perpendicular to l, and uniqueness: there is only one such line.

Exercise 5.43. Sketch an example to show that Theorem 5.21 is false in spher-
ical geometry.

Exercise 5.44. Prove Theorem 5.21. Since you proved existence in Practice
5.16, you only need to prove uniqueness here.

Exercise 5.45. Prove Lemma 5.21.b.

Exercise 5.46. Critique the following proof of Theorem 5.22.

n

l

m1 m2

A1

B1

A2

B2

Figure 5.19: Theorem 5.22

Proof. Let B1 ∈ m1 be arbitrary. Let n ⊥ m1 be the unique perpendicu-
lar line passing through B1 as given by Theorem 5.21, and B2 = m2 ∩ n.
Then A1 A2 = B1B2. If the lines m1, m2 intersect, there is some point
B1 where the distance B1B2 is 0. However, since they are everywhere
equidistant, they cannot intersect. This completes the proof.

Exercise 5.47. Critique the following proof of Theorem 5.22.

Proof. Assume that lines m1, m2 aren’t parallel. This means there are two
lines through point C. These lines are perpendicular to l which violates
Lemma 5.21.a because lines are no longer unique. QED.

Exercise 5.48. Prove Theorem 5.22. Obviously, if you believe either of Exer-
cises 5.46 or 5.47 are correct, you can just quote them. Otherwise, either “fix
up” one of those proofs or write your own.

Exercise 5.49. Prove Theorem 5.24.

Exercise 5.50. Prove Theorem 5.25. Hint: Use a constructive proof.

Exercise 5.51. Critique the following proof of Theorem 5.26.

Proof. Let l, m be lines and φ the fold that takes l to m. By Theorem 4.28,
since φ(l) = m, φ(m) = l. QED

Exercise 5.52. Prove Theorem 5.27.

“From the intrinsic evidence of his creation, the Great Architect of the
Universe now begins to appear as a pure mathematician.”

–J. Jeans, The Mysterious Universe
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5.6 Circles

Activity 5.17. In Appendix A.10 a craft project can be found. Follow the
instructions to construct a pair of interlocking gears.

Activity 5.18. Use a round object to draw a circle on a piece of patty paper.
Find its center O. What method did you use to find O, and how do you know
that it is the center? On a fresh sheet of patty paper, use a round object to
draw a minor arc of a circle C, that is, an arc that is “less than half” of circle
C. Find the center O of the circle C. What method did you use to find O, and
how do you know that it is the center? Was it different from the method you
used when you had the whole circle to work with?

Definition: circle
Definition 5.8 (Circle). Let O be a point and r > 0 a real number. The
circle with center O and radius r is the set of points {A : OA = r}. We
use the term radius in two ways: to refer to a segment OA, where O is the
center and point A is on the circle, and alternately, to refer to the length OA
of such a segment.

Theorem 5.28. Let Ci be the circle with center Oi and radius ri, i = 1, 2.
Then C1

∼= C2 if and only if r1 = r2.

Practice 5.19. In Theorem 5.28, show that C1
∼= C2 implies that r1 = r2.

Definition: circle interior/exterior
Definition 5.9. The interior of the circle with center O and radius r is the
set of points {A : OA < r}, and the exterior of the circle is the set of points
{A : OA > r}.

Activity 5.19. With a compass, draw circle C on a piece of patty paper. Pick
some point A on the interior of the circle, and fold the paper via a fold ψ with
crease m on A. What do you notice about m?

Theorem 5.29. Let A be a point on the interior of a circle, and let l be a line
on A. Then there are exactly two points B, C ∈ l that are on the circle.

Proof. We first show that there are two points on both circle and line,
and then show that there cannot be a third. Let O be the center of the
circle, and r > 0 be its radius. O

A

D

Figure 5.20: Ray from circle interior

Let P 6= A be any other point on l. Pick a ruler on l so that the
coordinates of A, P are 0, p > 0. Let D ∈ l be the point with coordinate
2r. Then OA < r since A is on the interior of the circle. By Corollary
5.19.C, AD < OA + OD, so AD −OA < OD. Since AD = 2r and
OA < r, we have r < OD, which means that D is in the exterior of the
circle.

Let f (x) represent the distance between O and the point on the ray−→
AB with coordinate x. Since f (0) < r and f (2r) > r, there must
be some coordinate b ∈ (0, 2r) so that f (b) = r by Theorem 1.3. Then
Theorem 4.6 tells us that the point B with coordinate b is on the ray

−→
AP.
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Similarly, there is some point C on the opposite ray having coordinate
c ∈ (−2r, 0). This shows that there are two points B, C on both the
circle and line.

The proof that there cannot be more than two points is left as Exer-
cise 5.56.

Corollary 5.29.A. Let A be a point on the interior of a circle, and B 6= A be
any point. Then

−→
AB intersects the circle in exactly one point.

Practice 5.20. Prove Corollary 5.29.A.
Definitions: chord, diameter, tangent

Definition 5.10. A chord of a circle C is a segment AB, where both A, B ∈
C. By a diameter we shall mean a chord AB for which the circle’s center
O ∈ AB. A tangent is a line that intersects the circle in exactly one point.
The point of intersection of the circle with a tangent line is called its point of
tangency.

Activity 5.20. With a compass, draw a circle C on a piece of patty paper, and
mark its center O.

1. Fold the paper via a fold φ with crease l on O. What do you notice about
φ(C)?

2. Let B, B′ be the points of intersection of l and C, and fold a line of tangency
t to C through B. What do you notice about l and t?

3. Fold a line p perpendicular to l through B′. What do you notice about the
relationship of p and C?

4. Fold again using φ (with crease l). What do you notice about φ(p), φ(t)?
O

A

t

B

Figure 5.21: Corollary 5.29.B

Corollary 5.29.B. Let t be a tangent line to a circle with center O, A be the
point of tangency, A 6= B ∈ t. Then µ(∠OAB) = π

2 .

Corollary 5.29.C. Let A be a point on a circle with center O, and l some
line on A. Pick a point A 6= B ∈ l. If µ(∠OAB) = π

2 , then l is tangent to
the circle.

Corollary 5.29.D. Let t be a tangent line to a circle with center O, and let
A be the point of tangency. Let φ be the fold with crease

←→
OA. Then φ(t) = t.

Theorem 5.30. Let C be a circle with center O and radius r, and l a line on
O. Let φ be the fold with crease l. Then φ(C) = C, that is, φ takes points on
the circle to points on the circle.

Proof. We will prove this in two parts. In part 1, we will show that if
A ∈ C, then φ(A) ∈ C. In part 2, we will show that if A ∈ C, then
there is some point B ∈ C so that φ(B) = A.

Practice 5.21. Prove part 1 of Theorem 5.30.
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The proof of part 2 is left as Exercise 5.60.

Corollary 5.30.A. Let C be a circle with center O and radius r, and l a line
on O. Let φ be the fold with crease l. Then φ preserves the interior of C. That
is, if point X is the interior of C, then φ(X) is in the interior of C.

A B

C

D

E

Figure 5.22: Incenter D of 4ABC

Activity 5.21 (Incenter). On a patty paper, draw a scalene triangle4ABC.
Fold the angle bisectors at each vertex, and notice that they are concurrent at
a point D called the incenter of the triangle. Fold the perpendicular l to one
of the sides, say AB, and through D. Let E = l ∩ AB. Using a compass,
draw the circle with center D and radius DE. What do you notice? Can you
explain why?

Answers to Practice Problems:

5.21. Let A ∈ C. We show that φ(A) ∈ C. Since l passes through
O, φ(O) = O by Postulate 6. By the same postulate, r = OA =

φ(O)φ(A) = Oφ(A). Then by definition of circle, φ(A) ∈ C. This
completes part 1.

5.20. By Theorem 5.29, there are exactly two points of intersection
between line ←→AB and the circle. The proof shows that one of those is
on the ray −→AB, and the other on the opposite ray. If there is another on
−→AB, then there would be three on←→AB, contradicting Theorem 5.29.

5.19. Let σ be an isometry so that σ(C1) = C2. Let A ∈ C1 be arbitrary.
Then σ(A)σ(O1) = AO1 = r1, so in particular, every point σ(A) ∈ C2

is equidistant from σ(O1). This not only shows that σ(C1) is a circle,
but that its center is O2 = σ(O1) and its radius is r2 = r1.

Exercise 5.53. Let AB be the chord of a circle, and l its perpendicular bisector.
Show that the center of the circle is on l.

Exercise 5.54. Show that the longest chord of a circle is a diameter. Hint:
Look back at the proof of Corollary 5.19.C. Notice that AB + BC = AC in
the case that A, B, C are collinear, and AB + BC > AC in the case that they
are non-collinear. Let AB be a chord of a triangle with center O, and consider
4AOB.

Exercise 5.55. Prove Theorem 5.28. Since Practice 5.19 proved part 1, you
will only need to prove part 2.

Exercise 5.56. Complete the proof of Theorem 5.29 by showing that there
cannot be three points of intersection between a line and a circle.

Exercise 5.57. Prove Corollary 5.29.B. Hint: Use contradiction. If OA isn’t
perpendicular to t, by Theorem 5.21 there is some other line through O that
is.

Exercise 5.58. Prove Corollary 5.29.C.
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Exercise 5.59. Prove Corollary 5.29.D.

Exercise 5.60. Prove part 2 of Theorem 5.30.

Exercise 5.61. Prove Corollary 5.30.A.

“A circle is a round straight line with a hole in the middle.”

–Anonymous

5.7 Congruence Exploration

This section is an exploration activity. The purpose of the exploration
is to review criteria for triangle congruence in absolute geometry (and
thus in each of Euclidean and hyperbolic geometries), and to explore
whether those congruence criteria are valid in other geometries as well.

At most steps, you will be asked to construct a triangle having cer-
tain properties, and then compare your triangle to the triangles of oth-
ers in your group. If everyone has constructed congruent triangles,
that is probably because the information given was a “congruence cri-
terion” of some Theorem or Corollary we have seen. If some of the
triangles are not congruent, we have probably seen some theorem or
exercise that pointed out why there may be more than one possibility.
In either case, explain how your results are related to what we have
discussed in this chapter.

1. For the first part, you will need a few sheets of patty paper, a ruler,
and a compass. You will also need to be in a small group, since
comparison of results is crucial to the exploration.

(a) On a patty paper, construct a triangle with three sides of lengths
3, 4, 5 cm. Compare your triangle to those of others in your group.

(b) On a patty paper, construct a 40◦ angle ∠A. Along one of the
rays, mark point B so that AB = 5 cm. Along the other ray,
construct a point C so that µ(∠B) = 25◦. Compare your results
to others in your group.

(c) On a patty paper, construct a 50◦ angle ∠A. Along one ray, con-
struct B so that AB = 3 cm. Along the other, construct C so that
AC = 5 cm. Compare your results to others in your group.

(d) On a patty paper, construct a triangle 4ABC so that µ(∠A) =

35◦, µ(∠B) = 45◦, and BC = 5 cm. Compare your results to
others in your group.



5.7. CONGRUENCE EXPLORATION 109

(e) On a patty paper, construct a 30◦ angle ∠A. Along one of the
rays, mark point B so that AB = 5 cm. Mark point C on the other
ray so that BC = 3 cm. Compare your results to others in your
group.

(f) On a patty paper, construct a 30◦ angle ∠A. Along one of the
rays, mark point B so that AB = 3 cm. Mark point C on the other
ray so that BC = 5 cm. Compare your results to others in your
group.

(g) On a patty paper, construct a 30◦ angle ∠A. Along one of the
rays, mark point B so that AB = 5 cm. Mark point C on the other
ray so that BC = 2 cm. Compare your results to others in your
group.

(h) On a patty paper, construct a triangle with angles of 40◦, 60◦, 80◦.
Compare your triangle to others in your group.

2. For the next part of this exploration, use Geometry Explorer, with
hyperbolic geometry. It will probably be difficult to follow the in-
structions exactly, since while trying to construct a segment of length
1.0, the value may jump from 1.03 down to 0.98. However, the point
isn’t to be exact, it is to investigate congruence criteria.

(a) Construct a segment AB of length 1 unit. (Construct the segment
and then measure it. If it is not the correct length, transform
it.) Construct the circle with center A and radius 0.8 units, and
the circle with center B and radius 0.6 units. Pick a point of
intersection of the two circles, call it C. Then the triangle 4ABC
has sides of length 0.6, 0.8, 1.0. Measure the angles. Compare
your triangle to those of others in your group.

(b) Clear the canvas. Construct a 40◦ angle ∠A. Along one of the
rays, mark point B so that AB = 1 unit. Along the other ray,
construct a point C so that µ(∠B) = 25◦. Measure the remaining
angle and lengths. Compare your results to others in your group.

(c) Clear the canvas and construct a 50◦ angle ∠A. Along one ray,
construct B so that AB = 0.6 unit. Along the other, construct C so
that AC = 1 unit. Measure the other angles and length. Compare
your results to others in your group.

(d) Clear the canvas and construct a triangle4ABC so that µ(∠A) =

35◦, µ(∠B) = 45◦, and BC = 1 unit. Measure the remaining angle
and lengths. Compare your results to others in your group.

(e) Clear the canvas and construct a 45◦ angle ∠A. Along one of the
rays, mark point B so that AB = 1 unit. Mark point C on the
other ray so that BC = 0.8 units. Measure the other angles and
length. Compare your results to others in your group.

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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(f) Clear the canvas and construct a 45◦ angle ∠A. Along one of the
rays, mark point B so that AB = 1 unit. Mark point C on the
other ray so that BC = 0.6 units. Compare your results to others
in your group.

(g) Clear the canvas and construct a 45◦ angle ∠A. Along one of the
rays, mark point B so that AB = 0.6 unit. Mark point C on the
other ray so that BC = 1.0 units. Compare your results to others
in your group.

(h) Clear the canvas and construct a triangle with angles of 45◦, 90◦,
30◦. (You can create a 90◦ angle by constructing a perpendicular
line. You can create a 45◦ angle by bisecting a 90◦ angle. Then
try moving the vertices of those angles about until the third angle
measures 30◦.) Measure the lengths. Compare your triangle to
others in your group.

3. You may repeat the considerations of Step 2 using spherical geome-
try. Ideally, you could perform the constructions on a Lénárt Sphere
or a kamifûsen (multiply lengths by 5 cm/unit), but Geometry Ex-
plorer will work, too. However, you should change the angles in
Step 2h to 45◦, 90◦, 60◦, since triangle angle sums in spherical geom-
etry must be greater than 180◦. What are valid congruence criteria
in spherical geometry?

“When you come to a fork in the road, take it.”

–Y. Berra



6
Introducing Euclideanism

“The Elements” of Euclid stands out, without peer, as the most influ-
ential mathematical text ever. In this phenomenal work, Euclid began
with 10 simple premises: 5 “common notions” and 5 “postulates,” and
proved volumes of “propositions” from them. Although from a mod-
ern perspective it has some shortcomings, that perspective comes from
over 2000 years of careful examination of Euclid’s work.

It is clear from the organization of propositions that the fifth pos-
tulate didn’t sit well with Euclid. (He chose not to make use of the
it until he had exhausted all the things that could be proven without
it.) For almost 2000 years mathematicians tried to prove that the fifth
postulate wasn’t needed. As we shall see in Chapter 7, all of these
attempts were doomed to failure.

It may seem that we have been in familiar territory for some time.
After all, the SAS, ASA, and AAS results are probably ones that you
learned in high school. However, it turns out that we are still in what
is called “absolute geometry,” and many other familiar results that we
have not yet proven in fact cannot be proven without another Postulate.

We have come to a fork in the road; there are two possible paths we
can take. Euclid took one of those paths (Euclidean geometry), and
mathematicians argued for nearly 2000 years about whether or not the
path he chose could be proven to be the only path. In about 1830,
two mathematicians, Bolyai (pronounced “Bō-yai”) and Lobachevsky,
independently proved that there was another path, currently called hy-
perbolic geometry. We shall take sojourns down each path, honoring
history by first traveling down the more familiar path of Euclid.

6.1 The Parallel Postulate
Definitions: transversal, (non)-alternate
interior angles, F-pair of anglesDefinition 6.1. If two lines l, m are both intersected by a third line t, then t

is called a transversal for lines l and m. A pair of angles on opposite sides
of the transversal but between l, m are called alternate interior angles. A
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pair of angles that are on the same side of t and between l, m are called non-
alternate interior angles. Lastly, we call a pair of angles on the same side
of t, opposite sides of l, and the same side of m an F-pair of angles, or simply
F-angles.

1

4

2

3

65

7 8

Figure 6.1: Alternate Interior Angles

In Figure 6.1, the two (horizontal) lines are intersected by the (di-
agonal) transversal. Either pair of angles 1&4 or 2&3 are alternate
interior angles, 1&3 or 2&4 are non-alternate interior angles, and 1&7
or 2&8 or 3&5 or 4&6 are F-angles.

Activity 6.1. On a patty paper, fold two parallel lines (this can be accom-
plished by folding two perpendicular lines, and then folding another perpen-
dicular to one of those). Fold any transversal for the two parallel lines. With a
protractor, measure any pair of alternate interior angles. What do you notice?
Measure any pair of non-alternating interior angles. What do you notice?
Finally, measure any pair of F-angles. What do you notice?

Activity 6.2. On Geometry Explorer, choose hyperbolic geometry, and con-
struct a pair of non-intersecting (parallel) lines (preferably without using the
“parallel” tool); it is easier than you might expect to make sure that two lines
don’t intersect. Construct any transversal for the two lines. Measure any pair
of alternate interior angles. What do you notice? Is it possible to construct
the transversal so that alternate interior angles are congruent? Measure any
pair of non-alternating interior angles. What do you notice? Measure any
pair of F-angles. What do you notice? (You may repeat this in spherical or
projective geometries if you like.)

Theorem 6.1. If two lines are cut by a transversal so that a pair of alternate
interior angles are congruent, then the lines are parallel.

Corollary 6.1.A. If two lines are cut by a transversal so that a pair of non-
alternate interior angles have measures summing to π, then the lines are
parallel.

Practice 6.1. Prove Corollary 6.1.A.

Corollary 6.1.B. If two lines are cut by a transversal so that a pair of F-
angles are congruent, then the lines are parallel.

If you compare your answers to Activities 6.1 and 6.2, you will no-
tice that up to Corollary 6.1.B, both Euclidean and hyperbolic geome-
tries agree. However, in Euclidean (patty paper) geometry, we would
expect the past few results to be true “if and only if,” whereas in hy-
perbolic geometry, the results are only “if.” In other words, all the
results we have obtained up to this point are valid in both Euclidean
and hyperbolic geometries.

However, we can progress from this point only by taking another
postulate, and we have a choice: either alternate interior angles for

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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parallel lines must always be congruent, or they are not necessarily
so. We shall begin by investigating the first possibility, but will later
return and try the other path.

Postulate 7 (Parallel Postulate). If two parallel lines are cut by a transver-
sal, then alternate interior angles are congruent.

Theorem 6.2 (Z-property). Two lines cut by a transversal have alternate
interior angles congruent if and only if the lines are parallel.

Practice 6.2. Prove Theorem 6.2.

Corollary 6.2.A (C-property). Two lines are cut by a transversal so that a
pair of non-alternate interior angles have measures summing to π if and only
if the lines are parallel.

Corollary 6.2.B (F-property). Two lines are cut by a transversal so that a
pair of F-angles are congruent if and only if the lines are parallel.

A

l

m

Figure 6.2: Theorem 6.3

Theorem 6.3 (Playfair’s Theorem). Given a line l and a point A 6∈ l, there
is a unique line m through A and parallel to l.

This theorem is commonly known as Playfair’s Postulate. It is often
used as a substitute for Euclid’s Parallel Postulate or our Postulate 7,
to which it is known to be equivalent (that is, each can be used to prove
the others).

Practice 6.3. Pretend that Theorem 6.3 is a postulate, and prove Postulate 7,
as if it were a theorem. This will show that the two statements are equivalent.

In fact, about 200 years ago, Legendre (from Theorem 5.20) proved
that several statements were equivalent to Euclid’s Parallel Postulate.
We enumerate several here.

1. Postulate 7. Although the wording was different, this is essentially
Euclid’s Parallel Postulate.

2. Theorem 6.3, usually called Playfair’s Postulate because it is often
introduced as a postulate rather than a theorem.

3. There exists a triangle with angle sum π.

4. Any triangle has angle sum π.

Since attempts by mathematicians to prove Postulate 7 as a theo-
rem (using only the other postulates) led to 2000 years of cyclical rea-
soning, the equivalence of these statements is perhaps the most well-
documented topic in mathematics history. Proofs of the equivalence
of these are abundant, and several can be found by doing an internet
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search with a topic such as “statements equivalent to the Parallel Pos-
tulate.” One of the best expositions appears at [10]. We should also
comment that attempts to prove the Parallel Postulate finally ended
when it was proven that it could not be proven: negating it led to a
perfectly consistent, though different, geometry that we shall investi-
gate later.

We now (finally) return to Remark 4.2. Our next theorem finally
completes the third Huzita-Justin-Hatori axiom of origami[27] which
we proved, except for the case when the lines were parallel, back
in Theorem 4.31. Also, the following corollaries were conditionally
proven back in Section 5.5; we can now guarantee the conditions upon
which the proofs hinged.

Theorem 6.4. If two distinct lines l1, l2 are parallel, then there is a unique
fold φ that takes l1 to l2.

Proof. We first prove the following lemma.

Lemma 6.4.a. Let l1||l2 with transversal t. Let Pi = li ∩ t, and M be the
midpoint of P1P2. Let mi be the line through M and perpendicular to li. Then
m1 = m2. That is, there is a line through M and perpendicular to both l1 and
l2.

Proof. Let Qi = li ∩ mi. Notice that ∠Q1P1M,∠Q2P2M are alternate
interior angles, and since l1||l2 they are congruent by Theorem 6.2.
Both of the ∠Qi are right and thus congruent by Corollary 5.14.A. By
construction, P1M = P2M. Thus 4P1Q1M ∼= 4P2Q2M by Corollary
5.19.A. Now we know that ∠P1MQ1

∼= ∠P2MQ2, and a simple pro-
tractor argument shows that ∠Q1MQ2 is straight, so that m1 = m2.
This completes the proof of Lemma 6.4.a.

Practice 6.4. Finish the proof of Theorem 6.4.

Corollary 6.4.A. Let l||m be lines, and φ the fold so that φ(l) = m. Then
φ(m) = l.

Proof. Now that we have proven Theorem 6.4, can apply Theorem 5.26.

l

m

n

φ

Figure 6.3: Corollary 6.4.B

Corollary 6.4.B. Let l||m be lines, and φ the fold so that φ(l) = m. Let n
be the crease of φ. Then l||n||m.

Activity 6.3. On patty paper, fold a triangle. Using your protractor, measure
the angles, and then sum those measures. What do you notice? Repeat this
on a kamifûsen. Is anything different? Explain.
Using Geometry Explorer, select hyperbolic geometry and construct a triangle

http://www.cut-the-knot.org/triangle/pythpar/PTimpliesPP.shtml
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4ABC. Measure the angles, and then sum those angle measures. What do
you notice?

Since we have eliminated spherical and hyperbolic geometries by
one or another postulate, we should expect the first conclusion from
Activity 6.3. In fact, we have the following theorem, which might also
be called the Characteristic Theorem for Euclidean Geometry.

Theorem 6.5 (Angle Sum Theorem). Let 4ABC be a triangle. Then

µ(∠A) + µ(∠B) + µ(∠C) = π.

Corollary 6.5.A (Exterior Angle Equality). Let 4ABC be a triangle, and
D a point with B− C− D. Then µ(∠A) + µ(∠B) = µ(∠ACD).

Answers to Practice Problems:

6.4. We have a unique line m on M with l1 ⊥ m ⊥ l2. The proof then
follows from Theorem 5.25.

6.3. Let l1, l2 be parallel lines, and t be a transversal. We will show
that the alternate interior angles are congruent. Let Ai = li ∩ t, and
construct the line m through A2 so that the alternate interior angles
formed by m, l1 with transversal t are congruent. By Theorem 6.1,
m||l1, and by Theorem 6.3, m = l2 Thus the alternate interior angles
formed when l1, l2 are cut by t are congruent. This completes the proof.

6.2. Theorem 6.1 says that alternate interior angles congruent implies
the lines are parallel. Postulate 7 says that parallel implies alternate
interior angles are congruent. This completes the proof.

6.1. Let O = l ∩ t, P = m ∩ t, and choose points A − O − B on l,
C− P− D on m. Since a pair of non-alternate interior angles are sup-
plementary, without loss of generality, we assume that µ(∠POA) +

µ(∠OPC) = π. We also know that µ(∠AOP) + µ(∠POB) = π

by Postulate 5. Thus µ(∠POB) = µ(∠OPC) by substitution, and
∠POB ∼= ∠OPC by Corollary 5.14.A. Since ∠POB,∠OPC are alternate
interior angles, Theorem 6.1 completes the proof.

Exercise 6.1. Watch Vi Hart’s Doodling in Math Class: Triangle Party video.
What point was Vi Hart making with her drawings on the apple? Which
theorem of this section is related?

Exercise 6.2. Why do you think Theorem 6.2 and Corollaries 6.2.A and 6.2.B
are called the Z, C, and F properties? (Why is a pair of F-angles called that?)

Exercise 6.3. You are handed a patty paper with a line l and a point A 6∈ l
drawn on it. Describe precisely how to fold a line m through A so that l||m.
How do you know they are parallel? (I.e., what postulates/theorems say that
your folds can be done and give you what you want?)

Exercise 6.4. Prove Theorem 6.1.

https://www.youtube.com/watch?v=o6KlpIWhbcw
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Exercise 6.5. Prove Corollary 6.1.B.

Exercise 6.6. Prove Corollary 6.2.A.

Exercise 6.7. Prove Corollary 6.2.B.

Exercise 6.8. Prove Theorem 6.3.

Exercise 6.9. Read [10]. Write a paragraph outlining the ideas in the article.

Exercise 6.10. Prove Corollary 6.4.B.

Exercise 6.11. Prove Theorem 6.5. There are two cases that need to be con-
sidered: 4ABC is either degenerate or proper.

Exercise 6.12. Prove Corollary 6.5.A.

Exercise 6.13 (Thanks to C. Dorner for this problem.). Fold an origami
paper cup using the instructions that can be found at

http://origamiusa.org/files/atsushi-cup.pdf

Notice that the bottom and rim of the cup are parallel. Why? What theorems
and/or postulates guarantee this? (You will need to unfold your cup carefully
to fully answer this question.)

Exercise 6.14. Let tA, tB be two tangent lines to a circle C at points A 6= B,
respectively. Assume that AB is not a diameter for C. Prove that tA 6 || tB.
Note that this is not true in hyperbolic geometry, so it requires Postulate 7 (or
one of the theorems proved using Postulate 7) to prove it.

Project 6.1. We have begun the investigation of the Huzita-Justin-Hatori
axioms of origami. In particular, we have showed that Axioms 1-4 are satisfied
for Euclidean geometry (Postulate 1, Theorems 4.26, 4.27, 4.31, 6.4, and
Lemma 5.21.a). However, there are 7 Huzita-Justin-Hatori axioms of origami.
Is it possible to prove the other 3?

Project 6.2. Section 2.5 introduced a “game” concerning what points can and
cannot be folded on a string. This “game” is much more interesting when we
reach two dimensions. Given the 4 origami axioms we have seen, and starting
with two points unit distance apart, what points in the Euclidean plane are
foldable? What if we add the other 3 origami axioms?

“The classical theorists resemble Euclidean geometers in a non-Euclidean
world who, discovering that in experience straight lines apparently par-
allel often meet, rebuke the lines for not keeping straight as the only
remedy for the unfortunate collisions which are occurring. Yet, in truth,
there is no remedy except to throw over the axiom of parallels and to
work out a non-Euclidean geometry.” –J. M. Keynes

http://www.cut-the-knot.org/triangle/pythpar/PTimpliesPP.shtml
http://origamiusa.org/files/atsushi-cup.pdf
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6.2 Translations

Activity 6.4 (Pull Strip). In Appendix A.11, paper craft project “Pull strip”
can be found. Follow the instructions to create a picture that will move hori-
zontally (or vertically, if you mount it that way) when you pull the lever.

Activity 6.5. On patty paper, fold two parallel lines l, m, and fold two lines
p, q that are each perpendicular to l. What do you notice about the inter-
sections of p, q with m? How about the distances between l and m along p
versus along q?

For comparison, it is instructive to try the same activity on Geometry
Explorer in hyperbolic geometry, which obeys the same postulates as your
patty paper, except for Postulate 7.

The results of Activity 6.5 can be summed up in the following the-
orem.

Theorem 6.6. Let l||m and p, q be transversals so that p ⊥ l ⊥ q. Let
A = p ∩ l, B = p ∩ m, C = q ∩ l, D = q ∩ m. Then p ⊥ m ⊥ q and
AB = CD.

This suggests the following definition.
l

m

p

A

B

Figure 6.4: Distance d(l, m)

Definition: distance between lines

Definition 6.2 (Distance Between Lines). Let l, m be two parallel lines,
and let p be a transversal so that p ⊥ l. Let A = p ∩ l, B = p ∩ m, see
Figure 6.4. Then the number AB is called the distance between lines l, m,
which we may denote d(l, m).

Practice 6.5. Assume that you are given a patty paper with two parallel lines
l, m drawn on it. Describe a process for using folding to find the distance
between lines l, m. (What exactly should you fold, and how do you know that
this gives you what you want?)

Activity 6.6. On a patty paper, fold parallel lines l, m, and choose a point
A. Let φ1 be the fold with crease l, and φ2 be the fold with crease m. Find
A′ = φ1(A), and B = φ2(A′). Fold the line

←→
AB, and mark points C =

l ∩←→AB, D = m ∩←→AB. What do you notice about AB, CD,
−→
AB, and

−→
CD?

(It is interesting to repeat this in spherical and/or hyperbolic geometry using
Geometry Explorer.)

Activity 6.6 leads us to the following two theorems.

Theorem 6.7. Let l, m be parallel lines, and φ1, φ2 be the fold with crease l, m
respectively. Let A be any point, and B = φ2 ◦ φ1(A). Then l ⊥ ←→AB ⊥ m
and AB = 2 · d(l, m).

Proof. Let A′ = φ1(A). Then l is the perpendicular bisector of AA′ by
Theorem 4.27. Similarly, m is the perpendicular bisector of A′B. By
Theorem 5.21, there is a unique line through A′ that is perpendicular

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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to each of l and m. By Lemma 6.4.a, there is a line, say n, that is

perpendicular to both l, m. By Theorem 6.2, n is parallel to both
←→
AA′,

←→
A′B, implying that they must be the same line (by Theorem 6.3. Hence
l ⊥ ←→AB ⊥ m

Let C = l ∩←→AB, D = m ∩←→AB, and choose a ruler on
←→
AB so that

the coordinates of A, B, C, D are 0, b, c, d. Note that both φi can be
considered 1 dimensional folds by only looking at what they do to

←→
AB,

so we can use Corollary 2.24.A, which tells us that b = 2(d− c) + 0.
Hence

BA = |2(d− c)− 0|
= 2 · |d− c|
= 2 · DC

= 2 · d(l, m).

This completes the proof.

Theorem 6.8. Let l, m be parallel lines, φ1, φ2 be the fold with crease l, m
respectively, A be any point, and B = φ2 ◦ φ1(A). Further, let C =

←→
AB ∩

l, D =
←→
AB ∩m. Then

−→
AB ⊆ −→CD or

−→
CD ⊆ −→AB.

Proof. In the proof of Theorem 6.7, we assumed that the coordinates
of A, B, C, D were 0, b, c, d, and showed that b = 2d− 2c. We consider
two cases.
Case 1: (d > c) Then b > 0, so that

−→
AB = {X : x ≥ 0} by Theorem 4.6,

and similarly
−→
CD = {X : x ≥ c}. Thus if c ≥ 0, then

−→
CD ⊆ −→AB, else−→

AB ⊂ −→CD. This completes case 1.
Case 2 will be proven in Exercise 6.18.

Definition: vector
Definition 6.3 (Vector). Let A, B be distinct points. A vector

−⇀
AB is an

object with direction parallel to
−→
AB and having magnitude AB. We can

picture a vector as the segment AB with tail A and head B, i.e., a segment
whose endpoints are ordered.

Definition: translation
Definition 6.4 (Translation). The composition of two folds whose creases
l, m are parallel is called a translation. If p is perpendicular to both l, m, and
A = l ∩ p, B = m ∩ p, then the distance of translation is 2AB (by Theorem
6.7) and the direction of the translation is

−⇀
AB by Theorem 6.8. In other

words, the direction and magnitude of the translation are given by 2
−⇀
AB.

l1

l2

P

τ(P)

Q

τ(Q)

R

τ(R)

Figure 6.5: Translation τ

Remark 6.1. As in Remark 5.2, we note that any isometry that moves every
point a fixed distance parallel (in a particular direction) to a given line l is a
translation. To see this, let A1, A2 be two points on the given line separated by
half the given distance (so that

−−−⇀
A1 A2 is the “correct” direction), and let li be

the line through Ai and perpendicular to
−−−⇀
A1 A2. Then φ2 ◦ φ1 is a translation

in direction
−−−⇀
A1 A2 by the given distance, and hence the desired translation.
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Practice 6.6. Fold the top 1.5′′ of a 8.5′′ × 11′′ inch piece of paper with a
ridge fold, then the next 1.5′′ up with a valley fold, and so on until the
paper is accordion folded into an 8.5′′ × 1.5′′ inch strip. As per Exercises
5.5 and 5.6, cut patterns out of the folded edges. -Before- opening the folded
paper, predict the appearance: what types of symmetry do you expect, and
why?

Definition: glide reflection
Definition 6.5 (Glide Reflection). The composition of three folds that is not
itself a fold is called a glide reflection.

γ

Figure 6.6: Glide Reflection γ

Practice 6.7. Show, using patty paper, that the set of glide reflections is non-
empty. That is, show that there is a composition γ of three reflections that is
not itself a reflection. You will probably need Theorem 5.12.

Answers to Practice Problems:

6.7. Draw a proper triangle 4ABC and fold it three times, copying its
image each time. Call the third 4XYZ = φ3 ◦ φ2 ◦ φ1(4ABC). Now
try to find a single fold ψ so that 4XYZ = ψ(4ABC). If you can do
so, Theorem 5.12 says that ψ = φ3 ◦ φ2 ◦ φ1. If not, then γ = φ3 ◦ φ2 ◦ φ1

is the desired glide reflection.

6.6. Your paper should have several lines of reflective (folded) sym-
metry, but also should have vectors of translational symmetry. In fact,
each 3′′ the pattern should be repeated.

6.5. Pick a point A ∈ l and fold l atop itself so that A is on the crease.
We know that p is perpendicular to l by Lemma 5.21.b and to m by
Theorem 6.2. Let B = p ∩ m. Then AB is the distance we want, by
Definition 6.2.

Exercise 6.15. In paper engineering, one of the “foundation shapes” is
called the parallelogram fold, see Figure 6.7. (Compare to Exercise 2.27.)
This building block is often used to create buildings or other rectangular ob-
jects in “pop-up” cards, though it can also be used to make organic objects
stand forward of the card face. Construct a pop-up card employing this foun-
dation shape.

a

a

b

b

Figure 6.7: Parallelogram Fold

Exercise 6.16. Once you have completed Exercise 6.15, comment about de-
sign improvements. How could this foundation shape be used in a more com-
plex way? What tips would you give to someone learning to use it?

Exercise 6.17. Prove Theorem 6.6.

Exercise 6.18. Complete the proof of Theorem 6.8 by proving case 2 (d < c).

Exercise 6.19. Critique the following theorem and proof.

Theorem? Let A, B, C be points and
←→
AB ⊥ ←→BC. Let τ be the translation in

direction
−⇀
BC by distance BC, and D = τ(A). Then

←→
CD ⊥ ←→BC.
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Proof. Let M be the midpoint of BC, m be the perpendicular to
←→
BC

through M, and φ1 be the fold with crease m. Let n be the perpen-
dicular to

←→
BC through C, and φ2 the fold with crease n. Since n, m are

both perpendicular to
←→
BC, they are parallel to one another by Theorem

6.2 hence τ is a translation with vector
−⇀
BC and distance 2MC = BC.

Thus τ = φ2 ◦ φ1, and Theorem 6.7 says that
←→
CD ⊥ ←→BC. QED

Exercise 6.20. Let A, B, C be points so that
←→
AB ⊥ ←→BC. Let τ be the transla-

tion in direction
−⇀
BC by distance BC, and D = τ(A). Show that

←→
AD||←→BC.

Exercise 6.21. Let A, B, C be points so that
←→
AB ⊥ ←→BC. Let τ be the transla-

tion in direction
−⇀
BC by distance BC, and D = τ(A). Show that

←→
AB||←→CD.

Exercise 6.22. Show that the set of translations is a group of isometries.

Exercise 6.23. Let A, B, C be points so that
←→
AB ⊥ ←→BC. Let τ be the transla-

tion in direction
−⇀
BC by distance BC, and D = τ(A). Show that AB = CD.

Exercise 6.24. Give an example showing that it is possible for the composi-
tion of three folds to be a fold.

Figure 6.8: Möbius band

Exercise 6.25. Cut a 4′′ × 11′′ strip from a standard 8.5′′ × 11′′ piece of
paper. Fold the strip in half lengthwise, so you now have a 2′′ × 11′′ strip,
and again to obtain a 1′′ × 11′′ strip. Wind the first 5.5′′ of your strip into
a M"́obius band, and with the second 5.5′′, continue threading the remainder
along the Möbius band, see Figure 6.8. As per Exercises 5.5 and 5.6 or
Practice 6.6, cut patterns out of the edges. What types of symmetry do you
find when you unroll and unfold the paper?

“The word ‘translation’ comes, etymologically, from the Latin for ‘bear-
ing across’. Having been borne across the world, we are translated men.
It is normally supposed that something always gets lost in translation; I
cling, obstinately to the notion that something can also be gained.”

–S. Rushdie

6.3 Midpoint Theorems

Activity 6.7. In Appendix A.13, a craft project can be found. Cut along
the black lines, valley fold along dashed lines, and ridge fold on dotted lines,
forming a twist-top box. If you’d like to stabilize the box, you can add glue to
the triangles marked “a.” The origin of this origami pattern is unknown.

Activity 6.8. In Appendix A.12, a craft project can be found. Cut along the
black lines, fold along the dashed lines, and glue the labelled flaps to the shaded
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regions. Although this house is built around a V-fold, it is the non-rigidity of
the parallelogram that allow it to fold flat when the card is closed and form a
three dimensional shape when the card is opened.

Definition: quadrilateral
Definition 6.6 (Quadrilateral). If A, B, C, D are distinct points, no three of
which are collinear, and the ordered collection(

AB, BC, CD, DA
)

contains no self intersections other than the four points, then the collection is
called a quadrilateral.

A

B

C

D

Figure 6.9: Quadrilateral ♦ABCD

The points A, B, C, D are the vertices (singular: vertex) of the quadrilat-
eral, and segments AB, BC, CD, DA are the sides. Sides AB, CD are op-
posite sides, as are BC, AD. Any pair of sides that share a vertex are called
adjacent. Similarly ∠A,∠C are opposite angles, as are ∠B,∠D. Both
AC, BD are called diagonals. We use notation ♦ABCD for a quadrilateral.

Definition: trapezoid
Definition 6.7 (Trapezoid). A trapezoid is a quadrilateral with a pair of
parallel sides, called bases, and another pair of sides, called legs, which may
or may not be parallel. (However, see Exercise 6.26.)

base

leg

base

leg

Figure 6.10: Trapezoid

Definitions: parallelogram etc.

Definition 6.8 (Parallelogram). A parallelogram is a trapezoid whose
legs are parallel. A rectangle is a parallelogram with two adjacent sides
perpendicular. A rhombus (plural: rhombi) is a parallelogram with two
adjacent sides congruent. A square is a rectangle that is a rhombus.

You are probably familiar with some of the properties of parallel-
ograms, but notice that our definition is “minimalist.” Its bare bones
nature will make it easy to check whether or not something is a paral-
lelogram, but will create work for us to prove that parallelograms also
have all the properties you have come to expect of them.

Practice 6.8. Notice that trapezoids are a special case of quadrilaterals, so
that we could write trapezoid → quadrilateral. Make a diagram showing
the inclusion relations between all types of quadrilaterals.

Theorem 6.9. Consider quadrilateral ♦ABCD. The following are equiva-
lent.

1. ♦ABCD is a parallelogram,

2.
←→
AB||←→CD and AB = CD,

3. AB = CD and BC = AD.

Proof. The proof has three parts: 1→ 2, 2→ 3, and 3→ 1.
Part 1: We assume that

←→
AB||←→CD,

←→
BC||←→AD and show that AB = CD.

Construct the diagonal BD and notice that it is a transversal for
both

←→
AB,
←→
CD and

←→
BC,
←→
AD. Hence by Theorem 6.2 we have ∠ABD ∼=
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∠CDB and ∠ADB ∼= ∠CBD. Since BD = DB, Corollary 5.14.B says
that 4ABD ∼= 4CDB, and thus that AB ∼= CD. By Theorem 5.13,
AB = CD, completing part 1.

Practice 6.9. Prove part 2, that is, assume
←→
AB||←→CD, AB = CD and show

that BC = AD.

Part 3 is Exercise 6.29.

Practice 6.10. Give an example to show that
←→
AB||←→CD and AD = BC cannot

be added to Theorem 6.9 as a fourth equivalent condition.

Activity 6.9. This activity considers the segments formed by midpoints of
various objects.

1. On a patty paper, draw a triangle4ABC, and fold the midpoints M, N of
AB, AC respectively. Compare BC and MN.

2. On a fresh piece of patty paper, draw a parallelogram ♦ABCD, and fold
the midpoints M, N of BC, AD respectively. Compare AB, CD, and MN.

3. On a fresh piece of patty paper, draw a trapezoid ♦ABCD, where
←→
AB||←→CD,

and fold the midpoints M, N of BC, AD respectively. Compare AB, CD,
and MN.

What do you notice?

Theorem 6.10. Let 4ABC be a proper triangle, and M, N be the midpoints
of AB, AC respectively. Then

←→
MN||←→BC and BC = 2MN.

Proof. Let O be the midpoint of MN, and ρ be the rotation with center
O and angle π. Then ρ(M) = N, ρ(N) = M. Let D = ρ(A). Then
4AMN ∼= 4DNM, so that µ(∠AMN) = µ(∠DNM).

Note that
µ(∠A) + µ(∠AMN) = µ(∠MNC)

by Corollary 6.5.A, while

µ(∠MND) + µ(∠DNC) = µ(∠MNC)

by Postulate 5. Hence by substitution we get µ(∠A) = µ(∠DNC).

A

C BD

N M
O

Figure 6.11: Theorem 6.10

Then Theorem 5.14 tells us that 4AMN ∼= 4NDC. By a similar
argument, 4AMN ∼= 4MBD. But then

µ(∠BDM) + µ(∠MDN) + µ(∠NDC) = π,

so that B−D−C. Since∠NMD ∼= ∠MDB, Theorem 6.2 says
←→
MN||←→BC.

Since congruence is transitive, MN = BD = DC, so that

BC = BD + DC

= 2MN.

This completes the proof.
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Theorem 6.11. Let ♦ABCD be a parallelogram, and M, N the midpoints of
sides BC, AD respectively. Then

←→
AB||←→MN||←→CD and AB = MN = CD.

Proof. Since ♦ABCD is a parallelogram, BC = AD by Theorem 6.9.
Then BM = 1

2 BC = 1
2 AD = AN since M, N are midpoints. Thus again

by Theorem 6.9, ♦ABMN is a parallelogram, so that
←→
AB||←→MN, and

AB = MN (again by Theorem 6.9). Similarly
←→
MN||←→CD and MN = CD.

This completes the proof.

A B

CED

N MP

Figure 6.12: Theorem 6.12

Theorem 6.12. Let ♦ABCD be a trapezoid with bases AB, CD, and M, N
the midpoints of legs BC, AD respectively. Then

←→
AB||←→MN||←→CD and AB +

CD = 2MN.

Proof. We look at two cases.
Case 1: (AB = CD) Then trapezoid ♦ABCD is a parallelogram by
Theorem 6.9, so the proof is just Theorem 6.11.

Case 2: (AB < CD) Pick E ∈ CD so that DE = AB, and let P be the
midpoint of BE. Notice that by Theorem 6.9, ♦ABED is a parallelo-
gram, Theorem 6.11 shows that

←→
AB||←→PN||←→DE and AB + DE = 2NP.

Theorem 6.10 says that
←→
PM||←→EC and EC = 2PM. Since there is only

one line parallel to
←→
DC and passing through P,

←→
NP =

←→
PM =

←→
NM by

Theorem 6.3. Thus
←→
AB||←→MN||←→CD. In addition, we have DE + EC =

DC and NP + PM = NM, so we obtain

AB + CD = AB + DE + EC

= 2NP + 2PM

= 2NM.

This completes the proof.

Answers to Practice Problems:

6.10. A trapezoid can satisfy ←→AB||←→CD and AD = BC without being a
parallelogram.

6.9. We assume ←→AB||←→CD, AB = CD and show that BC = AD. Con-
struct BD and notice that it is a transversal for←→AB,←→CD. Hence by The-
orem 6.2 we have µ(∠ABD) = µ(∠CDB). Since AB = DC (given) and
BD = DB, Theorem 5.14 says that 4ABD ∼= 4CDB. Thus BC ∼= DA,
and by Theorem 5.13, BC = AD.

6.8. rhombus
↗ ↘

square parallelogram → trapezoid → quadrilateral
↘ ↗

rectangle

Exercise 6.26. Look up the definitions of trapezoid in The American Her-
itage Dictionary, The Columbia Encyclopedia, Geometry for Dummies, and
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Mathisfun.com (all of which can be found online). A quick comparison of
these definitions shows that they are not equivalent to one another, but fall
into two opposing camps. (Which camp does Definition 6.7 fall in?) Deter-
mine whether a parallelogram, rectangle, rhombus, and square are trapezoids
based on each definition.
(We comment that once a student has gotten a question right or wrong on a
state or national test, the issue becomes a legal issue rather than a mathemat-
ical issue, so it becomes important to know which definition is the important
definition in your area of legal jurisdiction. To a mathematician, the inclusive
definition is by far the more elegant, and most mathematicians favor the in-
clusive definition.[42] However, the Common Core has chosen the less elegant
definition.[8])

Exercise 6.27. Here we define some other special quadrilaterals.
Definitions: convex etc.

Definition 6.9. A quadrilateral is convex provided that its diagonals inter-
sect. An isosceles trapezoid is a trapezoid whose legs are congruent. A
quadrilateral ♦ABCD is a dart provided that it has two pairs of congruent
and adjacent sides (for example, when AB = BC and CD = DA). A convex
dart is called a kite.

Repeat Practice 6.8, including these new types of quadrilaterals.

Exercise 6.28. Critique the following theorem and proof. (Is the theorem
correct? Is the proof?)

Theorem? Let ♦ABCD be a parallelogram. Then 4BDA ∼= 4DBC.

Proof. Let ♦ABCD be a parallelogram. Notice that
←→
BD is a transversal

for parallel lines
←→
AB,
←→
CD and for

←→
BD,
←→
AD. Thus, by either Postulate 7

or Theorem 6.2, ∠ABD ∼= ∠CDB, ∠ADB ∼= ∠CBD. Since BD ∼= DB by
Theorem 5.13, we can apply Corollary 5.14.B to obtain4BDA ∼= 4DBC.
This completes the proof.

Exercise 6.29. Prove part 3 of Theorem 6.9.

Exercise 6.30. Let 4ABC be a proper triangle, D, E be midpoints of AB,
AC respectively, and M, N midpoints of AD, AE, respectively. Show that←→
MN||←→BC and MN = 1

4 BC.

Exercise 6.31. Let 4ABC be a proper triangle, D, E be midpoints of AB,
AC respectively, and M, N midpoints of DB, EC, respectively. Show that←→
MN||←→BC and MN = 3

4 BC.

Exercise 6.32. By repeating the idea of Exercises 6.30 and 6.31, to what set
of numbers can we generalize those results?

Exercise 6.33. Prove that parallelogram ♦ABCD is a rectangle if and only
if AC = BD.
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Exercise 6.34. Prove that parallelogram ♦ABCD is a rhombus if and only if
AC ⊥ BD.

Exercise 6.35. Sketch an example to show that Exercise 6.34 is not true if we
replace the word “parallelogram” with the word “quadrilateral.”

The next few exercises make use of the following Postulate.

Postulate 8 (Area). To each region R in the plane can be assigned a non-
negative real number α(R) called its area, satisfying the following.

1. If R1 ⊂ R2, then α(R1) ≤ α(R2).

2. If R1 ∼= R2, then α(R1) = α(R2).

3. If α(R1 ∩ R2) = 0, then α(R1 ∪ R2) = α(R1) + α(R2)

4. If R is a rectangle with sides of length w, h, then α(R) = w · h.

Exercise 6.36. Prove that the area of a line segment is 0.

Exercise 6.37. Prove that the area of a right triangle4ABC with right angle
∠A is 1

2 AB · AC.

Exercise 6.38. Let 4ABC be a triangle, and l the line perpendicular to
←→
AB

through C, and D = l ∩←→AB. (The line
←→
CD is called the altitude of 4ABC

through C.) Prove that α(4ABC) = 1
2 (AB)(CD).

Figure 6.13: Median in red
Exercise 6.39. Prove that a median of a triangle, that is, a line joining the
midpoint of a side to the opposite vertex, divides a triangle into two triangles
of equal area. (A triangle made of patty paper could be balanced on a ruler
along its median. The point of intersection of the medians, the centroid, is
the balancing point for the whole triangle.)

“Art produces ugly things which frequently become more beautiful with
time. Fashion, on the other hand, produces beautiful things which al-
ways become ugly with time.”

–J. Cocteau

6.4 Dilations

One of the most interesting aspects of Euclidean geometry is that ob-
jects can be “scaled” either up or down without changing their overall
shape. This probably seems obvious to anyone with a traditional math-
ematics education, and yet it turns out to be false in non-Euclidean
geometries; when you change the size of an object in spherical or hy-
perbolic geometry, the overall shape of the object also changes.
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Activity 6.10. On a patty paper, draw a triangle 4ABC, and a point O.
Using a ruler, measure OA, and find the point A′ ∈ OA so that OA′ =
2
3 · (OA). Similarly, find B′, C′. What do you notice about A′B′, A′C′, and
B′C′? How about µ(∠A′), µ(∠B′), and µ(∠C′)?

O

Figure 6.14: Dilation with ratio 1
2

Definition: dilation

Definition 6.10 (Dilation). Let O be a point and r 6= 0 be a real number. Let
X 6= O be any point, and pick a ruler on

←→
OX so that the coordinates of O, X

are 0, x. Define a function δ from the plane to the plane that takes each point
X with coordinate x to the point X′ with coordinate r · x, and δ(O) = O.
Then δ is called the dilation with center O and ratio r.

Theorem 6.13. Any dilation with ratio r = 1 is the identity.

Theorem 6.14. The inverse of a dilation is a dilation.

Activity 6.11. For this activity, you will need a cardboard box (a “shoe box”
is ideal), a square piece of aluminum foil, a square piece of wax paper, and
a candle. With a pin, poke a tiny hole in the center of the aluminum foil.
Cut squares out of opposite ends of the cardboard box, and glue/tape in their
place the aluminum foil at one end and the wax paper on the other. About
the length of the box away from the end with the aluminum foil, place the lit
candle. Look at the wax paper end of the box. What do you notice? Can you
explain the phenomenon in the language of dilations? (Historical note: This
is how early cameras worked, hence the name “pinhole camera.”)

Practice 6.11. Prove Theorem 6.14.

What you (hopefully) noticed in Activity 6.10 turns out to be true in
general. However, proving that that is the case is nontrivial. We looked
at the cases r = 1

4 , 1
2 , 3

4 in Section 6.3. We generalize those results here.

Theorem 6.15. Let4ABC be a triangle, and let δ be the dilation with center
A and ratio 0 < r < 1. Then

←−−−−→
δ(B)δ(C)||←→BC (or

←−−−−→
δ(B)δ(C) =

←→
BC if 4ABC

is degenerate) and δ(B)δ(C) = r · BC.

Proof. First notice that if r = j
2k for j, k ∈ N and 0 < j < 2k, the

theorem can be proven by finitely many applications of Theorem 6.10

and/or 6.12. Hence we assume that r isn’t a natural number divided
by a power of 2. Since Exercise 6.40 shows this in the case that 4ABC
is degenerate, we assume the triangle is proper.

Let B′ = δ(B), C′ = δ(C), and assume that
←→
B′C′ 6|| ←→BC. Without loss

of generality, assume that µ(∠AC′B′) < µ(∠ACB) (Corollary 6.2.B).
Let l be the line through C′ that is parallel to

←→
BC guaranteed by The-

orem 6.3. Since l enters 4B′C′B at C′, it must exit through B′B by
Theorem 4.14.

Let D ∈ B′B so that
←→
C′D||←→BC. Pick a ruler on

←→
AB so that the coor-

dinates of A, B′, D, B are 0 < rb < d < b respectively. By construction,
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rb < d. Choose some k ∈ N so that 0 < b
2k < d− rb. Then there is

some j ∈N so that

0 < rb <
bj
2k < d. (6.1)

Let E be the point with coordinate bj
2k , and F ∈ AC the point so that

←→
EF||←→BC. Note that

←→
EF enters 4B′DC′ along B′D, and cannot intersect

C′D (because it is parallel), hence by Theorem 4.12 it must intersect
B′C′, and then by the same theorem F ∈ AC′. By Theorem 6.12, the
coordinates of A, F, C′, C on

←→
AC are

A

C B

C′
F

D

E

B′

Figure 6.15: Assuming not parallel

0 <
jc
2k < rc < c. (6.2)

Inequalities 6.1 and 6.2 together imply that r < j
2k < r. This contradic-

tion shows that
←→
B′C′||←→BC.

A

C B

E D
C′ B′

G F

Figure 6.16: Using parallelism

Now we need to show that B′C′ = r · BC. For each choice of k ∈N,
there is some j ∈ N so that j

2k < r < j+1
2k . Let D, F ∈ AB be the points

with coordinates bj
2k , b(j+1)

2k , and E, G ∈ AC the points with coordinates
cj
2k , c(j+1)

2k , as in the figure at left. Then by applying Corollary 5.19.C
twice, we obtain

B′C′ ≤ B′D + DE + EC

<
b
2k +

j
2k (BC) +

c
2k

=
j

2k (BC) +
b + c

2k

< r · BC +
b + c

2k .

Since this is true for each choice of k, we see that B′C′ ≤ r · BC.
Exercise 6.45 shows that B′C′ ≥ r · BC. Thus B′C′ = r · BC. This

completes the proof.

Theorem 6.16. Let4ABC be a triangle, and let δ be the dilation with center
A and ratio r 6= 0. Then

←−−−−→
δ(B)δ(C)||←→BC (or

←−−−−→
δ(B)δ(C) =

←→
BC if 4ABC is

degenerate or r = 1) and δ(B)δ(C) = |r| · BC.

Proof. We will prove this by cases, depending on the value of r. Since
this is proven in Exercises 6.41 in the case 4ABC is degenerate, and
6.42 in the case r = 1, we assume both that 4ABC is proper and that
r 6= 1.
Case 1: (0 < r < 1) The proof is just Theorem 6.15.
Case 2: (r > 1) We apply the argument of Theorem 6.15 to δ−1, the
dilation with center A and ratio 1/r.
Case 3: (r = −1) As will be shown in Exercise 6.46, the dilation with r =
−1 is a rotation with angle π about the same center. Then

←→
BB′,
←→
CC′ are
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transversals for BC, B′C′, so Theorems 5.9 and 6.2 together show that
←→
B′C′||←→BC. We can apply Theorem 5.14 to see that 4ABC ∼= 4AB′C′,
telling us that B′C′ = | − 1| · BC.
Case 4: (−1 6= r < 0) We note that δ = δ2 ◦ δ1, where δ1 has ratio
−1 and δ2 has ratio −r > 0, both with center A. Then apply each in
turn, combining the arguments of case 3 and case 1 or 2 to obtain the
desired result. This completes the proof.

Corollary 6.16.A. Let 4ABC be a triangle and δ be a dilation so that
δ(4ABC) = 4XYZ. Then AB

XY = AC
XZ = BC

YZ .

Practice 6.12. Prove Corollary 6.16.A.

Theorem 6.17. Dilations preserve between relations (and hence lines).

Practice 6.13. Prove Theorem 6.17.

Theorem 6.18. Dilations preserve angle measures.

Proof. Let δ be the dilation with center O and ratio r. Without loss
of generality we assume that 0 < r < 1. Let A′ = δ(A), B′ = δ(B),
C′ = δ(C). We show that µ(∠A′B′C′) = µ(∠ABC).

A

A′

B

B′

CC′

Figure 6.17: Theorem 6.18

Since
←−→
B′A′||←→BA and

←→
OB is a transversal for both, we have µ(∠A′B′O) =

µ(∠ABO) by Corollary 6.2.B. Similarly, µ(∠C′B′O) = µ(∠CBO). Again
without loss of generality, assume that A is interior to ∠OBC. Then−→
BA intersects OC by Theorem 4.15, say at point X. Let X′ = δ(X). By

Theorem 6.17 we have X′ ∈ OC. Then X′ is on the same side of
←→
B′C′

as O, and on the same side of
←→
OB′ as C′, hence so is A′ by Theorem

4.8. Thus we can apply Postulate 5 to see that

µ(∠A′B′C′) = µ(∠OB′C′)− µ(∠OB′A′)

= µ(∠OBC)− µ(∠OBA)

= µ(∠ABC).

This completes the proof.

Answers to Practice Problems:

6.13. Let δ be a dilation with center O and A, B, C be points with
A − B − C. We show that δ(A) − δ(B) − δ(C). Since A − B − C, we

know that µ(∠ABO) + µ(∠OBC) = π. Since ←→AB||
←−→
A′B′, and both have

transversal ←→OB, Corollary 6.2.B tells us that µ(∠A′B′O) = µ(∠ABO),
µ(∠OB′C′) = µ(∠OBC). Then Postulate 5 tells us that µ(∠A′B′O) +

µ(∠OB′C′) = π, so that δ(A)− δ(B)− δ(C). This completes the proof.

6.12. Let O be the center of dilation δ, and r be its ratio. Then by
Theorem 6.16, |r| = AB

XY = AC
XZ = BC

YZ . This completes the proof.
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6.11. Let δ be a dilation with center O and ratio r 6= 0. Let γ be the
dilation with center O and ratio 1

r . We will show that γ = δ−1. Let X
be any point. Pick a ruler on ←→OX so that the coordinates of O, X are
0, x > 0 respectively. Then the coordinate of X′ = δ(X) is rx, and the
coordinate of γ(X′) is 1

r (rx) = x. Hence X = γ ◦ δ(X). This completes
the proof.

Exercise 6.40. Prove Theorem 6.15 in the case that 4ABC is degenerate.

Exercise 6.41. Prove Theorem 6.16 in the case that 4ABC is degenerate.

Exercise 6.42. Prove Theorem 6.16 in the case that r = 1.

Exercise 6.43. Let O be a point, and δ1, δ2 be dilations with center O and
ratio r1, r2 respectively. Show that δ2 ◦ δ1 is a dilation.

Exercise 6.44. Prove Theorem 6.13.

Exercise 6.45. Finish the proof of Theorem 6.15 by showing that B′C′ ≥
r · BC. Hint: Begin by using Corollary 5.19.C twice to obtain FG ≤ FB′ +
B′C′ + C′G, or B′C′ ≥ FG− FB′ − C′G.

Exercise 6.46. Let ρ be the rotation about O with angle measure π, and δ be
the dilation with center O and ratio r = −1. Show that ρ = δ. Hint: Let X
be any point, and show that ρ(X) = δ(X).

Exercise 6.47. Let4ABC be a triangle with µ(∠C) = π
2 . Define a function

T(∠A) = BC
AC . Let δ be a dilation, and X = δ(A), Y = δ(B), Z = δ(C).

Show that T(∠A) = T(∠X). In other words, the function T depends only
on the measure of ∠A (or ∠X), not on the triangle itself.

“If a man is called to be a street sweeper, he should sweep streets even
as Michaelangelo painted, or Beethoven composed music or Shakespeare
wrote poetry. He should sweep streets so well that all the hosts of heaven
and earth will pause to say, ‘Here lived a great street sweeper who did
his job well.”’

Dr. Martin Luther King, Jr.

6.5 Similarity
Definition: similar

Definition 6.11 (Similar). A similarity transformation is a finite compo-
sition of dilations and folds. Two sets S, S′ are similar provided that there is
a similarity transformation ξ so that S′ = ξ(S). We write S ∼ S′.

Let ξ = ξn ◦ . . . ◦ ξ2 ◦ ξ1, where each ξi is either a dilation or a fold.
Define ri to be the ratio of ξi if ξi is a dilation, and ri = 1 otherwise. Let
r = rn · . . . · r2 · r1. Then r is called the ratio of similarity transformation ξ.
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Activity 6.12. On a piece of patty paper, draw two right angles ∠A, ∠X.
With a ruler, mark point B on one of the rays of ∠A so that AB = 2 units,
and C on the other so that AC = 3 units. Similarly, mark points Y, Z so that
XY = 1, XZ = 1.5 units respectively. Find a similarity transformation ξ so
that ξ(A) = X, ξ(B) = Y, and ξ(C) = Z. Hint: First use a dilation with
r = 1

2 , then show that there is a finite composition of folds that completes the
transformation.

Theorem 6.19. Similarity is an equivalence relation.

Proof. We need to show that similarity is reflexive, symmetric, and
transitive.
Reflexive: Let S be a set, O be a point, δ be the dilation with center O
and ratio r = 1, and I be the identity isometry. Then for each point A,
δ(A) = A, so I ◦ δ(A) = I (δ(A)) = I(A) = A. Thus I(S) = S, and
S ∼ S.
Symmetric: Let S ∼ S′. Then there is a finite composition ξn ◦ . . . ◦ ξ2 ◦
ξ1 so that each ξi is either a dilation or a fold, and

S′ = ξn ◦ . . . ◦ ξ2 ◦ ξ1(S).

By Theorems 5.3 and 6.14, each ξi has an inverse that is a dilation or a
fold. Then

S = ξ−1
1 ◦ ξ−1

2 ◦ . . . ◦ ξ−1
n (S′).

Hence S′ ∼ S.

Practice 6.14. Finish the proof of Theorem 6.19 by showing that similarity
transformations are transitive.

Theorem 6.20. Similarity transformations preserve angle measure and be-
tween relations (and hence also collinearity).

Practice 6.15. Prove Theorem 6.20.

You should notice that this theorem mirrors Theorems 5.7, 5.9, and
5.10. Unlike isometries, dilations do not preserve distance, so we can-
not hope to repeat Theorem 5.8 for similarity transformations. How-
ever, we can obtain the following.

Theorem 6.21. Let ξ be a similarity transformation with ratio r, and A, B
be any two points. Then ξ(A)ξ(B) = |r| · (AB).

Proof. By definition, ξ = ξn ◦ ξn−1 ◦ . . . ◦ ξ2 ◦ ξ1, where each ξi is either
a dilation of ratio ri or a fold, in which case ri = 1. Define A0 = A,
B0 = B, and Ai = ξi(Ai−1), Bi = ξi(Bi−1) Then AiBi = |ri| · (Ai−1Bi−1)
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by either Theorem 6.16 or Theorem 5.8. Thus

ξ(A)ξ(B) = AnBn

= |rn| · (An−1Bn−1)

...

= |rn| · . . . · |r1| · (A0B0)

= |r| · (AB).

Theorem 6.22. Let 4ABC be a proper triangle, and ξ be a similarity trans-
formation so that ξ(A) = A, ξ(B) = B, and ξ(C) = C. Let X be any point.
Then ξ(X) = X, in other words, ξ = I.

Proof. Theorem 6.21 shows that the ratio for ξ is 1. Now we can follow
the proof of Theorem 5.11, substituting Theorems 6.20-6.21 in place of
Theorems 5.7-5.10.

Theorem 6.23. Let4ABC be a proper triangle, and ξ, ζ be similarity trans-
formations. If ξ(A) = ζ(A), ξ(B) = ζ(B), and ξ(C) = ζ(C), then ξ = ζ.
In other words, if we know what a similarity transformation does to three
non-collinear points, we know what it does to every point.

Proof. This is essentially the same as the proof of Theorem 5.12.
B

C

A

B′

C′

X
Y

Z

Figure 6.18: Theorem 6.24

Theorem 6.24 (AA Similarity). Let 4ABC,4XYZ be proper triangles
with µ(∠A) = µ(∠X) and µ(∠B) = µ(∠Y). Then 4ABC ∼ 4XYZ.

Proof. Let δ be the dilation with center A and ratio XY
AB , see Figure

6.18. Let B′ = δ(B), C′ = δ(C). By Theorem 6.20, µ(∠BAC) =

µ(∠B′AC′), µ(∠AB′C′) = µ(∠B). Furthermore, by our choice of δ,
AB′ = XY. Thus by Corollary 5.14.B, 4AB′C′ ∼= 4XYZ. Definition
5.4 then says there is an isometry σ with σ(4AB′C′) = 4XYZ. Thus
σ ◦ δ(4ABC) = 4XYZ, so that 4ABC ∼ 4XYZ by Definition 6.11.
This completes the proof.

Theorem 6.25 (SAS Similarity). Let 4ABC,4XYZ be triangles with
µ(∠A) = µ(∠X), and AB

XY = AC
XZ . Then 4ABC ∼ 4XYZ.

Theorem 6.26 (SSS Similarity). Let4ABC,4XYZ be proper. Then4ABC ∼
4XYZ implies AB

XY = AC
XZ = BC

YZ .

Answers to Practice Problems:

6.15. Since a similarity transformation is a finite composition of di-
lations and isometries, and dilations preserve angle measure and be-
tween relations by Theorems 6.17 and 6.18, and since isometries pre-
serve angle measure and between relations by Theorems 5.9 and 5.10,
the result follows from application of those theorems finitely many
times.
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6.14. Let S ∼ S′ and S′ ∼ S′′. Then there is a finite composition ξ1

of folds and dilations so that S′ = ξ1(S), and another ξ2 so that S′′ =
ξ2(S′). But then ξ2 ◦ ξ1 is a finite composition of folds and dilations so
that S′′ = ξ2 ◦ ξ1(S). Thus S ∼ S′′.

Exercise 6.48. Look up the definition of similarity in Math Open Reference.
Compare and contrast their definition with ours. What is different about
them? What is the same?

Exercise 6.49. In Figure 6.19, µ(∠B) = 13
30 π, µ(∠C) = 4

15 π, µ(∠X) =
3
10 π, AB = 4, AC = 5, BC = 4.1, XY = 2, and XZ = 2.5. Prove that
YZ = 2.05.

Exercise 6.50. Using the figure from Exercise 6.49, assume instead that we
know µ(∠A) = 3

10 π, µ(∠B) = 17
40 π, µ(∠X) = 3

10 π, µ(∠Z) = 11
40 π,

AB = 3, AC = 4, and XY = 2. Find, with proof, XZ. Is it possible to find
YZ? A B

C

X

Y

Z

Figure 6.19: Two Triangles

Exercise 6.51. Let C be a circle with center O and radius r. Define a function
f that takes each point X 6= O to the point X′ ∈ −→OX so that (OX) · (OX′) =
r2. (This function, discussed in Section 7.6, is called an inversion.) Let
P, Q 6= O be points, and P′ = f (P), Q′ = f (Q). Prove that 4OPQ ∼
4OQ′P′. (And no, that isn’t a typo.) O P

Q

P′

Q′

Figure 6.20: Triangle vertices under in-
version

Exercise 6.52. Prove Theorem 6.25.

Exercise 6.53. Critique the following proof of the converse of Theorem 6.26.

Theorem? Let 4ABC,4XYZ have AB
XY = AC

XZ = BC
YZ . Then 4ABC ∼

4XYZ.

Proof. Let δ be the dilation with center X and ratio AB
XY , and let Y′ =

δ(Y), Z′ = δ(Z). Then 4XY′Z′ is congruent to 4ABC by Theorem
5.16, so there is some isometry σ so that σ(4XY′Z′) = 4ABC. Thus
σ ◦ δ(4XYZ) = 4ABC, and the two triangles are similar.

Exercise 6.54. Prove Theorem 6.26.

Exercise 6.55. Critique the following theorem and proof.

Theorem? Let 4ABC be a right triangle with the right angle at A. Then
AB2 + AC2 = BC2.

Proof. Let l be the line perpendicular to
←→
BC and passing through A. Let

D = l ∩←→BC. Then 4DBA ∼ 4ABC ∼ 4DAC, both by Theorem 6.24.
Then Theorem 6.26 says that BC

BA = AB
DB and AC

DC = BC
AC . Thus

AB2 + AC2 = BC · DB + BC · DC

= BC · (BD + DC)

= BC2.

This completes the proof.

http://www.mathopenref.com/similarpolygons.html
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Exercise 6.56. Show that any similarity transformation can be realized as a
composition of a dilation followed by at most three folds.

Exercise 6.57. Prove the converse of Theorem 6.26, that is, that if AB
XY =

AC
XZ = BC

YZ , then 4ABC ∼ 4XYZ.

“Love is the power to see similarity in the dissimilar.” –T. Adorno

6.6 Euclidean Circles

In Section 5.6, we investigated geometric properties of circles before
introducing the Parallel Postulate. It turns out that once we have the
Parallel Postulate, and in particular the concept of similarity, there is
much more that can be said about circles.

Theorem 6.27. Let C be a circle with center O, XY a chord for C, and tX , tY

the tangent lines through X, Y respectively. Then tX ||tY if and only if XY is
a diameter.

Proof. If XY is a diameter, then Corollary 5.29.B says that tX ⊥
←→
XY ⊥

tY. Then Theorem 6.1 says that tX ||tY. (Note that this is true even
without the Parallel Postulate.) This completes one direction.

Now assume that XY is not a diameter, and let O be the center of
C. Then4XOY is a proper triangle, so 0 < µ(∠OXY). Since XY is not
a tangent line, µ(∠OXY) < π

2 . Pick a point Z ∈ tX so that Z is on the

same side of
←→
OX as Y. Then µ(∠OXY) + µ(∠YXZ) = µ(∠OXZ) = π

2
by Corollary 5.29.B. Thus µ(∠YXZ) < π

2 .

Similarly, pick W ∈ tY so that W is on the same side of
←→
OY as X.

Then µ(∠XYW) < π
2 . Thus ∠XYW,∠YXZ have angle measures that

sum to less than π. Now Corollary 6.2.A says that tX , tY aren’t parallel.
This completes the proof.

Activity 6.13. Draw a circle C on a patty paper. Use Theorem 5.30 to fold
a diameter XY for C. Pick some other point Z ∈ C, and fold the segments
XZ, YZ. Measure ∠XZY. What do you notice?

Theorem 6.28. Let C be a circle, XY a diameter of C, and Z ∈ C another
point. Then µ(∠XZY) = π

2 .

Practice 6.16. Prove Theorem 6.28. Hint: See Figure 6.21.
O

Z

X

Y

Figure 6.21: Practice 6.16

Theorem 6.29. Let C be a circle with center O, XY a non-diameter chord of
C, and Z ∈ C another point on the same side of

←→
XY as O. Then µ(∠XZY) =

1
2 µ(∠XOY).
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Proof. We consider three cases.
Case 1: (O ∈ ZX or O ∈ ZY. Wolog we assume the former.) Theorem
5.15 shows that µ(∠OZY) = µ(∠ZYO), so Corollary 6.5.A shows that
µ(∠XOY) = 2µ(∠OZY). Since ∠OZY = ∠XZY, this completes Case
1.
Case 2: (O ∈ ◦∠XZY) Then by Theorem 4.14,

−→
ZO meets XY on some

point W with X −W − Y, so that W ∈ ◦∠XOY. Employing Case 1,
we see that µ(∠XZO) = 1

2 µ(∠XOW) and µ(∠OZY) = 1
2 µ(∠WOY).

Then we can use Postulate 5 to see that µ(∠XZY) = 1
2 µ(∠XOY). This

completes Case 2.
Case 3: (X ∈ ◦∠YZO or Y ∈ ◦∠XZO. Wolog we assume the former.)
Let W be the other point of intersection of

←→
ZO with C. The rest of the

proof is left as Exercise 6.59.

Theorem 6.30. Let C be a circle with center O, XY a non-diameter chord
of C, and Z ∈ C another point on the opposite side of

←→
XY from O. Then

µ(∠XZY) = π − 1
2 µ(∠XOY).

Proof. Construct
−→
ZO, and let W be the other point of intersection of−→

ZO and C. Since ZW intersects XY, Theorems 4.15, 4.13 say that
O ∈ ◦∠XZY. We will show that µ(∠XZO) = π

2 −
1
2 µ(∠XOZ). Since

µ(∠YZO) = π
2 −

1
2 µ(∠YOZ) is analogous, the proof will follow from

Postulate 5.
By Theorem 6.28, µ(∠WXZ) = π

2 . Let θ = µ(∠OWX). By Theo-
rem 6.29, µ(∠XWZ) = 1

2 µ(∠XOZ). But 4ZXO is isosceles, so that
µ(∠ZXO) = µ(∠XZO). Thus 2µ(∠XZO) + µ(∠XOZ) = π, or π

2 −
1
2 µ(∠XOZ) = µ(∠XZO). This completes the proof.

Remark 6.2. Notice that Theorems 6.29 and 6.30 are really saying the same
thing, if you notice that µ(∠XZY) in the second case is larger than π

2 , and
thus twice that amount is an “illegal” angle measure: hence the angle measure
is just 2π minus twice that amount.

Theorem 6.31. Let W, X, Y, Z be points on a circle and either YZ be a
diameter or W, X be on the same side of

←→
ZY. Then µ(∠YWZ) = µ(∠YXZ).

The proof is left as Exercise 6.60.

Theorem 6.32. Let WX, YZ be chords for circle C, and P = WX ∩ YZ be
on the interior of C. Then 4PZX ∼ 4PWY.

X

W
Y

Z

P

Figure 6.22: Crossing chords

Proof. Construct chords WZ, XY as in Figure 6.22. Then

µ(∠XWY) = µ(∠XZY), µ(∠WXZ) = µ(∠WYZ)

by Theorem 6.31. Thus Theorem 6.24 completes the proof.
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Definition: secant line
Definition 6.12. A secant line for a circle is a line that intersects the circle
in two points. In other words, it is the line corresponding to a chord.

Theorem 6.33. Let WX, YZ be chords for circle C, and P =
←→
WX ∩←→YZ be

on the exterior of C. Then 4PZX ∼ 4PWY. In other words, Theorem 6.32
is true for secant lines as well as chords.

P

W

X

Y

Z

Figure 6.23: Crossing secants

Proof. We assume without loss of generality that W−X− P, Y−Z− P,
and let O be the center of the circle, see Figure 6.23. Then µ(∠YWZ) =
µ(∠YXZ), µ(∠WXY) = µ(∠WZY), µ(∠WYX) = µ(∠XZX), µ(∠XWZ) =
µ(∠XYZ) by Theorem 6.31.

Notice that W, Z are on opposite sides of
←→
XY. If XY is a diame-

ter, then Theorem 6.28 says that µ(∠XWY) = π
2 = µ(∠XZY). Thus

µ(∠XZP) = π
2 , and Theorem 6.24 completes the proof. Thus we may

assume without loss of generality that W, O are on the same side of←→
XY.

Practice 6.17. Finish the proof of Theorem 6.33.

Corollary 6.33.A. Let C be a circle, W, X, Y, Z ∈ C be distinct points, and
P =
←→
WX ∩←→YZ. Then PW · PX = PY · PZ.

Theorem 6.34. Let C be a circle with center O,
←→
WX be a secant line, tY be

a tangent line at a point Y 6= W, X, and P =
←→
WX ∩ tY. Then 4PWY ∼

4PYX.

W

X

Y

P

Figure 6.24: Secant crossing tangent

Proof. We assume without loss of generality that W − X− P.
Case 1: (O ∈WY) This is Exercise 6.62.
Case 2: (O, X on the same side of

←→
WY) Let θ = µ(∠PXY). Then

µ(∠WXY) = π − θ, so that µ(∠WOY) = 2π − 2θ by Theorem 6.29.
Combining Theorem 5.15 and Corollary 6.5.A on 4WOY implies that
µ(∠OYW) = θ − π

2 . Further, µ(∠OYP) = π
2 by Corollary 5.29.B, so

Postulate 5 tells us that

µ(∠WYP) = µ(∠WYO) + µ(∠OYP)

= θ − π

2
+

π

2
= θ.

Now apply Theorem 6.24 to obtain the result.
Case3: (O, X on opposite sides of

←→
WY) This is Exercise 6.63.

This completes the proof.

Corollary 6.34.A. Let WX be a chord for circle C, tY be a tangent line for C
at a point Y 6= W, X, and P = WX ∩ tY. Then PW · PX = PY · PY.
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In this sense, even the ratios of tangent lines behave similarly (pun
intended) to that of chords and secants in Corollary 6.33.A.

Answers to Practice Problems:

6.17. Then µ(∠XWY) = 1
2 µ(∠XOY), µ(∠XZY) = π − 1

2 (∠XOY) by
Theorems 6.29 and 6.30. Thus

µ(∠PZX) = π − µ(∠XZY)

= π −(π −
1
2

µ(∠XOY))
=

1
2

µ(∠XOY)

= µ(∠XWY).

The proof is completed by application of Theorem 6.24.

6.16. Let O be the center of the circle, and construct OZ. Then
4OXZ,4OYZ are isosceles triangles, so Theorem 5.15 says that
µ(∠X) = µ(angleOZX), µ(∠Y) = µ(angleOZY). By Corollary 6.5.A,
µ(∠ZOY) = 2µ(∠X), µ(∠ZOX) = 2µ(∠Y). Because they are sup-
plementary, µ(∠XOZ) + µ(∠ZOY) = π. Thus µ(∠X) + µ(∠Y) =

π
2 .

Then notice that µ(∠XZY) = π− µ(∠X)− µ(∠Z), by Theorem 6.5, so
that µ(∠XZY) =

π
2 .

Exercise 6.58. Refering to Figure 6.25, fill in all of the missing angle mea-
sures. π/5

O
X Y

Z

Figure 6.25: Exercise 6.58

Exercise 6.59. Finish the proof of Theorem 6.29. In particular, complete Case
3 of the proof.

Exercise 6.60. Prove Theorem 6.31.

Exercise 6.61. Critique the following proof of Corollary 6.33.A.

Proof. We have4PZX ∼ 4PWY by either Theorem 6.29 or 6.30. Thus
we may employ Theorem 6.26 to obtain PZ

PW = PX
PY . The proof follows

from cross multiplication.

Exercise 6.62. Prove Theorem 6.34 in the case that WY is a diameter.

Exercise 6.63. Prove Theorem 6.34 in the case that O, X are on opposite sides
of WY.

“My dear, here we must run as fast as we can, just to stay in place. And
if you wish to go anywhere you must run twice as fast as that.”
–Lewis Carroll, Through the Looking-Glass
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6.7 Analytic Geometry & Trig

We have proven many of the foundation results of Euclidean geometry,
and from here we can branch out in many different ways, as we will
demonstrate in this section.

Let 4ABC, 4XYZ be any two triangles with C, Z right angles and
∠A ∼= ∠X. Then by Theorem 6.24, 4ABC ∼ 4XYZ, and by Theorem
6.21, there is some non-zero number r so that r · AB = XY, r · AC =

XZ, and r · BC = YZ. Thus the ratios satisfy BC
AB = YZ

XY , AC
AB = XZ

XY ,
BC
AC = YZ

XZ . In other words, the ratios of sides of a right triangle depend
not on the size of the triangle, but only on the measure of ∠A. This
allows us to make the following definition.

Definitions: trigonometric functions
Definition 6.13. Let 4ABC satisfy 0 < µ(∠A) < π

2 = µ(∠C). We define
the sine function by

sin(∠A) =
BC
AB

,

the cosine function by

A

B

C

Figure 6.26: Trigonometric functionscos(∠A) =
AC
AB

,

and the tangent function by

tan(∠A) =
BC
AC

.

Although we will not look deeply into these functions, their study
leads to the branch of mathematics called trigonometry.

Practice 6.18. Show that sin2 θ + cos2 θ = 1 for any 0 ≤ θ ≤ π
2 . This is

called the Pythagorean Identity, and is known to be true for all values of θ. Pythagorean Identity

Theorem 6.35. There is a bijection between the plane and {(x1, x2) : x1, x2 ∈
R}.

O

m1

m2
X

A1

A2

l1

l2

Figure 6.27: Theorem 6.35

Proof. Let l1 be a line, and pick a point O ∈ l1. Pick a ruler on l1 so
that the coordinate of O is 0. There are two rotations with center O
and angle π

2 ; choose one of them. That rotation takes l1 to the line l2
through O and perpendicular to l1, and determines a ruler on l2 by
Theorem 5.8; the coordinate of O with that ruler is also 0.

Pick any point X in the plane. Then there is a unique line mi through
X and perpendicular to li by Theorem 5.21. Let Ai = mi ∩ li, and xi

be the coordinate of Ai ∈ li. This shows that to each point an ordered
pair of real numbers can be assigned in a unique way.

Pick any pair of real numbers (y1, y2). Let Bi ∈ li be the point
with coordinate yi, and ni be the line perpendicular to li and passing
through Bi. Let τ be the translation that takes O to B1, and let Y =

τ(B2). Since τ can be composed from the folds with crease l2 and the
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line perpendicular to l1 and passing the midpoint of OB1, Theorem
6.7 tells us that

←→
B2Y ⊥ l2, so Theorem 5.21 says Y ∈ n2. Further,

τ(O) = B1, so Theorem 5.9 tells us that
←→
B1Y is perpendicular to l1, and

we see that Y ∈ n2. Thus Y = n1 ∩ n2 by Theorem 4.1. This shows
that to each ordered pair of real numbers a point can be assigned in a
unique way, completing the proof.

This theorem leads to the branch of mathematics known as analytic
geometry. We give a few more results in this direction that we may
make use of in Section 6.8.

Theorem 6.36. Let l be a line. Then there is an equation of the form h · x1 +

k · x2 = c, h, k, c ∈ R, so that a point X with coordinates (x1, x2), as given
by the bijection of Theorem 6.35, is on l if and only if the equation is satisfied.
Equations of this form are called general equations for the line. Although
the equation is not unique, it is unique up to multiplication by a non-zero
constant.

Proof. If l is parallel to l2, then l passes through l1 at some point with
coordinate c. Since l is parallel to l2, it is perpendicular to l1 by The-
orem 6.2. Then any point on l can be represented by the ordered pair
(c, x2) for some number x2, so l satisfies the equation 1 · x1 + 0 · x2 = c.

Similarly, if l is parallel to l1, then l can be represented by the equa-
tion 0 · x1 + 1 · x2 = c for some appropriate constant c.

Thus we assume that l is parallel to neither l1 nor l2, so that A
represented by (k, 0) and B represented by (0, h) are the points of in-
tersection of l with l1 and l2 respectively. Let X ∈ l be represented by
(x1, x2), and C be the point represented by (x1, 0). Notice that 4CAX
is a triangle with a right angle at C, and 4OAB is a similar triangle
with right angle at O. Then

x2

x1 − k
= tan(A) =

h
−k

by the argument preceding Definition 6.13 (or by Theorem 6.26). Let-
ting c = hk, we obtain h · x1 + k · x2 = c. This is the desired result.

We note that, so long as k 6= 0, we can rewrite the equation in
Theorem 6.36 as x2 = − h

k x1 +
c
k . In this case, the numbers − h

k and c
k

are in fact unique, inspiring the following definition.
Definitions: axes, slope

Definition 6.14 (Slope). The lines l1, l2 in the proof of Theorem 6.35 are
called the coordinate axes (singular: axis). Let l be a line that is not parallel
to l2, and x2 = m · x1 + b be the unique equation for l, called the slope-
intercept equation. Then the number m is called the slope of the line l. We
say that lines parallel to l2 have infinite slope.
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Theorem 6.37. Let l be a line that is not parallel to either of the axes, and
x2 = m · x1 + b be its slope-intercept equation. Then the slope of any line
perpendicular to l is − 1

m .

Proof. We let n be a line with l ⊥ n, (0, c) be the intersection of n with
l2, and x2 = p · x1 + c be the slope-intercept equation for n. Let the
point of intersection of l, n be (x0, m · x0 + b) = (x0, p · x0 + c). Then
p · x0 = m · x0 + b− c, so we obtain

(p−m) · x0 = b− c. (6.3)

Using the result of Exercise 6.55, the length of the segment from
(0, b) to (x0, m · x0 + b) is x0 ·

√
1 + m2, and similarly, the distance from

(0, c) to (x0, p · x0 + c) is x0 ·
√

1 + p2. Again using Exercise 6.55, we
have

c− b = x0 ·
√

2 + m2 + p2. (6.4)

Combining Equations 6.3 and 6.4, and assuming that x0 6= 0, we obtain

p−m = −
√

2 + m2 + p2.

From here it is straightforward to solve for p, obtaining

p = − 1
m

.

This is what we wanted to prove.

Practice 6.19. In this proof, we assumed that x0 6= 0. Complete the proof by
showing that the result can be obtained even when x0 = 0.

Theorem 6.38. Let C be a circle with center O having coordinates (h, k),
and radius r. Then point X represented by (x1, x2) is on C if and only if
(x1− h)2 + (x2− k)2 = r2. Thus every circle can be represented by a unique
equation of that form.

Proof. The proof will be in two parts. First we show that any point on
the circle satisfies the given equation, and then we show that any point
not on the circle doesn’t satisfy the given equation.
Part 1: Let X be any point on the circle, and let (x1, x2) represent it. Let
A be the point represented by (x1, k). Then 4AOX is a right triangle
with right angle at A, so Exercise 6.55 says that (x1− h)2 + (x2− k)2 =

r2. This completes part 1.

Practice 6.20. Prove part 2 by showing that points not on the circle do not
satisfy the equation. Hint: It is helpful to use cases here.
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Answers to Practice Problems:

6.20. Let Y, represented by (y1, y2), be a point on the interior of the cir-
cle, and B the point with coordinates (y1, k). Then 4BOY is a triangle
with right angle at B, so Exercise 6.55 says (y1 − h)2 + (y2 − k)2 <

r2. Similarly, if a point Z is on the exterior of the circle, then
(z1 − h)2 + (z2 − k)2 > r2. Thus neither Y nor Z satisfy the equation.

6.19. If lines l, n intersect at A represented by (0, b), then we let B, C
be the points represented by (1, m + b) ∈ l, (1, p + b) ∈ n. Then AB =√

1 + m2, AC = √1 + p2, BC = |p− m|, by Exercise 6.55. Similarly,
(p−m)2 = 2 + m2 + p2. Now solve for p, obtaining p = − 1

m .

6.18. Using the notation of Definition 6.13, sin θ = BC
AB , cos θ = AC

AB .
Thus

sin2 θ + cos2 θ =
(BC)2

(AB)2 + (AC)2(AB)2

=
(BC)2 + (AC)2

(AB)2

=
(AB)2

(AB)2

= 1,

the second to last equality because of the Pythagorean Theorem,
proven in Exercise 6.55.

Exercise 6.64. Find the slope-intercept equation for the line having points
represented by (2,−3) and (−1, 2), justifying your steps along the way.

Exercise 6.65. Find the slope-intercept equation for the line having point
(4, 7) and perpendicular to the line in Exercise 6.64. Justify each step in the
process.

Exercise 6.66. Justifying each step, find the equation of the circle with center
(4,−3) and radius 5.

Exercise 6.67. Find a way to represent the exterior of the circle in Exercise
6.66 in algebraic form.

Exercise 6.68. Show that the points with coordinates
(

2t
1+t2 , 1−t2

1+t2

)
, −∞ <

t < ∞ form the unit circle minus the point (0,−1).

Exercise 6.69. Show that the points with coordinates (cos θ, sin θ), 0 ≤ θ <
π
2 parameterize part of the unit circle. (In fact, if we allow 0 ≤ θ < 2π it
parameterizes the whole circle.)

(x, y)

(0, a)

y = b

Figure 6.28: Parabola

Exercise 6.70. A parabola is the set of points whose distances from a given
point, called a focus, and a given line, called a directrix, are equal, see
Figure 6.28. Show that the parabola with focus (0, a) and directrix y = b has
equation y = x2

2a−2b +
a+b

2 . (The result of Practice 5.15 might be helpful.)
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Exercise 6.71 (CAS). An ellipse is the set of points whose sum of distances
from two given points, called foci (singular: focus), is a constant, see Figure
6.29. Show that the ellipse defined by points with coordinates (±p, 0) and

constant k > |2p| can be written in the form x2

a2 + y2

b2 = 1, for appropriate
constants a, b.

(−p, 0) (p, 0)

(x, y)

Figure 6.29: Ellipse

Exercise 6.72 (CAS). A hyperbola is the set of points whose difference of
distances from two given points, called foci, is a constant, see Figure 6.30.
Show that the hyperbola defined by points with coordinates (±p, 0) and con-

stant |k| < |2p| can be written in the form x2

a2 −
y2

b2 = 1, for appropriate
constants a, b.

(−p, 0) (p, 0)

(x, y)

Figure 6.30: Hyperbola

Exercise 6.73. Show that (tan θ, sec θ), 0 ≤ θ < π
2 , parameterizes part of

the hyperbola with equation y2 − x2 = 1. Compare to Exercise 6.69.

The next few questions combine ideas from Section 2.5 with the analytic
geometry ideas we learned in this section. In particular, we imagine be-
ginning with a set of two points: {A0, A1} with coordinates (0, 0) and
(1, 0) respectively, and creating other points by folding using the Huzita-
Justin-Hatori Axioms of Origami, as can be found in Appendix B.4, and
marking the folded positions of known points.

Exercise 6.74. Prove that the points with coordinates (n, 0), n ∈ Z are all
foldable.

Exercise 6.75. Prove that the points with coordinates (0, n), n ∈ Z are
foldable using the results of Exercise 6.74 and a single additional fold.

(m, 0)

(0, n)

(0, 1)

(?, 0)

Figure 6.31: Exercise 6.76

Exercise 6.76. Prove that the point with coordinates
(m

n , 0
)

, m ∈ Z, n ∈N

(and thus also
(
0, m

n
)
) is foldable. Hint: See Figure 6.31.

Exercise 6.77. Prove that any point whose x- and y-coordinates are both
rational is foldable.

Exercise 6.78. Prove that the point with coordinates (
√

2, 0) is foldable.

Exercise 6.79. Prove that the point with coordinates (
√

n, 0), 2 ≤ n ∈ N

is foldable. Hint: Use induction.

Exercise 6.80. Prove that the point with coordinates ( 3
√

2, 0) is foldable. This
shows that at least one of the “three famous Greek problems” (of antiquity) is
solvable using origami where it was impossible using straightedge and com-
pass. Hint: See Solving cubics with creases, Trisecting an Angle and Dou-
bling the Cube Using Origami Method, or CutOutFoldUp.

http://mars.wne.edu/~thull/papers/amer.math.monthly.118.04.307-hull.pdf
http://www.cutoutfoldup.com/409-double-a-cube.php
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“I have resolved to quit only abstract geometry, that is to say, the con-
sideration of questions which serve only to exercise the mind, and this,
in order to study another kind of geometry, which has for its object the
explanation of the phenomena of nature.”

–René Descartes

6.8 Matrix Exploration

This section is an exploration activity using the Online Sage Math Cell.
The purpose of the exploration is to find matrices representing folds,
rotations, and translations in 2 dimensional Euclidean geometry. Let X
be a point represented by the pair (x0, y0). We will let l0 be the crease
of a fold φ, and will consider φ(X), see Figure 6.32. Let m be the slope
of l0, and (a, b) the coordinates of a point on the line.

l0

(a, b)
l1

X(x0, y0)

t

φ

Figure 6.32: Fold with crease l0 acting on
X.

var('x y x0 y0 a b m t')

and press return. This command simply tells Sage the names of the
independent variables we will be using. (If you copy and paste it in,
the apostrophes will be incorrect...just retype them.)

1. First, we will find the matrix to represent a fold.

(a) Find an equation representing line0 that has a slope of m and is
on the point (a, b). In Sage, type:

line0=y==m*(x-a)+b .

This command tells Sage to assign to the variable line0 the equa-
tion y = m(x− a) + b. The single equal sign represents an assign-
ment, and the double equals sign is a conditional.

(b) Find the slope of a line that intersects line0 in a right angle.

(c) Find an equation representing the line line1 perpendicular to
line0 and passing through X with coordinates (x0, y0). Note
that Y = φ(X) must fall on line1. (Why? What theorem says so?)
Here you should type:

line1=y==expression,

where the expression is the right hand side of the equation you
found.

(d) Find the coordinates (p, q) of the point of intersection of line0 and
line1. Here you will need to know the command:

solve([line0,line1],x,y)

https://sagecell.sagemath.org
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which solves the equations that you assigned to line0 and line1

simultaneously (for the variables x, y). To get Sage to process all
of the code thus far, press shi f t + enter. Once you find them, it
will be helpful to assign them to variables, that is, to type:

p=x-coordinate of intersection
q=y-coordinate of intersection .

(e) In Figure 6.32, mark the point represented by (p, q).

(f) Find the equation for the circle with center (p, q) and contain-
ing the point X, marking the circle in Figure 6.32. Assign the
equation to variable circle0.

(g) In Figure 6.32, mark the point Y = φ(X).

(h) Find coordinates for a point that is both on line1 and circle0. Solv-
ing the appropriate equations gives two answers: X(x0, y0) and
Y(x1, y1), where Y = φ(X). The first solution you already know,
so the second must be Y. (Why? What theorem says so?)

(i) Assign to variables x1 and y1 the appropriate coordinates.

(j) Next, since we haven’t really worked with slopes in this class,
we’re going to replace the slope m with the tangent of the angle
t between the x-axis and line0. To do this, reassign by typing the
following.

x1=x1.substitute(m=tan(t)).trig reduce()
y1=y1.substitute(m=tan(t)).trig reduce()

(We simultaneously asked Sage to simplify the trig expressions.)
Note that the simplified versions have no singular points, so they
should work regardless of the angle t.

(k) Note that we could write x1

y1

1

 =

 a11 a12 a13

a21 a22 a23

0 0 1

 ·
 x0

y0

1

 or just Y = A · X,

for appropriate values of the aijs. Find the aij, and write out the
matrices. In Sage, type

X = Matrix(3,1,[x0,y0,1])
Y = Matrix(3,1,[x1,y1,1])

to enter the matrices for X and Y, and

F=Matrix(3,3,

[x1.coefficient(x0),x1.coefficient(y0),x1.coefficient(x0,0).coefficient(y0,0),

y1.coefficient(x0),y1.coefficient(y0),y1.coefficient(x0,0).coefficient(y0,0),

0,0,1])
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for the matrix that determines the fold. You can follow that by
F,X,Y and another shi f t + enter to see the matrices themselves.

Then you can check your work by typing

F*X

and seeing whether the (column) matrix is your value for Y. The
matrix F is the fold matrix. In other words, the fold with crease
represented by y− b = tan t(x − a) can be represented by F. In
fact, the fold with crease cos t(y− b) = sin t(x− a), a more gener-
alized formula (why?) can be represented by F. In other words,
given the fold with that crease and a point X(x0, y0), we can mul-
tiply the matrix F times the vector X, and obtain the vector Y.

(l) Find the determinant using F.determinant(). For those who have
not studied Linear Algebra, the determinant of a matrix gives
some information about the matrix. Since the determinant of a
product of matrices is the product of their determinants, this tells
us that all isometries will have determinant ±1.

2. Next we find the image of a point in a rotation about the origin,
and the corresponding rotation matrix. We will first need to de-
clare variables, so type var('t0 t1'), since we’ll add t0, t1 to the list of
variables we’re using.

(a) Let φi be the fold with crease passing through the point with co-
ordinates (0, 0) and having angle ti with the x-axis, i = 0, 1. Since
these creases pass through (0, 0), their matrices can be simplified
from that of Step 1k. Write out the appropriate fold matrices.

(b) Since a rotation is the result of first folding in φ0, and then in
φ1, the matrix of rotation can be found by multiplying the fold
matrices in the appropriate order. Do so.

(c) Simplify your answer in Step 2b using the two angle trigonomet-
ric identities:

sin(α− β) = sin(α) cos(β)− cos(α) sin(β),

cos(α− β) = cos(α) cos(β) + sin(α) sin(β).

(d) Note that your answer in Step 2c only depends on t1− t0, in other
words, it doesn’t matter what the original lines were, only that
they passed through the origin and the angle between them was
t = t1 − t0. Write out the rotation matrix that represents rotation
through angle t about the origin. (Careful! The matrix in Step 2c
represents two folds, taken in sequence, through lines that inter-
sect in angle t, and therefore represents a rotation through what
angle? See T5.5.)
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(e) Find the determinant of the rotation matrix.

3. Next we’d like to find the matrix of a translation.

(a) Let φi be the fold with crease represented by y− bi = m(x− 0),
i = 0, 1 (and m = tan θ as before). Since a = 0, the fold matrices
can be simplified slightly from Step 1k. Write out the appropriate
fold matrices.

(b) Since a translation is the result of first folding in φ0, and then in
φ1, the matrix of translation can be found by multiplying the fold
matrices in the appropriate order. Do so.

(c) The important thing to notice about your answer in Step 3b is
that, except for the third column, the matrix is quite simple. If we
simplify the third column by noting that the two messy terms are
just constants, say κ0, κ1, we obtain a general translation matrix.
What is it?

(d) Find the determinant of the translation matrix.

(e) Although we will not investigate glide reflection matrices, their
determinants are always −1. Looking carefully at the determi-
nants of fold, rotation (in the origin), translation, and glide re-
flection matrices, what properties might be linked to the sign of
the determinant?

4. Here we discover the matrices that represent dilations. Let r 6= 0 be
the ratio of a dilation, and O be the point with coordinates (0, 0).

(a) Explain why

D =

 r 0 0
0 r 0
0 0 1


is the dilation matrix representing the dilation with center O and
ratio r.

(b) Calculate the determinant of D.

(c) Let X be the point with coordinates (x0, y0). What does matrix

T =

 1 0 −x0

0 1 −y0

0 0 1


represent?

(d) Find the inverse T−1 of T. In other words, find a matrix T−1

whose action reverses that of T.

(e) Verify that T · T−1 = T−1 · T = I, where I represents the isometry
that doesn’t move anything.



146 CHAPTER 6. INTRODUCING EUCLIDEANISM

(f) Explain why T−1 ·D · T should represent the matrix for a dilation
with center X and ratio r.

(g) Calculate the matrix that represents the dilation with center X
and ratio r.

(h) Calculate the determinant of the matrix of an arbitrary dilation
(with center X and ratio r).

Note that we have -not- investigated rotation matrices except those
centered at the origin, nor have we investigated the matrices of glide
reflections.
We have also made some generalizations without checking all the
details. For example, we concluded (correctly) that any fold could
be represented by a particular matrix. However, some of the steps
break down when the crease is vertical; they need to be investigated
separately.

Remark 6.3. In general, we can represent isometries in the form x′

y′

1

 =

 a11 a12 a13

±a12 ∓a11 a23

0 0 1


 x

y
1


where a2

11 + a2
12 = 1, which we might refer to as the general isometry

matrix. We can represent similarity transformations in the same form
except that a2

11 + a2
12 = r2, r being the ratio of the similarity. We might

refer to this as the general similarity matrix.

Exercise 6.81. Let X be the point with coordinates (2, 3), and consider the
following transformations. Find a matrix M for each transformation τ, and
verify that τ(X) is represented by M · X.

a. Transformation τ is the fold with crease the x-axis.

b. Transformation τ is the fold with crease the vertical line x = −1.

c. Transformation τ is the fold with crease given by equation y = x.

d. Transformation τ is the fold with crease given by equation y = x + 3.

e. Transformation τ is the rotation with center the origin and angle π
2 .

f. Transformation τ is the dilation with center the origin and ratio r = 5.

Exercise 6.82. A great XKCD comic, translated (pun intended) into our
notation:

cos
(

π
2
)

sin
(

π
2
)

0

− sin
(

π
2
)

cos
(

π
2
)

0

0 0 1

 ·


x

y

1

 =       x y 1

      

https://xkcd.com/184/
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Explain the humor, as if to a “math challenged” friend.

Exercise 6.83. Explain why your results in Section 6.8 verify Theorem 5.5
in one special case.

Exercise 6.84. Show that the determinant of a general similarity transforma-
tion is ±r2. What properties might be linked to the sign of the determinant?

Exercise 6.85. Using the matrix notation for translations, prove that the set
of translations is a subgroup of the group of (planar) isometries. (We have
already shown this in Exercise 6.22, but not using the matrix notation.)

Exercise 6.86. Prove that the set of rotations and translations is a subgroup
of the group of (planar) isometries. Hint: Use Remark 6.3.

Exercise 6.87. Prove that the set of rotations is not a subgroup of the group
of isometries.

Exercise 6.88. Computer operations that are built into the hardware are con-
siderably faster than operations that are added as part of the software. Most
high-end video hardware (usually for computer games) have 4 × 4 matrix
multiplication built in (to reduce calculation time). We could argue that since
the screen is 2-dimensional, a 2× 2 matrix should be sufficient. Similarly, we
could argue that since the objects being rendered are 3-dimensional, a 3× 3
matrix should be sufficient. Why expend the extra cost to design the cards
with 4× 4 matrix multiplication?

“It is a curious historical fact that modern quantum mechanics began
with two quite different mathematical formulations: the differential equa-
tion of Schrödinger and the matrix algebra of Heisenberg. The two ap-
parently dissimilar approaches were proved to be mathematically equiv-
alent.”

–R. P. Feynman



7
Hyperbolic Geometry

At the beginning of Chapter 6, we noted that we had come to a fork
in the road, and, following the wisdom of Yogi Berra, we took it. In
that chapter, we sojourned down the well-trodden path of Euclid, but
mentioned that we would also move off the beaten path and study
the geometry of Bolyai (“Bō-yai”) and Lobachevsky. Although there is
(much) more that could be said about the geometry of Euclid, we shall
now venture a short excursion into hyperbolic geometry.

We shall begin with a short investigation based on postulates alone
in Sections 7.1 and 7.2, just enough to reach an important distinctive
theorem of hyperbolic geometry.

However, from Section 7.3 shall take a different tack: we shall con-
struct a model of hyperbolic geometry, and show that our model sat-
isfies Postulates 1-6, together with Postulate 7

′, so that we can study
our model to better understand hyperbolic geometry. In fact, many
mathematicians discovered theorems of hyperbolic geometry without
ever recognizing their importance; it was the very compelling models
of hyperbolic geometry that finally convinced mathematicians that a
valid alternative to Euclid’s geometry existed.

Throughout, we should keep in mind that our model isn’t hyper-
bolic geometry, it is only a model. In fact, there are at least 5 different
models of hyperbolic geometry (3 of which can be investigated using
Geometry Explorer, by using the Model tool), so in some sense, our
model is just one way of envisioning hyperbolic geometry.

7.1 The Hyperbolic Postulate

Activity 7.1. Play J. Weeks’ Hyperbolic Games.

To begin our study of non-Euclidean geometry, we will need to
negate Postulate 7. In Practice 6.3, we showed that Postulate 7 and
Theorem 6.3 are equivalent. This allows us to negate Postulate 7 by

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
http://www.geometrygames.org/HyperbolicGames/
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instead taking the negation of Theorem 6.3, which will be more con-
venient for us.

Postulate 7′. (Hyperbolic Postulate) Given a line l and a point A 6∈ l,
there are at least two lines m1, m2 through A and parallel to l.

m

l

k1

k2

A2

A1
B

Figure 7.1: Theorem 7.1

Theorem 7.1. Given a line l and a point P 6∈ l, there are infinitely many
lines through P that are parallel to l.

Proof. Let m be the unique perpendicular to l through P, and Q =

l ∩ m. Let k1, k2 be the two parallel lines given by Postulate 7
′, and

pick Ai ∈ ki on the same side of m. Let B be any point on the interior
of ∠A1PA2. We show that

←→
PB is parallel to l. Assume not, so that

←→
PB

intersects l at some point, say R. Without loss of generality, we assume
that R is on the same side of m as E, and that µ(∠QPA1) < µ(∠QPE).
Then Theorem 4.14 says that

←→
PA1 intersects QR, contradicting the fact

that
←→
PA1 is parallel to l. This completes the proof.

This theorem leads to the following definition.
Definitions: horo-parallel, ultra-parallel,
angle of parallelismDefinition 7.1. Given a line l and point P 6∈ l, the first line through P in

either direction that doesn’t intersect l is the (left or right) horo-parallel to
l at P. Any other lines through P and parallel to l we call ultra-parallel.

Let m be the unique line through P and perpendicular to l, and let Q =

l∩m. Let k1, k2 be the left and right horo-parallels to l through P, and Ri ∈ ki

points so that µ(∠QPRi) is the smaller of the angles made between m and ki.
Then ∠QPRi is the (left or right) angle of parallelism at P.

Theorem 7.2. The horo-parallels to l at P have the same angle of parallelism.

Proof. Assume not. Let k1, k2 be the left and right horo-parallels to l
and through P, and without loss of generality assume that the left has
the smaller angle measure. Let m be the perpendicular to l through P,
Q = l ∩m, and φ the fold with crease m. Since φ preserves lines and
angle measures, φ(k1) is some line k3 through P having angle (with m)
less than k2, and hence k3 intersects l, say at R. Applying φ again, we
see that φ(R) ∈ l, k1, contradicting the fact that k1 is parallel to l. This
completes the proof.

Corollary 7.2.A. All angles of parallelism are acute.

Corollary 7.2.B. Two lines with a common perpendicular are ultra-parallel.

Practice 7.1. Prove Corollary 7.2.B.

Corollary 7.2.B tells us that Theorem 5.25 will not be of use for
investigating folds from a line l to a horo-parallel line k, though it may
still help us with folds between ultra-parallel lines. However, we may
use the following.
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Theorem 7.3. Let l, k be horo-parallel lines. Then there is a transversal with
a pair of congruent non-alternate interior angles.

Q A

P

B

R

l

k
m

n

Figure 7.2: Theorem 7.3

Proof. Let l be the line, k a horo-parallel through P, and m the perpen-
dicular to l through P. Let n be the unique perpendicular to k through
Q = l ∩m, R = n ∩ k, and choose points A ∈ l, B ∈ k on the same side
of m as R, and far away.

Let X ∈ −→PR, and f (X) = µ(∠AQX)− µ(∠QXB). Then f (P) < 0 by
Corollary 7.2.A, and f (R) > 0 by an application of Postulate 5. Hence
by Theorem 1.3 there is some point C ∈ PR so that f (C) = 0. This
completes the proof.

Corollary 7.3.A. Let l, k be any parallel lines. Then there is a transversal
with a pair of congruent non-alternate interior angles.

Proof. If the two lines have a common perpendicular, then the result is
already true. Otherwise, the proof of Theorem 7.3 suffices.

Corollary 7.3.B. Let l, k be any parallel lines. Then there is a fold φ so that
φ(l) = k.

This completes the third Huzita-Justin-Hatori axiom of origami[27],
left dangling back in Chapter 4, in the case where the lines are parallel.

We now note that, in the proof of Theorem 7.3, we used the idea of
points “far out” on two rays. In fact, if the lines are horo-parallel, it
sometimes helps to imagine that the lines intersect “at infinity,” and
to treat the imagined point of intersection as if it were an actual point.
In fact, when we look at a model for hyperbolic geometry, we will
see that this is less abstract than it might initially seem: in our model,
the imaginary points “at infinity” are actual points in the plane (but
outside of the model). This leads to the following definition.

Definition: omega triangle
Definition 7.2 (Omega Triangle). All lines right horo-parallel to a line l
are said to have the same right omega point. Similarly for left omega points.
An omega triangle 4ABΩ consists of segment AB and the horo-parallel
rays
−→
AΩ and

−→
BΩ. Note that the point Ω is not an actual point of hyperbolic

space.

Figure 7.3: A tiling of the half plane
model by (congruent) omega trian-
gles[35].

Theorem 7.4 (Pasch for Omega Triangles). Let 4ABΩ be an omega tri-
angle. Let l 6= ←→AΩ be any line that passes through a point A 6= C ∈ −→AΩ.
Then l passes through a point E with A− E− B or E ∈ −→BΩ, the cases being
mutually exclusive.

Proof. Let D ∈ l be any point on the interior of 4ABΩ, and construct−→
AD. Then since

←→
AΩ was a horo-parallel to

←→
BΩ,
−→
AD must intersect

−→
BΩ,

say at E. Then l enters4ABE (at D), so Theorem 4.12 gives the desired
conclusion.
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Practice 7.2. Notice that the concept of parallel lines intersecting at an omega
point infinitely far away could be extended to Euclidean geometry. Show that,
in this sense, Theorem 7.4 is true in Euclidean geometry as well.

Theorem 7.5 (Crossbar for Omega Triangles). Let 4ABΩ be an omega
triangle, and C a point on the interior of ∠ABΩ. Then

−→
BC intersects

−→
AΩ.

Practice 7.3. Prove Theorem 7.5.

Theorem 7.6 (EAI for Ω-4s). Let 4ABΩ be an omega triangle, and A−
B− C. Then µ(∠CBΩ) > µ(∠BAΩ).

Ω

A

B

C

Figure 7.4: Theorem 7.6

Proof. Assume not. Then µ(∠CBΩ) ≤ µ(∠BAΩ). We look at two
cases.
Case 1: (µ(∠CBΩ) < µ(∠BAΩ)) Then there is some point D ∈ ◦∠BAΩ
so that µ(∠BAD) = µ(∠CBΩ). By Theorem 7.5,

−→
AD intersects

−→
BΩ,

say at E. Then 4BAE has exterior angle ∠CBE with µ(∠CBE) =

µ(∠BAE), contradicting Theorem 5.19. This contradiction completes
case 1.
Case 2: (µ(∠CBΩ) = µ(∠BAΩ)) Let D be the midpoint to AB, and
find the unique perpendicular l to

←→
AΩ through D, which intersects←→

AΩ in point E. On the opposite side of
←→
AB, construct point F ∈ ←→BΩ

so that BF = AE. Then Theorem 5.14 shows that 4DAE ∼= 4DBF, so
that ∠ADE ∼= ∠BDF. But this shows that F ∈ l. Thus

←→
AΩ and

←→
BΩ

have common perpendicular
←→
EF, contradicting Corollary 7.2.B. This

completes case 2 and the proof.

Theorem 7.7 (ASA for omega triangles). Let 4ABΩ and 4CDΥ be two
omega triangles with AB = CD, µ(∠ABΩ) = µ(∠CDΥ), and µ(∠BAΩ) =

µ(∠DCΥ). Then 4ABΩ ∼= 4CDΥ.

Proof. Let E ∈ −→AΩ so that AE = 1, and F ∈ −→CΥ so that CF = 1.
By Theorem 5.17, there is a composition σ of (at most 3) folds so
that σ(A) = C, σ(B) = D, σ(E) = F, and hence that σ(AB) = CD,
σ(
−→
AΩ) =

−→
CΥ. Hence we only need to show that σ(

−→
BΩ) =

−→
CΥ.

Pick a point G ∈ −→BΩ. Then G ∈ ◦∠BAΩ, so that G′ = σ(G) ∈
◦∠DCΥ by preservation of angle measure. Again since congruence
preserves angles, µ(∠CDΥ) = µ(∠ABG) = µ (σ(∠ABG)), so that G′ ∈
−→
DΥ. Since

−→
DΥ =

−−→
DG′, the proof is complete.

Theorem 7.8 (SA for omega triangles). Let4ABΩ,4CDΥ be two omega
triangles with AB = CD and µ(∠ABΩ) = µ(∠CDΥ). Then 4ABΩ ∼=
4CDΥ.

Theorem 7.9 (AA for omega triangles). Let 4ABΩ and 4CDΥ be two
omega triangles with µ(∠ABΩ) = µ(∠CDΥ) and µ(∠BAΩ) = µ(∠DCΥ).
Then 4ABΩ ∼= 4CDΥ.
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These last two theorems, taken together, are actually quite aston-
ishing. They say that the angle of parallelism and the “distance of
parallelism” come as a matched pair: if we know the angle, we know
the distance, and vice versa.

Answers to Practice Problems:

7.3. Since −→BΩ is horo-parallel to −→AΩ, and µ(∠ABC) < µ(∠ABΩ), −→BC
must intersect −→AΩ by definition of horo-parallel. Alternately, we may
choose a point B 6= D ∈ −→BΩ, and apply Theorem 4.14 to 4ABD.

7.2. Let D ∈ l be any point on the interior of 4ABΩ, and construct
−→AD. Then since ←→AΩ is parallel to ←→BΩ, µ(∠BAD) < µ(∠BAΩ), so that
←→AD must intersect ←→BΩ, say at E. But ←→BΩ is all on the same side of
←→AΩ (since they are parallel), hence E ∈ −→AD. Similarly, −→AD is all on
one side of ←→AB, and hence E ∈ −→BΩ. Then l enters 4ABE (at D), so
Theorem 4.12 gives the desired conclusion.

7.1. Theorem 5.20 tells us that two lines with a common perpendic-
ular must be parallel. Yet Corollary 7.2.A tells us that the angles of
parallelism (with the horo-parallels) must be acute. Hence lines with a
common parallel must be ultra-parallel.

Exercise 7.1. Watch M. Wertheim’s The Beautiful Math of Coral TED talk.
Explain the relationship between climate change, coral, hyperbolic geometry,
and feminism. Ω

A

B

C

Figure 7.5: Exercise 7.2

Exercise 7.2. In Figure 7.5, AB > BC, A− B− C, and the three rays are
all horo-parallel to one another. Prove that µ(∠BAΩ) < µ(BCΩ).

Exercise 7.3. Prove Corollary 7.2.A.

Exercise 7.4. Prove Corollary 7.3.B. Hint: Use Corollary 7.3.A as a starting
point, and follow the proof of Theorem 6.4.

Exercise 7.5. Critique the following theorem and proof.

Theorem? Let l||m and φ a fold so that φ(l) = m. Let n be the crease of φ.
Then l||n||m.

Proof. Assume not, and let P = l ∩ n. Then φ(P) = P ∈ l since P ∈ n.
Thus φ(P) 6∈ m, a contradiction. This completes the proof.

Exercise 7.6. Critique the following proof of Theorem 7.8.

Proof. Let µ(∠BAΩ) > µ(∠DCΥ), and construct ∠BAE inside ∠BAΩ
so that µ(∠BAE) = µ(∠DCΥ). Then

←→
AE intersects

←→
BΩ, say at F. Now

construct G ∈ −→CΥ so that CG = BE. By Theorem 5.14, 4ABF ∼= 4CDG.
But then µ(∠DCG) = µ(∠ABF) = µ(∠CDΥ). This contradiction com-
pletes the proof.

Exercise 7.7. Prove Theorem 7.8.

https://www.ted.com/talks/margaret_wertheim_crochets_the_coral_reef?language=en
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Exercise 7.8. Prove Theorem 7.9.

Exercise 7.9. Practice 7.2 shows that Theorem 7.4 is valid as well in Eu-
clidean geometry. Show the same is true for Theorem 7.5.

Exercise 7.10. Show Theorem 7.8 is true in Euclidean geometry as well as
hyperbolic.

Exercise 7.11. We have seen in Practice 7.2 and Exercises 7.9 and 7.10 that
Theorems 7.4, 7.5, 7.7 and 7.8 are true in Euclidean geometry. However,
Theorems 7.6 and 7.9 are not correct in Euclidean Geometry. The latter fails
because it uses the former in the proof (Exercise 7.8 spoiler alert). What fails
in the proof of Theorem 7.6?

Project 7.1. We have begun the investigation of the Huzita-Justin-Hatori
axioms of origami. In particular, we have showed that Axioms 1-4 are satisfied
for hyperbolic geometry (Postulate 1, Theorems 4.26, 4.27, 4.31, Corollary
7.3.B, and Lemma 5.21.a). However, there are 7 Huzita-Justin-Hatori axioms
of origami. Is it possible to prove the other 3 from our postulates of hyperbolic
geometry?

Project 7.2. Section 2.5 introduced a “game” concerning what points can
and cannot be folded on a string. This “game” is much more interesting
when we reach two dimensions. Given the 4 origami axioms we have seen,
and starting with two points distance arcosh(1) apart, what points in hy-
perbolic geometry are foldable? (There is a historic and mathematical reason
for choosing the number arcosh(1) as our starting distance.) What if we add
the other 3 origami axioms?

“He had said that the geometry of the dream-place he saw was abnor-
mal, non-Euclidean, and loathsomely redolent of spheres and dimen-
sions apart from ours.”
– H.P. Lovecraft, The Call of Cthulhu

7.2 Triangles & Quadrilaterals
Definitions: Saccheri, Lambert quadrilat-
eralsDefinition 7.3 (Saccheri Quadrilateral). A Saccheri quadrilateral is a

quadrilateral with two congruent opposite sides that are each perpendicular to
one of the other sides. The common perpendicular is the base, the congruent
opposite sides are the legs, and the other side is the summit.

A Lambert quadrilateral is a quadrilateral with three right angles.

Theorem 7.10. Let ♦ABCD be a Saccheri quadrilateral with AB ⊥ BC ⊥
CD and AB = CD. Then µ(∠BAD) = µ(∠CDA).
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Practice 7.4. Prove Theorem 7.10.

Corollary 7.10.A. Let ♦ABCD be a Saccheri quadrilateral as in Theorem
7.10, and E, F be the midpoints of BC, AD respectively. Then AD ⊥ EF ⊥
BC.

Theorem 7.11. The summit angles of a Saccheri quadrilateral are acute.

Proof. Let ♦ABCD be a Saccheri quadrilateral as in Theorem 7.10, and
construct omega triangles4ABΩ, 4CDΩ, see Figure 7.6. Let E ∈ −→AD
with A− D− E.

A

B C

D

E

Ω

Figure 7.6: Theorem 7.11

Then µ(∠EDΩ) > µ(∠DAΩ) by Theorem 7.6, while µ(∠BAΩ) =

µ(∠CDΩ) by Theorem 7.8, so that µ(∠BAD) < µ(∠CDE). How-
ever, µ(∠BAD) = µ(∠CDA) by Theorem 7.10. Thus µ(∠CDA) <

µ(∠CDE), and since the two are supplementary, ∠CDA is acute.

Theorem 7.12. The fourth angle of a Lambert quadrilateral is acute.

Practice 7.5. Prove Theorem 7.12.

Although we have only briefly mentioned area (Section 6.2), the
past two theorems have punched a hole into Postulate 8 in hyperbolic
geometry, since our concept of area in Euclidean geometry was based
on the nice properties of rectangles. However, as we’ve seen, Saccheri
and Lambert quadrilaterals both fail to have the nice properties we’ve
come to expect of rectangles, and as such can’t be used like rectangles
in postulating area.

Figure 7.7: Hyperbolic paper crane

However, these past two theorems also open up new possibilities
in hyperbolic geometry that simply don’t exist in Euclidean geome-
try. When most people think of origami, they think of children fold-
ing simple animal shapes. Not so for origami masters such as Robert
Lang, who has exhibited masterful origami art in top galleries, but has
also used origami in engineering applications such as designing safer
airbags and expandable space telescopes. Lang has also created paper
with hyperbolic curvature to experiment with designs that simply can-
not exist in Euclidean paper: one such result was the traditional (but
two-headed) crane in Figure 7.7.[2]

Theorem 7.13. Let 4ABC be a right triangle with C the right angle. Then

µ(∠A) + µ(∠B) + µ(∠C) < π.

Proof. Our proof comes directly from [38]. Let D be the midpoint of
AB, and construct DE ⊥ BE, where E ∈ BC. Construct

←→
AF so that

∠FAD ∼= ∠EBD and AF = BE. (Note the similarity to the proof
of Theorem 7.6.) Then 4AFD ∼= 4BED by Theorem 5.14, so that
∠AFE is right, ∠ADF ∼= ∠BDE, and E, D, F are thus collinear. Thus
♦ACEF is a Lambert quadrilateral, so by Theorem 7.12, µ(∠CAF) <

http://www.math.sjsu.edu/~alperin/HyperbolicCrane.pdf
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π
2 . However, µ(∠CAB) + µ(∠BAF) = µ(∠CAF) < π

2 , while ∠CBA ∼=
∠BAF, so we have

µ(∠CBA) + µ(∠CAB) <
π

2
.

Adding µ(∠C) = π
2 to both sides, we obtain the desired result.

The following corollary, often called the Characteristic Theorem
for Hyperbolic Geometry, is in contrast to Theorem 6.5 of Euclidean
geometry.

Corollary 7.13.A (Angle Sum Theorem). Let4ABC be a proper triangle.
Then

µ(∠A) + µ(∠B) + µ(∠C) < π.

Theorem 7.14 (AAA). Let 4ABC and 4XYZ have µ(∠A) = µ(∠X),
µ(∠B) = µ(∠Y), µ(∠C) = µ(∠Z). Then 4ABC ∼= 4XYZ.

Proof. If any of the pairs of sides have equal length, then Corollary
5.14.B gives us the result, so we assume that all of the pairs of sides
are different lengths for a proof by contradiction. Without loss of gen-
erality, we look at two cases: AB > XY, AC > XZ, and AB > XY,
AC < XZ.
Case 1: (AB > XY, AC > XZ) Find points D ∈ AB, E ∈ AC so that
AD = XY, AE = XZ. Then4ADE ∼= 4XYZ by Theorem 5.14, so that
µ(∠ADE) = µ(∠Y) = µ(∠B) and µ(∠AED) = µ(∠Z) = µ(∠C). But
then the sum of angles of ♦BCED is 2π, so that (using a supplementary
angles argument) the sum of angles of triangles 4DBE and 4CBE
must be 2π, meaning that each has angle sum π (or one has angle
sum greater than π). This contradicts Corollary 7.13.A, completing
case 1.
Case 2: (AB > XY, AC < XZ) We leave this case for Exercise 7.16.

Definition: defect
Definition 7.4 (Defect). Let 4ABC be a triangle. The defect 4(4ABC)
is the difference 4(4ABC) = π − µ(∠A)− µ(∠B)− µ(∠C).

Theorem 7.15. Let 4ABC be a proper triangle, and A − D − B. Then
4(4ADC) +4(4DBC) = 4(4ABC).

A D B

C

Figure 7.8: Additivity of defect

Practice 7.6. Prove Theorem 7.15.

This can be used to show that defect is additive on triangles in
general. We can further generalize defect to polygonal regions, and
use the same result to show that defect is additive on general polygonal
regions as well. Using the Fundamental Theorem of Calculus, we can
define a defect for many regions that aren’t even polygonal. Since there
is no such thing as a square (the basis of area in Euclidean geometry,
see Postulate 8) in hyperbolic geometry, defect becomes the basis of
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area there: it behaves just as we would want from an area function,
especially including additivity.

In fact, the combination of the Characteristic Theorem (Corollary
7.13.A) and this additivity of defect tells us that, the larger a triangle
is, the greater will be its deviation from having an angle sum of π. In
other words, tiny triangles will need to have an angle sum very close
to π, and large triangles will have much smaller angle sums, with
a minimum possible angle sum of zero for infinitely large triangles.
Thus if live in a hyperbolic universe, but only look at tiny triangles,
we should expect them to behave much like Euclidean triangles.

It is said that upon discovering this theorem, Gauss (who never
published his discoveries about hyperbolic geometry) went mountain
climbing with surveying equipment to measure the angles of the largest
triangle he could possibly measure at that time. The implication that
he wondered whether we live in a hyperbolic universe, is hard to miss.

Answers to Practice Problems:

7.6. Angles ∠ADC and ∠BDC are supplementary, so that
π = µ(∠BDC) + µ(∠ADC). By Postulate 5 we get µ(∠BCD) +

µ(∠ACD) = µ(∠ACB). We note

4(4ADC) +4(4DBC) = π − µ(∠A)− µ(∠ADC)− µ(∠ACD)

+ π − µ(∠B)− µ(∠BDC)− µ(∠BCD).

Regrouping and using substitution gives us

4(4ADC) +4(4DBC) = π − µ(∠A)− µ(∠B)− µ(∠ACB)

= π − µ(∠A)− µ(∠B)− µ(∠ACB)

= 4(4ABC).

7.5. Construct a congruent second Lambert quadrilateral along one of
the sides not adjacent to the fourth angle. Then the two together form
a Saccheri quadrilateral, with their unknown angles as the summit
angles. By Theorem 7.11, the angles are acute.

7.4. By Theorem 5.14 we have 4ABC ∼= 4DCB so that AC = BD.
Then Theorem 5.16 says that 4ADC ∼= 4DAB, so that µ(∠ADC) =

µ(∠DAB). QED

Exercise 7.12. Look back at the Exploration in Section 5.7, Step 2h. What
theorems and/or corollaries of this section are related to that step?

Exercise 7.13. Prove that in Euclidean geometry, the summit angles of a
Saccheri quadrilateral must be right.

Exercise 7.14. Prove Corollary 7.10.A.

Exercise 7.15. Prove Corollary 7.13.A.
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Exercise 7.16. Finish the proof of Theorem 7.14 by completing case 2.

Exercise 7.17. Prove that the defect d of a proper triangle satisfies 0 < d <

π.

Exercise 7.18. Since defect is additive (Theorem 7.15), use it to rewrite Pos-
tulate 8 so that it is appropriate in hyperbolic geometry.

Exercise 7.19. Use your Area Postulate from Exercise 7.18 to prove that the
area of a line segment in hyperbolic geometry is zero.

“Science is built up of facts, as a house is with stones. But a collection
of facts is no more a science than a heap of stones is a house.”
–H. Poincaré

7.3 Hyperbolic Trigonometry

Before we introduce a model of hyperbolic geometry, we will investi-
gate a set of functions that will turn out to be very useful in our inves-
tigation. Although these functions may seem non-intuitive, they have
properties very similar to some trigonometric functions with which
you are familiar, and as such their names have been chosen to mirror
the properties of those trigonometric functions.

Definitions: hyperbolic trig functions
Definition 7.5 (Hyperbolic Trigonometric Functions). The hyperbolic
sine, hyperbolic cosine, and hyperbolic tangent are

sinh(t) =
et − e−t

2
, cosh(t) =

et + e−t

2
, tanh(t) =

sinh(t)
cosh(t)

.

We can also define other hyperbolic functions analogously to their usual
trigonometric counterparts:

sech(t) =
1

cosh(t)
, csch(t) =

1
sinh(t)

, coth(t) =
cosh(t)
sinh(t)

.

Practice 7.7. Show that cosh2(t)− sinh2(t) = 1. Compare to Practice 6.18.

Practice 7.8. Show that d
dt sinh(t) = cosh(t).

Practice 7.9. Show that arsinh(x) = ln
(

x +
√

x2 + 1
)

.

Theorem 7.16. The parameterization x(t) = tanh(t), y(t) = sech(t),
−∞ < t < ∞ covers each point on the upper half of the unit circle exactly
once.
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Proof. In Exercise 7.20 we will show that tanh2(t) + sech2(t) = 1, so
that x2 + y2 = 1, showing that each point is on the unit circle. Note
that y(t) = sech(t) = 2

et+e−t . Both the numerator and denominator are
always positive, so that y > 0, showing that each point is on the upper
half unit circle.

Let (x0, y0) be a point on the upper half unit circle, and pick t0 =
1
2 ln

(
1+x0
1−x0

)
. Since x0 < 1, the fraction is defined, and since x0 > −1,

the logarithm is also defined. Then x(t0) = tanh(t0) = x0 by Exercise

7.22, and y(t0) = sech(t0) =
√

1− x2
0 = y0 by Exercise 7.23. Thus

each point is covered at least once.
For each choice of x0 ∈ (−1, 1), Exercise 7.22 shows that there is

exactly one (real) number t0 so that tanh(t0) = x0. Thus there cannot
be any point (x0, y0) that is covered twice. This completes the proof.

This theorem will be very useful to us. Although we are used to
parameterizing the unit circle in the form x(t) = cos(t), y(t) = sin(t),
when we are investigating hyperbolic geometry, x(t) = tanh(t), y(t) =
sech(t) is a more natural choice.

Practice 7.10. Find a hyperbolic parameterization for the semi-circle (x −
h)2 + y2 = r2, where h, r are constants, and r, y > 0.

Although we do not need the following theorem, it is interesting
in its own right: essentially it says that the hyperbolic sine function
and our usual sine function are related to one another via complex
numbers.

g(
n)
(0
)

0 1 0

g(
n)
(x
)

−
is

in
(i

x)

co
s(

ix
)

−
is

in
(i

x)

f(
n)
(0
)

0 1 0

f(
n)
(x
)

si
nh

(x
)

co
sh
(x
)

si
nh

(x
)

n 0 1 2

Table 7.1: Derivatives at zero

Theorem 7.17. Let i =
√
−1. Then sinh(x) = −i sin(ix).

Proof. We will show that the two functions have the same Taylor series
at x = 0, and then show that both series converge for all values of
x. Setting f (x) = sinh(x) and g(x) = −i sin(ix), we take derivatives,
obtaining Table 7.1. Since rows 0 and 2 are identical, we don’t need to
continue: the nth derivatives at zero are all 0 (n even) or 1 (n odd) for
both functions, and the MacLaurin series for both is

1
1!

x +
1
3!

x3 +
1
5!

x5 + . . . =
∞

∑
n=1

x2n−1

(2n− 1)!
.
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To see that this series converges for all x, we apply the Ratio Test:

lim
n→∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣
(

x2n+1

(2n+1)!

)
(

x2n−1

(2n−1)!

)
∣∣∣∣∣∣

= lim
n→∞

∣∣∣∣ (2n− 1)!
(2n + 1)!

x2
∣∣∣∣

= lim
n→∞

∣∣∣∣ x2

(2n)(2n + 1)

∣∣∣∣
= 0.

Since this is less than 1, the series converges, completing the proof.

Answers to Practice Problems:
7.10. x(t) = h + r tanh(t), y(t) = r sech(t).

7.9. Let x = sinh(t). Then arsinh(x) = t. But also x = et−e−t

2 , so
e2t− 2xet− 1 = 0. Letting w = et we see that we can solve this using the
quadratic formula: et = w = x±

√
x2 + 1. Since et must be positive, we

have et = x+
√

x2 + 1, so that t = ln(x +
√

x2 + 1). Thus arsinh(x) =

ln(x +
√

x2 + 1).

7.8.
d
dt

sinh(t) =
d
dt

( et − e−t

2

) =
et + e−t

2
= cosh(t).

7.7.

cosh2(t)− sinh2(t) = ( et + e−t

2

)2

−( et − e−t

2

)2

=
e2t + 2 + e−2t

4 −
e2t − 2 + e−2t

4
= 1.

Exercise 7.20. Show that tanh2(t) + sech2(t) = 1.

Exercise 7.21. Find derivatives for each of the hyperbolic trigonometric func-
tions.

Exercise 7.22. Show that artanh(x) = 1
2 ln

(
1+x
1−x

)
. Hint: Set x = tanh(t),

and solve for t in two different ways.

Exercise 7.23. Find a simple expression for sech ( artanh(x)).

Exercise 7.24. Show that x(t) = sinh(t), y(t) = cosh(t), −∞ < t < ∞
parameterizes the top half of the “unit hyperbola” y2 − x2 = 1.

Exercise 7.25. Show that x(t) = tan(t), y(t) = sec(t), −π
2 < t < π

2
parameterizes the top half of the “unit hyperbola” y2 − x2 = 1. Notice the
similarity in Theorem 7.16 and Exercises 6.69 and 6.73.
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Exercise 7.26. Let i =
√
−1. Show that cosh(x) = cos(ix).

“I would not be willing to die for my beliefs because I might be wrong.”

–B. Russell

7.4 The Half Plane Model, Lines

From here, we shall construct a model for hyperbolic geometry, called
the half plane model. We shall introduce elements of the model in the
same way that we introduced postulates: only as needed for the next
steps.

Activity 7.2. Using Geometry Explorer, choose hyperbolic geometry. Select
Model → Upper Half Plane Construct a line

←→
AB, and then construct two

points C, D on that line. Measure the distance CD. Move points A, B about
to become familiar with all of the different appearances that lines can have in
this model. Describe the different appearances of lines in the model. Move
points C, D about on

←→
AB to see how distances behave. What distances appear

to be constructible?

Half Plane Model, Item 1. In the half plane model, by a point we shall
mean an ordered pair of real numbers (x, y) satisfying y > 0. By a line
we shall mean either a vertical semi-line (h, y), where h is a constant and y
ranges over all values y > 0, or an open semi-circle (x − h)2 + y2 = r2,
where h, r are constants, r, y > 0, and (x, y) range over all values that satisfy
the equation.

Figure 7.9: Some lines in the HPM

For vertical semi-lines we shall use parameterization(
h, et), −∞ < t < ∞.

For semi-circles we shall use parameterization(
h + r tanh(t), r sech(t)

)
, −∞ < t < ∞.

(−2, 5)

(2, 3)

Figure 7.10: Hyperbolic line
Practice 7.11. Find the equation and parameterization of the line passing
through the points (−2, 5) and (2, 3).

Practice 7.12. Find the equations of the two lines that are horo-parallel to the
line with equation x2 + y2 = 1 and pass through (1, 1).

Figure 7.11: Horo-parallel lines
Theorem 7.18. The half plane model of hyperbolic geometry satisfies Postu-
late 1.

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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Proof. Let (x1, y1), (x2, y2) be distinct points in the half plane model.
We show that there is exactly one line that passes both points.
Case 1: (x2 = x1) In this case, there is clearly a unique vertical semi-
line satisfying equation x = x1 which passes both points. Assume that
there is also a semi-circle, and let (x − h)2 + y2 = r2 be its equation.
Then by substituting (x1, y1) and (x1, y2) into the equation, we obtain
the system of equations:{

(x1 − h)2 + y2
1 = r2

(x1 − h)2 + y2
2 = r2

}
.

However, these imply that y2
1 = y2

2, or that y1 = ±y2. Since both are
positive, we must have y1 = y2, contradicting distinctness of points.
This completes case 1.
Case 2: (x2 6= x1) In this case, there is not a vertical semi-line satisfying
the equation, so we will show that there is a unique semi-circle satis-
fying the equation (x − h)2 + y2 = r2. Again by substituting (x1, y1)

and (x1, y2) into the equation, we obtain the system of equations:{
(x1 − h)2 + y2

1 = r2

(x2 − h)2 + y2
2 = r2

}
.

Although tedious, it is not difficult to solve this system (especially with
the aid of a computer algebra system), obtaining

h =
x2

1 − x2
2 + y2

1 − y2
2

2(x1 − x2)
,

r = ±

√(
(x1 − x2)

2 + (y1 − y2)
2
)
·
(
(x1 − x2)

2 + (y1 + y2)
2
)

2(x1 − x2)
.

Since x1 6= x2 there is a solution. Since r > 0, the solution is unique.
This completes the proof.

Half Plane Model, Item 2. To measure distance between two points in the
half plane model, we take a path integral along the line joining the two points
with hyperbolic fudge factor 1

y . In other words, let(
x(s), y(s)

)
, a ≤ s ≤ b

be a parameterization of the segment between two points. Then the distance
between those points is ∣∣∣∣∣

∫ b

a

√
dx2 + dy2

y
ds

∣∣∣∣∣ .

Practice 7.13. Find the distance between the points (−2, 5) and (2, 3). (See
Practice 7.11.)
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Theorem 7.19. The half plane model of hyperbolic geometry satisfies Postu-
late 2.

Proof. Let (x1, y1), (x2, y2) be distinct points in the half plane model,
and l the line they determine. We show that we can assign to each
point (x, y) ∈ l a unique real number a so that the distance between
any two points is the absolute value of the difference between their
coordinates, and that for each number a there is a unique point (x, y) ∈
l. In our assignment, the coordinate of (x1, y1) will be 0. That we can
do this so that the coordinate of (x2, y2) is positive follows from the
fact that, if not, we can negate each coordinate without affecting the
outcome.
Case 1: (x1 = x2) In this case, the line has equation x = x1, so a
parameterization of the line from is (x1, es). Let (x1, y1) have parameter
s1 = ln(y1), and arbitrary point (x1, y) have parameter s = ln(y).
Assign to point (x1, y) the coordinate

∫ s

s1

√
02 + e2t

et dt = s− s1.

Clearly each point (x1, y) is assigned to a unique coordinate, there is a
point for each coordinate, and the distance between two points is the
absolute value of the difference between coordinates.
Case 2: (x1 6= x2) In this case, the line has equation (x− h)2 + y2 = r2,
so employing Theorem 7.16, we use parameterization(

h + r tanh(s), r sech(s)
)
;

we have already seen that each point on the semi-circle has a unique
parameter and for each parameter there is a unique point.

Let (x1, y1) have parameter s1 = artanh
(

x1−h
r

)
, and arbitrary point

(x, y) have parameter s = artanh
(

x−h
r

)
. Assign to (x, y) the coordi-

nate

∫ s

s1

√(
−r sech2(t)

)2
+ (r sech(t) tanh(t))2

r sech(t)
dt = s− s1.

Clearly each point (x, y) is assigned to a unique coordinate, there is a
point for each coordinate, and the distance between two points is the
absolute value of the difference between coordinates. This completes
the proof.

The reason for choosing the parameterizations we have, instead of
something perhaps more familiar to us, should now be clear: the co-
ordinates of the points on any line coincide with the parameterization.
We can simply subtract coordinates (parameters) to calculate distance.
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Answers to Practice Problems:

7.13. Since it has parameterization (− 2+ 5 tanh(t), 5 sech(t)), 0 ≤ t ≤
artanh( 4

5), the distance is

∫ artanh( 4
5 )

0

√25 sech4(t) + 25 sech2(t) tanh2(t)

5 sech(t)
dt = artanh(4

5

)
≈ 1.09861.

7.12. The two horo-parallel lines have equations x = 1 and (x− 1
4)2

+

y2 = ( 5
4)2

. Notice that they intersect the given line at y = 0 (which is
outside the model, and hence “at infinity.”)

7.11. The line has equation (x + 2)2 + y2 = 52 and parameteriza-
tion ( − 2 + 5 tanh(t), 5 sech(t)), −∞ < t < ∞ (or alternately, and
less desirable for reasons that will later become clear, we could use(− 2 + 5 cos(t), 5 sin(t)), 0 < t < π.)

Exercise 7.27. Let l be the line with equation x2 + y2 = 1, and A =
(

3
5 , 1

2

)
,

B =
( 3

5 , 3
2
)
.

a. Find an equation and parameterization for m =
←→
AB.

b. Find the parameters for A, B ∈ m.

c. Find the point C = l ∩m, and its parameter on m.

d. Find the distance AB.

Exercise 7.28. Let l be the line with equation x2 + y2 = 1, and A =(
1

25 , 7
25

)
, B =

(
2
5 , 4

5

)
.

a. Find an equation for m =
←→
AB, and a parameterization for m.

b. Find the parameters for A, B ∈ m.

c. Find the point C = l ∩m, and its parameter on m.

d. Find the distance AB.

Exercise 7.29. Let A = (−4, 3), B = (4, 3). Show that the hyperbolic
distance along the hyperbolic line between A, B is shorter than the hyperbolic
distance along the Euclidean line between A, B.

Exercise 7.30. Show that parallelism is not transitive in the upper half plane
model of hyperbolic plane. In other words, show that there exist distinct lines
l, m, n so that l||m and m||n but l 6|| m.

Exercise 7.31. Show that there exists three lines with no common transversal.
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Exercise 7.32. Let A = (x1, y1) and B = (x1, y2) be two points. Find the
distance between them in terms of the coordinates of the points.

Exercise 7.33. Let (x1, y1) and (x2, y2) be two points with x1 6= x2. Find
the distance between them.

“If you choose not to decide, you still have made a choice.” –RUSH

7.5 Plane Separation in the HPM

Activity 7.3. Using Geometry Explorer, choose hyperbolic geometry, and
select Model → Upper Half Plane Construct a line

←→
AB that appears as a

vertical semi-line. Does the line separate the model into two half planes? If
so, describe the half planes. If not, describe what it does instead. Move one
of the points so that

←→
AB appears as a semicircle. Does the line separate the

model into two half planes? If so, describe the half planes. If not, describe
what it does instead.

Figure 7.12: Practice 7.14
Practice 7.14. Parameterize the line l between points

(
− 9

5 , 3
5
)

and (−1, 1),
and find the parameter of the point of intersection between l and the line with
equation (x− 1)2 + y2 = 4.

Theorem 7.20. The half plane model of hyperbolic geometry satisfies Postu-
late 3.

Proof. Let l be a line. Let A1, A2 6∈ l be distinct points, Ai = (xi, yi),
and m =

←−→
A1 A2. We shall parameterize m in the form

(
x(s), y(s)

)
, and

find some number s0 so that a point C has parameter s > s0 if and
only if C is in one of the two half planes determined by l, and s < s0 if
and only if C is in the other half plane.

The proof then follows, since A1, A2 both in one half plane means
that their parameters are both to one side of s0, and hence that all
points between them are, too, and if A1, A2 are in different half planes,
then their parameters lie to either side of s0, hence some point between
them must have parameter s0, and lie on l by Theorem 1.3.

To complete the proof, we should look at four cases (depending on
whether l, m are semi-lines or semi-circles). However, we shall content
ourselves with investigating the case when both l and m are semi-
circles, and leave the other three cases to the reader.

Since l, m are both semi-circles, then they have parameterizations
of the form (a + r tanh(t), r sech(t)), (b + p tanh(s), p sech(s)), respec-
tively, where a, b, r, p are constants. Without loss of generality, assume

http://homepages.gac.edu/~hvidsten/gex/download-3.0.html


7.5. PLANE SEPARATION IN THE HPM 165

that a < b. Let

H0 = {(x, y) : (x− a)2 + y2 < r2},

H1 = {(x, y) : (x− a)2 + y2 > r2}.

Assume that A1 ∈ H0, A2 ∈ H1. Then Ai = (b + p tanh(si), p sech(si))

for some si. Then

(b + p tanh(s1)− a)2 + (p sech(s1))
2 < r2, (7.1)

(b + p tanh(s2)− a)2 + (p sech(s2))
2 > r2. (7.2)

Equation 7.1 implies that

s1 < artanh
(

r2 − (b− a)2 − p2

2p(b− a)

)
,

while Equation 7.2 implies

s2 > artanh
(

r2 − (b− a)2 − p2

2p(b− a)

)
.

Thus Theorem 1.3 says that there is some s0 between the two for which

s0 = artanh
(

r2 − (b− a)2 − p2

2p(b− a)

)
. (7.3)

We already know that s0 is the parameter for some point C ∈ A1 A2,
and Equation 7.3 implies that

(b + p tanh(s0)− a)2 + (p sech(s0))
2 = r2,

so C ∈ l.
Next we assume that A1, A2 ∈ H0. Recycling the above argument,

we see that both

s1, s2 < artanh
(

r2 − (b− a)2 − p2

2p(b− a)

)
,

so that each point C ∈ A1 A2 has coordinate (parameter) some

s < artanh
(

r2 − (b− a)2 − p2

2p(b− a)

)
,

and as such, C 6∈ l. A similar argument works when A1, A2 ∈ H1,
completing the proof.

Half Plane Model, Item 3. Let A, B, C be distinct points. Then we measure
the angle ∠ABC in the half plane model by measuring the angle between the
tangent vectors to

−→
BA and

−→
BC, say ~u and ~v. Using Theorem 1.2, this is just

µ(∠ABC) = arccos
(

~u ·~v
|~u| · |~v|

)
.
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(0, 2)

Figure 7.13: Practice 7.15

Practice 7.15. Find an equation of the line that passes through the point
(0, 2) and has slope 1 at that point.

Practice 7.16. Let A, B, C be the points with coordinates (−2, 5), (2, 3) and
(2, 1) respectively, see Figure 7.14. Calculate µ(∠ABC).

A

B

C

Figure 7.14: Hyperbolic angle
Theorem 7.21. The half plane model of hyperbolic geometry satisfies Postu-
lates 4 and 5.

This proof we get almost for free, since, once we have moved to
the tangent vector, angles are measured in the same way that they are
measured in Euclidean geometry. The only question is whether, at
a given point B, there is a hyperbolic line pointing in every possible
direction. Once we have answered that question, these two postulates
are satisfied in either geometry only if they are satisfied in the other.

Proof. Let A = (x1, y1), B = (x2, y2). We show that there is a line
through A whose tangent vector is a scalar multiple of

−⇀
AB. If

−⇀
AB is

vertical, then the line with equation x = x1 has vertical tangent vector
~v. Thus we assume that

−⇀
AB is not vertical, and hence has a slope m by

Definition 6.14. Let h = x1 + my1 and r = y1
√

1 + m2. Then the line
with equation

(x− h)2 + y2 = r2

passes through A. It can be parameterized by

x(t) = h + r tanh(t), y(t) = r sech(t).

This has tangent vector〈
r sech2(t),−r sech(t) tanh(t)

〉
.

Note that the point (x1, y1) occurs at parameter t1 = artanh
(

x1−h
r

)
.

Recalling that tanh ( artanh(x)) = x and sech ( artanh(x)) =
√

1− x2,
the tangent vector at t1 is〈

r

(
1−

(
x1 − h

r

)2
)

,−

√
1−

(
x1 − h

r

)2
· (x1 − h)

〉
,

which simplifies to (
y1√

1 + m2

)
· 〈1, m〉 .

This is a scalar multiple of
−⇀
AB, completing the proof.

Answers to Practice Problems:
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7.16. Ray −→BA is parameterized by x(t) = −2 + 5 cos(t), y(t) = 5 sin(t),
t ≥ arccos( 4

5). Thus its tangent vector is ~u = 〈−3, 4〉. Ray −→BC is
parameterized by x(t) = 2, y(t) = t, t < 3. Thus its tangent vector is
~v = − 〈0, 1〉. Then

µ(∠ABC) = arccos( ~u ·~v
|~u| · |~v|

) = arccos(−4
5

) .

7.15. Let the equation be (x− h)2 + y2 = r2. Then since (0, 2) is on the
line, we have r =

√
h2 + 4. Taking a derivative implicitly, we have

dy
dx ∣∣∣

(0,2)
= −

x− h
y ∣∣∣

(0,2)
=

h
2

.

Since we know this is 1, we have h = 2, so r =
√

8. Thus (x− 2)2 + y2 =

8 is the equation we want.

7.14. The line l has parameterization (−1 + tanh(t), sech(t)). Their
point of intersection is (− 3

4 ,
√

15
4 ), so that the parameter of that point

is t = artanh( 1
4).

Exercise 7.34. Let l be the line with equation x2 + y2 = 1, and A =
(

3
5 , 1

2

)
,

B =
( 3

5 , 3
2
)
, and let m =

←→
AB. See Exercise 7.27 for a parameterization of m.

Figure 7.15: Exercise 7.34

a. Define H0, H1 (the two half planes for l).

b. Find the parameters for A, B ∈ m.

c. Find the point C = l ∩m, and its parameter on m.

d. Show either that A, B ∈ Hi (for i = 0 or 1), or A ∈ Hi, B ∈ H1−i using
the definitions of Hi.

e. Show either that A, B ∈ Hi (for i = 0 or 1), or A ∈ Hi, B ∈ H1−i using
the parameters of the points.

Exercise 7.35. Let l be the line with equation x2 + y2 = 1, and A =(
1

25 , 7
25

)
, B =

(
2
5 , 4

5

)
, and let m =

←→
AB. See Exercise 7.28 for a param-

eterization of m.

Figure 7.16: Exercise 7.35a. Define H0, H1.

b. Find the parameters for A, B ∈ m.

c. Find the point C = l ∩m, and its parameter on m.

d. Show either that A, B ∈ Hi (for i = 0 or 1), or A ∈ Hi, B ∈ H1−i using
the definitions of Hi.

e. Show either that A, B ∈ Hi (for i = 0 or 1), or A ∈ Hi, B ∈ H1−i using
the parameters of the points.
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Exercise 7.36. Let A = (0, 1), B =
(√

2
2 ,
√

2
2

)
, and

−→
AΩ be given by param-

eterization
(
0, et), with t ≤ 0.

a. What point represents Ω?

b. Is Ω a point in the model? Why or why not?

c. Parameterize
−→
BΩ, specifying values for t.

Exercise 7.37. Find equations for the lines in the hyperbolic triangle with
vertices A = (0, 1), B = (1, 1), and C = (0, 2).

Exercise 7.38. Calculate the defect for the hyperbolic triangle with vertices
A = (0, 1), B = (1, 1), and C = (0, 2).

Exercise 7.39 (CAS). In ExerciseexrHypArea, you can created a postulate
that links area and defect in hyperbolic geometry. We have also seen that dis-
tance calculated via an integral with a “hyperbolic fudge factor” of 1

y thrown
in. This makes it reasonable to expect that area might be calculated via a
double integral with a “fudge factor” of 1

y2 . Verify that the two concepts
of area are equivalent for the hyperbolic triangle with vertices A = (0, 1),
B = (1, 1), and C = (0, 2). (See also Exercise 7.38.)

Exercise 7.40. In Exercise 7.36, AB = artanh
(√

2
2

)
and ∠BAΩ is right,

so ∠ABΩ is the angle of parallelism for length artanh
(√

2
2

)
. What is its

measure?

Exercise 7.41. Let A = (0, 1), B =
(√

2
2 ,
√

2
2

)
, and

−→
AΩ be given by pa-

rameterization
(
0, et), with t ≥ 0 (the inequality is opposite that in Exercise

7.36).

a. What point represents Ω?

b. Parameterize
−→
BΩ, specifying values for t.

Exercise 7.42. In Exercise 7.41, AB = artanh
(√

2
2

)
and ∠BAΩ is right,

so ∠ABΩ is the angle of parallelism for length artanh
(√

2
2

)
. What is its

measure? What theorem or corollary from Section 7.1 do this and Exercise
7.40 together demonstrate?

Exercise 7.43. Prove Theorem 7.20 in the case where l, m are both vertical.

Exercise 7.44. Prove Theorem 7.20 in the case where l is vertical, m is a
semi-circle.

Exercise 7.45. Prove Theorem 7.20 in the case where l is a semi-circle, m is
vertical.

Exercise 7.46. Find the equation of the line through the point (0, 1) and
having tangent vector (parallel to) 〈1, 2〉.
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Exercise 7.47. Is the result of Exercise 6.39 true in hyperbolic geometry? In
other words, let4ABC be a triangle and M be the midpoint of AB. Is it true
that the area of 4AMC equals that of 4BMC? (By Exercise 7.18, area and
defect can be treated as the same concept in hyperbolic geometry.)

“You know that I write slowly. This is chiefly because I am never satis-
fied until I have said as much as possible in a few words, and writing
briefly takes far more time than writing at length.” –C. F. Gauss

7.6 Inside Out: Inversions

Activity 7.4. In Appendix A.14, paper craft project “Peaucellier-Lipkin Link-
age” can be found. Cut along the solid lines, and follow Figure 7.17 to assem-
ble. The rod marked with A and B can be glued to a page (once construction
is completed) if you wish to keep your linkage on a flat page. Note: This will
work best if you use a stiff paper for construction; the author glued the printed
template to a thin but strong paper to construct his model.

A B

E

D

C

F

Figure 7.17: Peaucellier-Lipkin Linkage

Activity 7.5. In Cinderella, construct a circle C with center O, a point X 6=
O, and the ray

−→
OX. Find the point of intersection of Y =

−→
OX ∩ C. Invert

point X in circle C (by reflecting in the circle) to obtain the point Z.

1. Move the point X about, and observe how Z changes. What do you notice?

2. Measure distances OX, OY, and OZ, and use the function tool to measure
OY ∗OY/OX. Compare this to OZ. Try changing the position of X, or
the radius (or center) of C. What do you notice?

3. Clear the screen, and construct a circle C, a line
←→
AB, and a point X ∈ ←→AB.

Invert the point X in circle C. Call the new point Y. Mark point Y for
tracking, and then move point X along line

←→
AB. What does the inversion

of a line appear to be?
Definition: inversion

Definition 7.6. Let C be a circle with center O and radius r. The inversion
in circle C is the function taking each point X 6= O to the point X′ ∈ −→OX so
that (OX) · (OX′) = r2. The number r is called the inversion radius, and
the point O is the inversion center.

Practice 7.17. Let C be the circle with radius r and center the point (h, k),
and φ be the inversion in C. Let X represented by (x, y) be any point other
than (h, k). Find an expression for φ(X) = φ(x, y).

Half Plane Model, Item 4. In the half plane model of hyperbolic geometry,
folds are inversions (when the crease appears as a semi-circle) or folds (when
the crease appears as a semi-line).

https://cinderella.de/tiki-index.php?page=Download+Cinderella.2&bl
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Although inversions do not preserve lines or distances in Euclidean
space, they do preserve angles, and it is for this property that they
are most famous. However, inversions preserve angles, between rela-
tions, collinearity, and distances in the half plane model of hyperbolic
geometry, and thus act as folds there.

Theorem 7.22. The half plane model of hyperbolic geometry satisfies Postu-
late 6.

Proof. We shall prove that the half plane model, with inversions taking
the role of folds when lines appear as semi-circles, satisfies all elements
of Postulate 6. Uniqueness is clear, since for each line represented by
a semi-line there is a unique fold, and for each line represented by a
semi-circle there is a unique inversion. Let l be the crease of fold φ,
and m be a line. We show that the natural parameterization of m leads
to a natural parameterization of φ(m), implying that lines and between
relations are preserved.
Case 1: (l has equation x = a, m has equation x = h) Then φ(h, y) =

(2a− h, y), so that φ(m) is a line. We also note that φ clearly preserves
between relations, as can be seen from the parameterization of φ(m)

by y.
Case 2: (l has equation x = a, m has equation (x− h)2 + y2 = r2) Then
m can be parameterized by (h + r tanh(t), r sech(t)). Then

(x′, y′) = φ (h + r tanh(t), r sech(t)) = (2a− h− r tanh(t), r sech(t)) ,

so that

(
x′ − (2a− h)

)2
+ (y′)2 = (2a− h− r tanh(t)− (2a− h)) + (r sech(t))2

= r2 tanh2(t) + r2 sech2(t)

= r2,

so that φ(m) is a line. We note again that the parameterization of φ(m)

shows that φ clearly preserves between relations.

m
l1

l2

Figure 7.18: Lines l1, l2 are inversions of
one another in the fold with crease m.

Case 3: (l has equation (x− a)2 + y2 = p2, m has equation x = h) If
h 6= a we assume without loss of generality that h > a and parameter-
ize m by

(
h, (h− a)et). Then
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(x′, y′) = φ
(
h, (h− a)et)

=

(
a +

p2(h− a)
(h− a)2 + (h− a)2e2t ,

p2(h− a)et

(h− a)2 + (h− a)2e2t

)
=

(
a +

p2

h− a
e−t

e−t + et ,
p2

2(h− a)
2

e−t + et

)
=

(
a +

p2

2(h− a)
et + e−t

et + e−t −
p2

2(h− a)
et − e−t

et + e−t ,
p2

2(h− a)
2

e−t + et

)
=

(
a +

p2

2(h− a)
− p2

2(h− a)
et − e−t

et + e−t ,
p2

2(h− a)
2

e−t + et

)
=

(
a +

p2

2(h− a)
− p2

2(h− a)
tanh(t),

p2

2(h− a)
sech(t)

)
.

This is the parameterization of a semi-circle with center
(

a + p2

2(h−a) , 0
)

and radius p2

2(h−a) . The parameterization of φ(m) makes it clear that φ

preserves between relations.

Practice 7.18. We have assumed that h 6= a. What if h = a?
m

l1 l2

Figure 7.19: Lines l1, l2 are inversions of
one another in the fold with crease m.

Case 4: (l has equation (x − a)2 + y2 = p2, m has equation (x −
h)2 + y2 = r2) If |h− a| 6= r we assume without loss of generality that
(h− a)2 > r2, we let

z = artanh
(

2r(h− a)
(h− a)2 + r2

)
,

and parameterize m by (h + r tanh(t− z), r sech(t− z)). Then it is
(very) tedious but elementary to show that

(x′, y′) = φ (h + r tanh(t− z), r sech(t− z))
...

=

(
a +

p2(h− a)
(h− a)2 − r2 ±

p2r
(h− a)2 − r2 tanh(t),

p2r
(h− a)2 − r2 sech(t)

)
.

This is the parameterization of a semi-circle with center
(

a + p2(h−a)
(h−a)2−r2 , 0

)
and radius p2r

(h−a)2−r2 . The parameterization of φ(m) makes it clear that
φ preserves betweenness relations.

Practice 7.19. We have assumed that |h− a| 6= r. What if this is not true?
For example, what happens if h− a = r?

Practice 7.20. Let l be the line with equation (x − 1)2 + y2 = 4 and m be
the line with equation x = −1. Find the equation of φ(m).
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It only remains to show that inversions preserve angle measures.
Let ∠ABC be an angle, and consider its inversion in the circle with
center O and radius r, see Figure 7.20. Let B′ be the inversion of B. By
considering a supplementary angle if necessary, choose a ray that starts
at O and intersects both

−→
BA and

−→
BC at some points, which for ease

of notation we again call A, C, where A 6= B, C 6= B. Without loss of
generality, assume that O− A−C. By Exercise 6.51,4BOC ∼ 4C′OḂ′

and 4AOC ∼ 4C′OA′. Using Corollary 6.5.A, we see that

µ(∠ACB) + µ(∠CBA) = µ(∠OAB)

= µ(∠OC′B′)

= µ(∠C′A′B′) + µ(∠A′B′C′).

Since µ(∠ACB) = µ(∠C′A′B′) by Theorem 6.20, we see that

µ(∠CBA) = µ(∠A′B′C′).

Since this is true for each choice of ray that intersects both
−→
BA and

−→
BC,

it is true as we take the limit A → B, C → B. This is what we wanted
to show.

O

A

A′

B

B′

C

C′

Figure 7.20: Inversions preserve µ∠
Definitions: complex number, conjugate

Definition 7.7 (Complex Number). Let i =
√
−1, and a, b ∈ R. Then

z = a + bi is a complex number. Its conjugate is the number z̄ = a− bi.

Theorem 7.23. The inversion φ in the circle (x − h)2 + y2 = r2 satisfies
φ(z) = hz̄−h2+r2

z̄−h .

Corollary 7.23.A. Hyperbolic isometries (in the half plane model) can be
written in the form σ(z) = az+b

cz+d or σ(z) = az̄+b
cz̄+d , where ad− bc 6= 0.

Remark 7.1. We comment that functions on the (extended) complex plane
that can be written in this form are called Möbius transformations, and
are an important field of study in mathematics.

Proof. First we note that hyperbolic folds with vertical creases (say,
x = h) have the form φ(z) = −z̄ + 2h, and as such folds in either
type of hyperbolic line can be written in the form φ(z) = az̄+b

cz̄+d , where
a = −1, b = 2h, c = 0, and d = 1, so that −1 = ad− bc 6= 0.

Hyperbolic folds with semi-circlular creases have the form given in
Theorem 7.23, with a = h, b = −h2 + r2, c = 1, and d = −h, so that
ad− bc = −r2 6= 0.

Next we notice that if φ(z) = az̄+b
cz̄+d , and ψ(z) = ez̄+ f

gz̄+h , then

ψ (φ(z)) =
(ae + c f )z + (be + d f )
(ag + ch)z + (bg + dh)

,

where (ae + c f )(bg + dh)− (be + d f )(ag + ch) = (eh− f g)(ad− bc) 6=
0.
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Lastly, we notice that changing either φ or ψ to include complex
conjugation can change whether there is a conjugation in the composi-
tion, but nothing else about the calculation. Thus we have the desired
result.

Corollary 7.23.B. Hyperbolic isometries form a group.

Answers to Practice Problems:
7.20. The equation of φ(m) is (x + 1

2)+ y2 = ( 1
2)2

.

7.19. We know that h 6= a, otherwise r = 0. We assume without loss of
generality that a > h and obtain φ(x, y) = (a−

p2

2(a−h) ,
p2

2(a−h) e−t).

7.18. If h = a, then φ(h, et) = (h, p2e−t), so that φ(m) = m, with a
reversal of orientation. The new parameterization again shows that
between relations are preserved.

7.17.

φ(x, y) = (h +
r2(x− h)

(x− h)2 + (y− k)2 , k +
r2(y− k)

(x− h)2 + (y− k)2)
Exercise 7.48. Watch J. Rogness’ Moebius Transformations Revealed video.
In this video, the author identifies four basic types of Möbius transformations.
What are they, and under which category would folds fall?

Exercise 7.49. Construct the “Rose Window Snowflake” of Appendix A.15,
and describe its group of symmetries. (What does this have to do with this
chapter?)

Figure 7.21: Sliding Pivot, view 1

Exercise 7.50. Figures 7.21 and 7.22 show the construction of a sliding
pivot, a combination of a pull strip and a pivot, in paper engineering. The
green strip is folded in half along the dashed line, and the two halves glued
together to form a stiff lever. The lever is anchored between two supports:
either slits in the base or glued in rectangles (see Appendix A.11). Pulling the
pull strip forces the pivot to turn (see Exercise 3.1). Design a card using a
sliding pivot. Note that this construction, like the Peaucellier-Lipkin Linkage,
converts between linear and circular motion. In fact, it can be realized as an
inversion.

Figure 7.22: Sliding Pivot, view 2

Exercise 7.51. After completing Activity 7.4, read about the Peaucellier-
Lipkin Linkage. Write a paragraph about its historical importance.

Exercise 7.52. After completing Activity 7.4, prove that the linkage is an
inversion. What are the inversion radius and center?

Exercise 7.53. Let φ be the inversion in the line l with equation x2 + y2 =

16. Let m be the line with equation x = 1. Find the equation of φ(m).

https://www.youtube.com/watch?v=JX3VmDgiFnY
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Exercise 7.54. Let φ be the inversion in the line l with equation x2 + y2 =

16. Let m be the line with equation (x− 1)2 + y2 = 4. Find the equation of
φ(m).

Exercise 7.55. Prove Theorem 7.23.

Exercise 7.56. Prove Corollary 7.23.B.

Exercise 7.57. Let l be the line with equation x2 + y2 = 1 and A = (1, 1).
Show that the Hyperbolic Postulate (Postulate 7′) is satisfied for l and A.

Exercise 7.58. Since we have seen that Postulates 1-6 are satisfied, and since
Postulate 7′ is satisfied (instead of Postulate 7) for the half plane model, we
now know that the half plane model is a model for hyperbolic geometry. Let
A = (−1, 1), B = (1, 1), and C = (0, 2), and show that Corollary 7.13.A is
satisfied for 4ABC.

“Television is something the Russians invented to destroy American ed-
ucation.” –P. Erdős



8
Spherical Geometry

We have already seen that Postulates 1 and 2, in addition to 7, fail in
spherical geometry. However, it is easy to recover from this: we can
simply restate the Ruler Postulate like Postulate C-1 of Chapter 3, and
restate Postulate 1 to say that any two non-antipodal points determine
a line. This leaves only the Parallel Postulate (7) to consider.

In fact, given a line l and a point P 6∈ l, there are three possibilities:

1. there are no lines through P and parallel to l,

2. there is one line through P and parallel to l, and

3. there are more than one line through P and parallel to l.

. We investigated possibility 2 in Chapter 6, and possibility 3 in Chap-
ter 7. That leaves possibility 1 for now, and in fact, this is the case in
spherical geometry.

Activity 8.1. In Appendix A.16, craft project “Icosahedron” can be found.
Cut out the net. Each of the white triangles that borders two colored triangles
will need one of the two sides cut. Then fold and assemble, gluing each
white triangle underneath a colored triangle to form an icosahedron. The
final assembled icosahedron should have five different colored triangles at each
vertex.

Because of the failure of Theorem 5.19 in spherical geometry, it is
difficult to begin with postulates and prove a set of useful theorems.
In fact, the only place we have seen this accomplished is [28], and refer
the reader there for a great axiomatic treatment of spherical geometry.
(In fact, Kay circumvents the failure of Theorem 5.19 by proving that
the same theorem can be proven with an extra condition; namely that
the lengths of the sides of the triangle are less than a certain amount.)

We shall take the same tack that we took in Chapter 7 by providing
a model of spherical geometry, and investigating that model. Since our
model should be well known, we will not prove that the model satisfies
all of our (re-written) postulates, instead we will merely investigate a
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few ideas to compare and contrast to the other geometries we have
already seen.

We should like to point out that spherical geometry wasn’t even
recognized as an alternate geometry until after the discovery of hyper-
bolic geometry, probably because spheres arise naturally in the context
of (3 dimensional) Euclidean geometry, so that they could be consid-
ered as subsets of Euclidean geometry rather than a geometry them-
selves. (It is interesting to note that Euclidean geometry arises natu-
rally as a subset of hyperbolic geometry, so by the same argument the
Euclidean plane could be considered as a subset of (3 dimensional)
hyperbolic geometry rather than a geometry itself.)

As in Chapter 7, we point out that our model is not spherical ge-
ometry, it is only a model of spherical geometry. In fact, the set of
points satisfying any equation (x − x0)

2 + (y− y0)
2 + (z− z0)

2 = r2,
where x0, y0, z0, r ∈ R and r > 0, could itself be considered a model
of spherical geometry (as could the set of points in the plane, with the
point ∞ appended, or...there are many models for spherical geometry
that might seem “odd” but are nonetheless valid).

8.1 A Spherical Model

Activity 8.2. Try J. Weeks’ Curved Spaces flight simulator. Choose File →
Open → Sample Spaces → Basic → SphericalCube. This will allow
you to “fly” around in a 3 dimensional version of a sphere (i.e., the set of
points (w, x, y, z) in R4 with w2 + x2 + y2 + z2 = 1) that has a cube struc-
ture embedded for reference.

Unit Sphere, Item 1. In the unit sphere model, by a point we shall mean
an ordered triplet of real numbers (x, y, z) satisfying x2 + y2 + z2 = 1. Each
element of the triplet is called a coordinate. By a line we shall mean the set
of spherical points that also satisfy some equation ax + by + cz = 0, where
a, b, c ∈ R, and at least one of the numbers is non-zero. (Visually, this is the
intersection of the unit sphere with a plane through the origin.) The numbers
a, b, c are called the coefficients of the line.

Figure 8.1: Antipodes
Definition: antipode

Definition 8.1. Two points whose coordinates are negatives of one another
are called antipodes of one another, or antipodal points.

Practice 8.1. Let A =
(

3
5 , 4

5 , 0
)

, B =
(

0, 4
5 , 3

5

)
. Find an equation for

←→
AB.

Theorem 8.1. Two linear equations aix + biy + ciz = 0, i = 1, 2 represent
the same line if and only if (a1, b1, c1) = k · (a2, b2, c2), where k ∈ R\{0}.

In other words, lines can be uniquely represented by an equation of
the form ax + by + cz = 0 up to scalar multiplication.

http://www.geometrygames.org/CurvedSpaces/index.html
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Proof. If the two sets of coefficients are scalar multiples of one another,
it is clear that they represent the same line, since the coordinates of
any point would satisfy both equations or neither.

If the two sets of coefficients do not represent the same line, then
there is a point A whose coordinates satisfy one equation but not the
other. If the two sets of coefficients are scalar multiples of one another,
this is impossible.

Theorem 8.2. Let A = (x1, y1, z1), B = (x2, y2, z2) be distinct non-
antipodal points in the unit sphere model. Then

←→
AB is represented by equation

(y1z2 − y2z1)x + (x2z1 − x1z2)y + (x1y2 − x2y1)z = 0,

or (
~A× ~B

)
· 〈x, y, z〉 ,

for those familiar with the cross product.

Corollary 8.2.A. Let l be a line and A ∈ l. Let Ȧ be the antipode of A. Then
Ȧ ∈ l.

Proof. Since the coordinates of A satisfy the given equation, the coor-
dinates of Ȧ satisfy the same equation.

Corollary 8.2.B. Let A, Ȧ be antipodal points. Then there is not a unique
line determined by A and Ȧ.

Proof. Let A = (a, b, c) and l be the line with equation ax+ by+ cz = 0.
Pick any point (x1, y1, z1) = C ∈ l and notice that

←→
AC is given by

equation

(bz1 − y1c)x + (x1c− az1)y + (ay1 − x1b)z = 0

by Theorem 8.2. Pick any other point (x2, y2, z2) = D ∈ l that is not
the antipode of C, so that

←→
AD is given by equation

(bz2 − y2c)x + (x2c− az2)y + (ay2 − x2b)z = 0,

which is not a scalar multiple of the equation for
←→
AC and hence not

the same line. However, Ȧ is in both lines by Corollary 8.2.A.

Corollary 8.2.C. The unit sphere model doesn’t satisfy Postulate 1.

Although the unit sphere (or any sphere, for that matter) doesn’t
satisfy Postulate 1, it does satisfy the following modified postulate.

Postulate 1′′. Two non-antipodal points determine a unique line.

These past few results will mean that we will need more care than
in Euclidean or hyperbolic geometries when we define such concepts
as segments and rays.
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Unit Sphere, Item 2. The distance between points A = (x1, y1, z1) and
B = (x2, y2, z2) in the unit sphere is given by

AB = arccos
(
~A · ~B

)
= arccos (x1x2 + y1y2 + z1z2) .

We note that this is making use of Theorem 1.2.

Practice 8.2. Let A =
(

3
5 , 4

5 , 0
)

, B =
(

0, 4
5 , 3

5

)
. Calculate AB.

From this, it should be clear that lines in the unit sphere don’t satisfy
Postulate 2, either. However, lines do satisfy Postulate C-1, which we
restate here.

Postulate 2′′. (Spherical Ruler) Let λ > 0 be given. Given any two distinct
points on a line, there is a 1-1 correspondence, called a ruler, between all the
points on the line and the real numbers modulo 2λ that sends one of the two
given points to 0 and the other to some number x > 0. The number p assigned
to a point P is called its coordinate.

Practice 8.3. In the unit sphere model, what value should we choose for λ,
and why?

Definition: between
Definition 8.2 (Between). Let A, B, C be distinct points with coordinates
a, b, c respectively. Then B is between A and C (denoted A− B− C) pro-
vided that AB + BC = AC.

Definition: segment

Definition 8.3 (Segment). Given two non-antipodal points A, B, we define
the segment (denoted AB) to be the set of points C so that either C = A, C =

B, or A− C− B. In other words

AB = {C : C = A, C = B, or A− C− B} .
Definition: ray

Definition 8.4 (Ray). Given two non-antipodal points A, B, we define the
ray with endpoint A (denoted

−→
AB) to be the set of points C so that either

C = A, C = B, C is between A and B, or B is between A and C, i.e.,

−→
AB = {C : C = A, C = B, A− C− B, or A− B− C}

Since this is just Postulate C-1 and its related definitions of between,
segment, and ray, we obtain all the results of Section 3.1 for free.

Practice 8.4. The definitions of antipode (3.2 and 8.1) are different. Verify
that they are equivalent definitions, that is, either implies the other.

Figure 8.2: Intersection of two lines

Theorem 8.3. Let l1, l2 be two distinct lines in the unit sphere model. Then
l1 ∩ l2 is a set of two antipodal points, see Figure 8.2.
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Proof. Let li have equation aix + biy + ciz = 0, i = 1, 2. Set up a system
of three equations: two linear equations and the unit sphere equation.
The system is straightforward to solve, and has exactly two (somewhat
yucky) solutions that are negatives of one another.

From this we can see that we must throw away both Postulates 7

and 7
′. In their place we obtain the following.

Postulate 7′′. (Spherical Postulate) Given a line l and a point A 6∈ l, there
are no lines through A and parallel to l.

Theorem 8.4. For each line in the unit sphere model, there are exactly two
(antipodal) points ±(a, b, c) in the sphere whose coordinates are coefficients
for the line.

Remark 8.1. This gives us a beautiful 2 : 1 relationship between points and
lines, or a 1 : 1 relationship between antipodal pairs of points and lines, which
is called point-line dualism. We will return to this idea in Section 8.4.

Figure 8.3: Point-Line dualism

Proof. Let ax + by + cz = 0 be the equation of a line. Since at least
one of the coefficients is non-zero, d =

√
a2 + b2 + c2 6= 0. Thus a

d x +
b
d y + c

d z = 0 and − a
d x− b

d y− c
d z = 0 are two equations with the same

solution set, and hence representing the same line. The two triplets

±
(

a
d , b

d , c
d

)
are points on the unit sphere since

(
± a

d

)2
+

(
± b

d

)2
+
(
± c

d

)2
=

a2 + b2 + c2

d2

= 1,

and no other scalar multiple of those triplets is on the sphere.

Definition: poles
Definition 8.5 (Polar Points). Let l be a line, and P, Ṗ be the points whose
coordinates are coefficients for the line. Then P, Ṗ are called the polar points
or sometimes the poles for l, see Figure 8.3.

In fact, the dualism in Remark 8.1 has an analog in hyperbolic ge-
ometry as well, though it is easier to see in a different model (the
Minkowski-Weierstrass model) than the one we investigated in Chap-
ter 7.

Answers to Practice Problems:
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8.4. Let A = (x, y, z) be a point. By Definition 8.1, its antipode is
A′ = (−x,−y,−z), so that the distance between the two is

AB = arccos(−x2 − y2 − z2)

= arccos(−1)

= π.

Thus the two are antipodes by Definition 3.2. On the other hand, if
B = (u, v, w) has AB = π, (that is, A, B satisfy Definition 3.2), then
arccos(ax + by + cz) = π, so that ax + by + cz = −1. Since a2 + b2 +

c2 = 1 = x2 + y2 + z2, we can solve the system of three equations,
obtaining (a, b, c) = (−x,−y,−z). Thus Definition 8.1 is satisfied.

8.3. The value of λ should be half the circumference of the sphere.
Since we have chosen a unit sphere for our model, λ = π.

8.2. ~A · ~B = 16
25 , so that AB = arccos( 16

25) ≈ 0.876.

8.1. Any scalar multiple of 4x− 3y + 4z = 0 is correct. You can obtain
this equation by solving a system of equations or by using

(~A× ~B) · 〈x, y, z〉 = 0.

Exercise 8.1. Watch MyWhyU’s Topology - Part 1 video. When the video
introduces spherical geometry, the professor calls lines there geodesics. What
are geodesics in spherical geometry? Why aren’t small circles (say ones nearer
to a pole) geodesics?

Exercise 8.2. A hunter leaves camp in the morning and travels a kilometer
south, then turns and travels 3 kilometers due east, where he shoots a bear.
Dragging the carcass a kilometer north, the hunter finds himself back at his
morning camp. What color was the bear? Explain.

Exercise 8.3. Assume you are given a kamifûsen with a point A marked on
it. Describe a method for finding the antipode Ȧ of A. Explain why your
method works.

Exercise 8.4. Assume you are given a kamifûsen with a pair of antipodal
points {A, Ȧ} marked on it. Imagine that those points are the North and
South Poles. Describe a method for finding the equator. Explain.

Exercise 8.5. Critique the following proof of Theorem 8.2.

Proof. Let

a = y1z2 − y2z1, b = x2z1 − x1z2, c = x1y2 − x2y1.

Then

ax1 + by1 + cz1 = (y1z2 − y2z1)x1 + (x2z1 − x1z2)y1 + (x1y2 − x2y1)z1

= x1y1z2 − x1y2z1 + x2y1z1 − x1y1z2 + x1y2z1 − x2y1z1

= 0.

https://www.youtube.com/watch?v=p2ofJPh2yMw
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Similarly, ax2 + by2 + cz2 = 0. This completes the proof.

Exercise 8.6. Prove Theorem 8.2.

Exercise 8.7. Let A =
(

2
3 ,− 2

3 , 1
3

)
, B =

(
2
3 ,− 1

3 , 2
3

)
. Find an equation for

←→
AB.

Exercise 8.8. Let A =
(

2
3 ,− 2

3 , 1
3

)
, B =

(
2
3 ,− 1

3 , 2
3

)
. Calculate AB.

Exercise 8.9. A ray is non-intuitive in spherical geometry. Use the defini-
tions to explain exactly what points are in a ray

−→
AB. In particular, let Ȧ, Ḃ

be the antipodes of A, B. Is Ȧ ∈ −→AB? Why or why not? Is Ḃ ∈ −→AB? Why or
why not?

Exercise 8.10. Since distinct lines intersect in two points, the simplest poly-
gons in spherical geometry are bigons or lunes. Explain why every angle
∠ABC is a lune.

Exercise 8.11. Remark 8.1 tells us that theorems concerning points should
have a dual theorem concerning lines and vice versa. State and prove a dual
theorem for Theorem 8.2.

“Nor should it be considered rash not to be satisfied with those opinions
which have become common. No one should be scorned in physical
disputes for not holding to the opinions which happen to please other
people best.”

–Galileo

8.2 Spherical Plane Separation

Unit Sphere, Item 3. Let l be a line with equation ax + by + cz = 0, where
we assume that a2 + b2 + c2 = 1, so that the points ±(a, b, c) are points in
the model. We say that a point (x, y, z) = X 6∈ l is in H0, one of the two
half planes determined by l, provided that ax + by + cz < 0, and X ∈ H1

provided that ax + by + cz > 0.

N

A1

A2

B

Figure 8.4: Normal, leading vectors.

Let Ai = (xi, yi, zi), i = 1, 2. A “standard” way to parameterize←−→
A1 A2 is to find a normal vector N in the sphere; it has the property
that it is at right angles to both A1, A2 considered as vectors, so that
~Ai · ~N = 0. Then we find a normal vector to A1 and N; we have
labelled it B in Figure 8.4, and will refer to it as the leading vector,
while we will refer to A1 as the starting vector.

Note that B ∈ ←−→A1 A2, and
−⇀
B ⊥ −⇀A1, so we can consider

−⇀
A1 and

−⇀
B as

coordinate axes, and parameterize the line as

X(t) =
−⇀
A1 cos(t) +

−⇀
B sin(t).
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The coordinates of B are a bit messy, but here is the explicit param-
eterization in column vector format.

X(t) =



x1 cos(t) +
−x1y1y2−x1z1z2+x2y2

1+x2z2
1√

((x2
2+z2

2)y
2
1−2y2(x1x2+z1z2)y1+(x2

1+z2
1)y

2
2+(x1z2−x2z1)2)

sin(t)

y1 cos(t) +
x2

1y2−x1x2y1−y1z1z2+y2z2
1√

((x2
2+z2

2)y
2
1−2y2(x1x2+z1z2)y1+(x2

1+z2
1)y

2
2+(x1z2−x2z1)2)

sin(t)

z1 cos(t) +
x2

1z2−x1x2z1+y2
1z2−y1y2z1√

((x2
2+z2

2)y
2
1−2y2(x1x2+z1z2)y1+(x2

1+z2
1)y

2
2+(x1z2−x2z1)2)

sin(t)


Clearly, t = 0 gives us A1, while less obviously, but easy to check

using a computer algebra system, t = arccos (x1x2 + y1y2 + z1z2) gives
us A2. (Be sure to remember that x2

i + y2
i + z2

i = 1 when you simplify.)
Thus A1 A2 can be parameterized as above, with

0 ≤ t ≤ arccos (x1x2 + y1y2 + z1z2) ,

and
−−−→
A1 A2 can be parameterized as above, but with 0 ≤ t ≤ π.

From this parameterization, an argument similar to that of Theorem
7.20 quickly shows the following theorem. The only thing that needs
special attention is when the two points in the statement of Postulate
3 are antipodal, since such points do not define a segment. However,
antipodal points are either both on the line l (as per Theorem 8.3) or
on opposite sides of l, as any line passing the antipodes crosses l twice.

Theorem 8.5. The unit sphere model satisfies Postulate 3.

Practice 8.5. Let A =
(

2
3 , 1

3 , 2
3

)
, B = (1, 0, 0). Find a parameterization for

−→
BA. At what value of the parameter is point A?

Theorem 8.6. Let l be a line and ~N a unit normal vector to the plane of l.
Then N, Ṅ are the poles of l.

Unit Sphere, Item 4. In the unit sphere model, angles are measured between
the tangent vectors to the lines at the point of intersection.

Practice 8.6. Let A =
(

2
3 , 1

3 , 2
3

)
, B = (1, 0, 0), C =

(
1
2 ,
√

3
2 , 0

)
. Calculate

µ(∠ABC).

Since the tangent vectors to a sphere fall in a (Euclidean) tangent
plane, the calculation of angle measure again is equivalent to that in
the Euclidean plane. Hence, as for the half plane model of hyperbolic
geometry, Postulates 4 and 5 come for free: either they are satisfied
in this model and Euclidean geometry, or they fail in both. Since we
already know that they are satisfied in Euclidean geometry, we obtain
the following theorem.

Theorem 8.7. The unit sphere model satisfies Postulates 4 and 5.
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It is interesting to note that our postulates for measuring distance
(the Modified Ruler Postulate) and angles (the Protractor Postulate)
are essentially identical. Since we have already mentioned the dual
nature between points and lines back in Remark 8.1, this should come
as no surprise.

We give the following theorem without proof, instead referring the
reader to [28]. In fact, it is surprisingly difficult to prove, given the
ease with which we proved the analogous result in hyperbolic geom-
etry. This might also be called the Characteristic Theorem for Spher-
ical Geometry, and should be contrasted with both Theorem 6.5 of
Euclidean geometry and Corollary 7.13.A of hyperbolic geometry.

We will verify the results of this theorem in a few cases in the exer-
cises. However, as you know by now, verifying the theorem in a few
cases does not prove that the theorem is always true.

Theorem 8.8. The sum of angle measures of a proper triangle is greater than
π.

Definition: excess

Definition 8.6 (Excess). Let 4ABC be a triangle. The excess ε(4ABC)
is the difference ε(4ABC) = µ(∠A) + µ(∠B) + µ(∠C)− π.

Theorem 8.9 (Additivity of Excess). Let 4ABC be a proper triangle, and
A− D− B. Then ε(4ADC) + ε(4DBC) = ε(4ABC).

Compare this to Theorem 7.15; both excess (in spherical geome-
try) and defect (in hyperbolic geometry) are additive functions, and
as such can be used as a basis for measuring area in their respective
geometries.

Answers to Practice Problems:

8.6. −→BA has parameterization
(cos(t),

1
√

5
sin(t),

2
√

5
sin(t)) ,

while −→BC has
(cos(t), sin(t), 0) .

Thus the tangent vector to −→BA at B is 〈0, 1√
5 , 2√

5〉, and to −→BC is 〈0, 1, 0〉
Then Theorem 1.2 says the angle measure at B is

arccos( 1
√

5

) ≈ 1.107.
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8.5. Let C = (0, 1√
5 , 2√

5). Then −→BA is parameterized by ~B cos(t) +
~C sin(t), or




cos(t)
1√
5 sin(t)

2√
5 sin(t)


 ,

with 0 ≤ t ≤ π. The point A is at parameter t = arccos ( 2
3) ≈ 0.841.

Exercise 8.12. We investigated Saccheri quadrilaterals in Section 7.2. What
must be true of the summit angles of a Saccheri quadrilateral in spherical
geometry? Prove it.

Exercise 8.13. The argument at the beginning of this section shows that we
can parameterize

−−−→
A1 A2 as

X(t) =
−⇀
A1 cos(t) +

−⇀
B sin(t), 0 ≤ t ≤ π

(the vector
−⇀
B is calculated in that argument). Show that the tangent vector

to
−−−→
A1 A2 at A1 is

−⇀
B .

Exercise 8.14. Let A = (1, 0, 0), B = (0, 1, 0), and C = (0, 0, 1). Calculate
the sum of angle measures in 4ABC.

Exercise 8.15. Calculate the excess of the triangle in Exercise 8.14. Compare
it to the area of the same triangle, calculated in any way you choose.

Exercise 8.16 (CAS). Let A =
(√

2
2 ,
√

2
2 , 0

)
, B =

(√
2

2 , 0,
√

2
2

)
, and C =(

0,
√

2
2 ,
√

2
2

)
. Calculate the sum of angle measures in 4ABC.

Exercise 8.17 (CAS). Use your answers to Exercises 8.14 and 8.16, together
with additivity of excess (think how you might generalize Theorem 8.9), to
calculate the angle sum of the triangle with vertices A = (1, 0, 0), B =(√

2
2 ,
√

2
2 , 0

)
, C =

(√
2

2 , 0,
√

2
2

)
.

Exercise 8.18. Prove Theorem 8.6.

Exercise 8.19. Prove Theorem 8.9.

Exercise 8.20. Is Theorem 4.8 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.21. Is Theorem 4.9 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.22. Is Theorem 4.10 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.
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Exercise 8.23. Is Theorem 4.11 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.24. Is Theorem 4.12 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.25. Is Theorem 4.13 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.26. Is Theorem 4.14 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.27. Is Theorem 4.15 true in spherical geometry? If so, prove it. If
not, can it be re-worded so that the rephrased version can be proved? Again,
if so, do so and prove it. If not, give a counterexample.

Exercise 8.28. Since excess is additive, use it to rewrite Postulate 8 so that
it is appropriate in spherical geometry. See also Exercise 7.18.

Exercise 8.29. Is the result of Exercise 6.39 true in spherical geometry? In
other words, let4ABC be a triangle and M be the midpoint of AB. Is it true
that the area of 4AMC equals that of 4BMC? (By Exercise 8.28, area and
excess can be treated as the same concept in spherical geometry.)

“Einstein showed that Euclidean geometry must be given up. He con-
sidered this cosmological question too from the standpoint of his grav-
itational theory and demonstrated the possibility of a finite world; and
all the results discovered by the astronomers are consistent with this
hypothesis of an elliptic universe.” –D. Hilbert

8.3 Spherical Folds

Let ax + by + cz = 0 be the equation for line l, and consider the fold
φ with crease l. Let X = (x0, y0, z0) be any point on the unit sphere
model. We imagine φ(X) as in Figure 8.5; φ moves X parallel to 〈a, b, c〉
across the plane of the line. Since the line can be parameterized as

(x0 + at, y0 + bt, z0 + ct) ,

and since φ(X) is on the sphere, we must have

(x0 + at)2 + (y0 + bt)2 + (z0 + ct)2 = 1.
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ax + by+ cz = 0

〈a, b, c〉

X

φ(X)

Figure 8.5: A spherical fold

Solving for t, we obtain t = 0, 2ax0 + 2by0 + 2cz0. The former gives
us X, so the latter must give us φ(X). (It should also now be clear that
φ2(X) = X, or φ−1 = φ.) This is best expressed in the following form.

Unit Sphere, Item 5. Let l be a line with equation ax + by + cz = 0, and
φ be the fold with crease l. Then the fold matrix for φ is

F =

 1− 2a2 −2ab −2ac
−2ab 1− 2b2 −2bc
−2ac −2bc 1− 2c2

 ,

that is, the fold takes any point

X =

 x
y
z


to point F · X.

We notice that the determinant of F is −1, as Section 6.8 should
have led us to expect.

Practice 8.7. Find the image of the point (x, y, z) in the folds with equations:

1. 0x + 0y + 1z = 0,

2.
√

2
2 x +

√
2

2 y + 0z = 0,

3.
√

3
2 x− 1

2 y + 0z = 0.

If we were to define folds (reflections) in three dimensional Eu-
clidean space, we would need for creases to be planes instead of lines.
Since lines in the unit sphere model are planes through the origin,
folds in this model are the restrictions of 3-dimensional folds whose
planar creases pass through the origin. Thus, we obtain the following
for free.

Theorem 8.10. Folds in the unit sphere model satisfy Postulate 6.

In fact, it is straightforward to check that if l has starting vector X1,
leading vector X2, and normal vector N, then

φ (X1 cos(t) + X2 sin(t)) = φ(X1) cos(t) + φ(X2) sin(t),

while φ(N) is a normal vector for φ(X1) and φ(X2) (the other is−φ(N)).
Further, following Exercise 8.13, the tangent vector at X1 is

−⇀
X2, and of

φ(X1) is
−−−⇀
φ(X2).
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Practice 8.8. Let

X1 =

 x1

y1

z1

 , X2 =

 x2

y2

z2


be the starting and leading vectors of a line, so that the line has parameteriza-
tion X1 cos(t) + X2 sin(t). Find the normal vectors ±N.

We note that most of the theorems of Chapter 4 and the first 3 sec-
tions of Chapter 5 are either true in spherical geometry, or they can
be reworded slightly so that the reworded version holds. However, we
have already seen that Theorem 5.19, the Exterior Angle Inequality, is
false in spherical geometry. It turns out that even this theorem can be
restated, but the restating in this case weakens the result considerably.

Theorem 8.11. Let4ABC be a proper triangle whose sides each have length
less than π

2 . Then the measure of ∠A is less than the measure of an exterior
angle for either ∠B or ∠C.

For a proof, we refer to [28].
Consider the following “almost counterexample” to Theorem 5.14 in

spherical geometry.
Let C be the antipode of B. Then C ∈ ←→AB by Corollary 8.2.A. Since

B, C don’t determine a unique line, we can choose any segment joining
B and C as BC; in fact we can choose one uniquely by choosing a point
D 6= B, C and letting BC =

−→
BD. There are thus infinitely many trian-

gles4ABC which all satisfy the SAS hypothesis (when compared with
one another), yet each has different angle measure µ(∠B) = µ(∠C),
showing that Theorem 5.14 cannot be true in spherical geometry.

C

B

A D

Figure 8.6: “Almost” counterexample to
Theorem 5.14 in spherical geometry

Practice 8.9. What is wrong with the above “almost counterexample” to
Theorem 5.14 in spherical geometry?

Once we have eliminated that “almost counterexample,” we have
sensitized ourselves to some of the subtleties in the proof. Fortunately,
the proof holds as is, which allows us to state the following.

Theorem 8.12. Let triangles 4ABC,4XYZ have AB = XY, AC = XZ,
and µ(∠BAC) = µ(∠YXZ). Then 4ABC ∼= 4XYZ.

In fact, from this theorem we can also verify that all of the other
theorems and corollaries of Section 5.2 hold as well. In addition, sim-
ilar to Theorem 7.14 (AAA for hyperbolic geometry), we obtain the
following.

Theorem 8.13 (AAA). Let 4ABC and 4XYZ have µ(∠A) = µ(∠X),
µ(∠B) = µ(∠Y), µ(∠C) = µ(∠Z). Then 4ABC ∼= 4XYZ.
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Proof. We use a proof by contradiction. If any pair of corresponding
sides, say AB, XY, have equal length, then we can apply Corollary
5.14.B to obtain the result. Hence we assume that the corresponding
sides are of different lengths, and consider four cases:

1. all sides of4ABC are longer than the corresponding sides of4XYZ,

2. two sides of 4ABC are longer than the corresponding sides of
4XYZ,

3. two sides of 4XYZ are longer than the corresponding sides of
4ABC,

4. all sides of4XYZ are longer than the corresponding sides of4ABC.

Cases 1,4 and 2,3 are equivalent in pairs, so we really only need
to consider cases 1 and 2. By re-labelling our vertices if necessary,
both cases 1 and 2 are equivalent to case 1 of Theorem 7.14. (This is
important, since the contradiction we obtained when we considered
case 2 in Theorem 7.14 was with Theorem 5.19, which is not true in
spherical geometry.) Thus we may assume that AB > XY and AC >

XZ.
Find points D ∈ AB, E ∈ AC so that AD = XY, AE = XZ. Then

4ADE ∼= 4XYZ by Theorem 5.14, so that µ(∠ADE) = µ(∠Y) =

µ(∠B) and µ(∠AED) = µ(∠Z) = µ(∠C). But then the sum of angles
of ♦BCED is 2π, so that (using a supplementary angles argument) the
sum of angles of triangles 4DBE and 4CBE is 2π, meaning that each
has angle sum π (or one has angle sum greater than π). This in turn
contradicts Theorem 8.8, completing the proof.

Answers to Practice Problems:

8.9. Our definition of segment in spherical geometry does not allow
endpoints to be antipodes. Hence B, C cannot be antipodes, so that BC
is always uniquely determined.

8.8. Since the angle between N and Xi is
π
2 , Theorem 1.2 tells us that

N · Xi = 0. Also, N · N = 1, since it is on the unit sphere. This gives us
three equations and three unknowns. Solving, we obtain

±N = ±




y1z2 − y2z1

x2z1 − x1z2

x1y2 − x2y1


 .
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8.7.

1. The fold matrix is F =




1 0 0
0 1 0
0 0 −1


, so F · X =




x
y
−z


.

2. F =




0 −1 0
−1 0 0
0 0 1


, so F · X =



−y
−x
z


.

3. F =



− 1

2

√
3

2 0√
3

2 − 1
2 0

0 0 1


, so F · X =



− 1

2 x +
√

3
2 y√

3
2 x− 1

2 y
z


.

Exercise 8.30 (CAS). Referring to Practice 8.8, show that φ(N) is the nor-
mal vector for φ(X1), φ(X2).

Exercise 8.31. In [2], a crane is folded using the traditional Japanese origami
pattern, but on hyperbolic paper. Since hyperbolic polygons have smaller
angle sum than their Euclidean counterparts, the paper had five right-angled
corners, and the crane therefore had an extra body part (an extra head, see
Section 7.2 for a picture). In spherical geometry, we have seen that triangles
have angle sums larger than we would expect of their Euclidean counterparts.
Explain what would happen if you similarly folded a crane from spherical
paper having only right angles. (Note: You can cut apart a kamifûsen to
actually fold a spherical crane instead of just imagining it.)

Exercise 8.32. Let l be a line, and X1, X2 ∈ l be points chosen so that−⇀
X1 ·
−⇀
X2 = 0, that is, the distance between them is π

2 (see Theorem 1.2). Then
we can parameterize l by X(t) = X1 cos(t) + X2 sin(t). Let φ be a fold.
Find a parameterization for φ(l).

Exercise 8.33. Prove that Theorem 5.21 is false in spherical geometry.

Exercise 8.34. Restate Theorem 5.21 so that it is true in spherical geometry.

Exercise 8.35. Show that Theorem 4.26 is still true in spherical geometry.
Be careful! The proof uses a theorem which is not true in spherical geometry.

Exercise 8.36. Is Theorem 4.28 true in spherical geometry? Give a proof or
counterexample.

Exercise 8.37. Is Theorem 4.29 true in spherical geometry? Give a proof or
counterexample.

Exercise 8.38. Is Theorem 4.31 true in spherical geometry? Give a proof or
counterexample.

Exercise 8.39. Identify the first theorem of Chapter 5 that is false in spherical
geometry.

http://www.math.sjsu.edu/~alperin/HyperbolicCrane.pdf


190 CHAPTER 8. SPHERICAL GEOMETRY

“It appeared then, that the universal truth formerly credited to Eu-
clidean geometry would have to be shared by these two other geometri-
cal doctrines. But truth, when divested of its absoluteness, loses much
of its significance, so this co-presence of conflicting universal truths
brought the realisation that a geometry was true only in relation to
our more or less arbitrary choice of a system of geometrical postulates.
. . . The character of self-evidence which had been formerly credited to
the Euclidean axioms was seen to be illusory.” –A. D’Abro

8.4 Projective Geometry

In Remark 8.1, we saw that each line in spherical geometry has two
poles (or polar points) that are related to the line in a natural way. We
are familiar with this from studies of Earth geography: from a line (the
equator) arises naturally two points (the north and south poles) that
are each as far as possible from the line in one half plane. Geograph-
ically there is a reason why the choice of equator and poles gives us
a meaningful relationship, but mathematically, this relationship holds
true for any choice of spherical line (or any choice of an antipodal pair
of points).

Since the terms “point” and “line” are undefined, this gives us the
freedom to choose whatever we like as representatives, so long as that
choice doesn’t lead to contradictions. Here, we will investigate an
alternate geometry called projective geometry. Many of the theorems
of projective geometry were discovered by artists and mathematicians
trying to understand perspective drawing. The discoveries led to great
advances in artistic techniques.

Projective Plane, Item 1. In the projective plane, by a point we shall mean
a pair of antipodal points in the unit sphere, that is, a pair of triplets of
real numbers {(x, y, z), (−x,−y,−z)} satisfying x2 + y2 + z2 = 1. By a
line we shall mean the set of projective points that also satisfy some equation
ax + by + cz = 0, where a, b, c ∈ R, and at least one of the numbers is
non-zero. The numbers a, b, c are called the coefficients of the line.

Notice that since a point in the projective plane is an antipodal pair
of points in spherical geometry, all of the problems that arose concern-
ing antipodal points over the past few sections have suddenly disap-
peared: there are no antipodal points in the projective plane, since
points themselves are pairs of antipodal points in the sphere. Thus we
have the following.

Theorem 8.14. Postulate 1 is satisfied in the projective plane.
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Projective Plane, Item 2. In the projective plane, distance between points
A = {(x1, y1, z1), (−x1,−y1,−z1)}, and B = {(x2, y2, z2), (−x2,−y2,−z2)} is given by

AB = min
(

arccos(x1x2 + y1y2 + z1z2), arccos(−x1x2 − y1y2 − z1z2)
)
.

Practice 8.10. What is the maximum distance between points?

Remark 8.1 now gives us a 1:1 relationship between points and
lines. In fact, points and lines in projective geometry can be used inter-
changeably: all theorems that use the word “point” in their statement
are true if we change the word to “line” and vice versa.

Practice 8.11. Let A, B be points in the projective plane. Describe
−→
AB.

So far, things look better in the projective plane: pairs of points
uniquely determine a line, just as in Euclidean geometry, so we retain
Postulate 1. Distance is bounded above, so that our Ruler Postulate in
the projective plane is just Postulate 2

′′. Further, it is clear that we also
retain Postulate 7

′′: there are no parallel lines, since any pair of lines
intersect in a point (because every pair of lines in spherical geometry
intersects in a pair of antipodal points). However, something rather
unexpected happens in the projective plane as well.

In the proof of Theorem 8.5, we remarked that, given a line l and a
pair of antipodal points A, Ȧ in spherical geometry, either both A, Ȧ ∈
l or A ∈ H0, Ȧ ∈ H1; the pair {A, Ȧ} cannot be on one side or the
other. Thus in the projective plane, points, which are antipodal pairs
of spherical points, cannot be on one side or another: they are simul-
taneously on both. There cannot be two “sides”, and we have the
following.

Theorem 8.15. Postulate 3 is not satisfied in the projective plane.

So what does happen? Since projective points are antipodal pairs of
spherical points, we can imagine the projective plane as a hemisphere,
say the upper half of the unit sphere, i.e., {(x, y, z) : x2 + y2 + z2 =

1, z ≥ 0}. However, there are still points on the boundary (z = 0)
that appear twice, and we glue them together so that points directly
opposite one another on the boundary circle are identified.

If you try to physically identify opposite points on the boundary of
a half sphere (for example, a once folded kamifûsen), you will soon
discover that it cannot be done without either creating self intersec-
tions or using a fourth dimension. However, if you look only at a
small neighborhood of a line, you can accomplish the identification
without problem.

Practice 8.12. Take a small neighborhood of a line in the upper half unit
sphere (imagine it as a paper strip, with the line running down the meridian),
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and identify edges so that opposite points on the boundary are glued together.
What shape do you obtain?

Answers to Practice Problems:

8.12. The identification creates a half twist in the paper strip, creating
a Möbius band.

8.11. −→AB =←→AB.

8.10. The arc cosine function is monotonically decreasing, the mini-
mum will occur on the larger of x1x2 + y1y2 + z1z2 and −x1x2− y1y2−
z1z2, and hence on the non-negative one. Since the minimum will al-
ways occur at a non-positive value, the maximum possible distance is
when 0 = x1x2 + y1y2 + z1z2, so that the distance is arccos(0) =

π
2 .

Note that this is half of the maximum distance in the unit sphere.

Exercise 8.40. Watch the Wind and Mr. Ug video by Vi Hart. What happens
to Wind and her dog? What does this have to do with the projective plane?

Definition 8.7 (Fold). Let P be a point and l be a line in projective geometry.
Then P is a pair of antipodal points, say {P, Ṗ} in spherical geometry, and l
is also a line in spherical geometry. Fold P and Ṗ in the fold with crease l (in
spherical geometry), obtaining {Q, Q̇}; it is easy to check that they must be an
antipodal pair, so we call the pair Q in projective geometry. Define the fold φ

with crease l in projective geometry as the function that takes each point P to
the point Q. (We say that folds in projective geometry are induced by folds in
spherical geometry.)

Exercise 8.41. Without doing any work, we know that projective folds don’t
satisfy Postulate 6. Why not?

Exercise 8.42. Rewrite Postulate 6 so that it makes sense in projective ge-
ometry. It may be helpful to experiment with folds in elliptic geometry using
Geometry Explorer.

Exercise 8.43. Points in projective geometry can be parameterized by(
r cos θ, r sin θ,

√
1− r2

)
, 0 ≤ r ≤ 1, −pi < θ ≤ π

with the caveat that

(cos θ, sin θ, 0) = (cos(θ ± π), sin(θ ± π), 0)

because antipodal points on the boundary are identified in pairs. Let φ be the
fold in the line given by 0x+ 0y+ 1z = 0. Find φ

(
r cos θ, r sin θ,

√
1− r2

)
.

(See also Practice 8.7.)

Exercise 8.44. Given your answer to Exercise 8.43, what other transforma-
tion does a projective fold look like?

https://www.youtube.com/watch?v=4mdEsouIXGM
http://homepages.gac.edu/~hvidsten/gex/download-3.0.html
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Exercise 8.45. We construct another model for the projective plane. Let
points in the projective plane be lines through the origin in R3, and lines be
planes through the origin. Explain why this is not really anything new, but
really just the same thing that we have been doing.

Exercise 8.46. We construct another model for the projective plane. Let
points in the projective plane be planes through the origin in R3, and lines
be lines through the origin. (Note that our definition of points and lines has
been transposed from Exercise 8.45.) Explain why this is not really anything
new, but really just the same thing that we have been doing.

“The Library is a sphere whose exact centre is any one of its hexagons
and whose circumference is inaccessible.”
–J. L. Borges, The Library of Babel
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A
Craft Projects

A.1 Folding a Lemon

Cut along the solid lines. Make ridge folds along the dotted lines and
valley folds along the dashed lines. Staple the whole folded stack so
that your staples enter at about the “x” marks and exit at about the
“y” marks. Alternatively, you can tie the stack tightly together with a
string, or tape it with cellophane tape. Using the stapled point as a cen-
ter, spread out the rest in a fan-like pattern, gluing the points marked
“a” together, and the points marked “b” together. You can punch a
hole in the leaves to hang your lemon from a string as decoration.
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A.2 Country Road

Cut along the solid lines, fold along the dotted line, and glue the region
marked “GLUE” to the second strip, obtaining a long country road.
Play with the paper craft by “driving” your choice of blue or pink
automobile on the road.



A.3. ALIEN INVASION 197

A.3 Alien Invasion

Cut out the UFO with the strip below it, and cut the circle from the
strip using a hobby knife. Separately cut out the disk and the Earth.
Using a hobby knife, cut the solid lines on the inside of the disk, and
bend them up along the dotted lines to form triangular tabs. Insert the
tabs through the hole in the strip, and glue them to the back center of
the Earth. “Play” with it by orbiting the UFO about the Earth.
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A.4 Thorough-meter

Cut along the solid black lines and thread the red and white strip
through the two horizontal slits to form a thermometer.

A.5 Radian Protractor

Print the radian protractor on transparent film. Cut along the outside
circle. This protractor can be used to assign coordinates as done in this
text, and/or to measure angles in radians.

00

π
12

π
6

0.52

π
4

π
3

1.05

5π
12

π
2

1.57

7π
122π

3

2.09

3π
4

5π
6

2.62
11π
12

π 3.14

− π
12

− π
6

− π
4

− π
3

− 5π
12− π

2
− 7π

12

− 2π
3

− 3π
4

− 5π
6

− 11π
12



A.6. MOOD-O-METER 199

A.6 Mood-o-meter

Cut along the solid lines and attach the needle using the flaps created
by folding along the dotted line, gluing the gray disk onto the flaps to
secure it. Label your “mood-o-meter” appropriately, and display your
moods by moving the needle to the appropriate setting.

A.7 Angle-a-Trons

π/4 π/4

π/2

π/5 2π/5

2π/5

π/6

π/3

π/2

π/7

2π/7

4π/7

In the margin, find templates for some angle-a-trons, as explained in
Exercise 4.17 and its linked Vi Hart video.
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A.8 Circular Slide Rule

Similar to Alien Invasion, but less whimsical and with an added math-
ematical depth, this circular slide rule is marked on a logarithmic scale.
Each integer 1 ≤ n ≤ 10 is placed at 2π log10(n) radians around the
circle, so that clockwise angle addition results in multiplication and
counterclockwise angle addition results in division.

Some version of this slide rule originally appeared in [22].

1

1

2

2

3

3

4

4

5
5

6
6

7
7

8

8

9

9

1.5

1.5
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2.5
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A.9 Twist Mechanism

Cut along all solid lines, using a hobby knife for the internal square.
Make valley folds on the dashed lines, and mountain (ridge) folds on
the dotted lines. Glue the triangles marked “A” and “B” on the center
twist mechanism to the lower folding card, and then glue tabs “C” and
“D” on the top of the twist mechanism (top piece) to the spots marked
“C” and “D” on the main twist mechanism.

a

a

b

b

c

c

d

d

When the card is closed, the mechanism twists (up) into a flat po-
sition, and as the card is fully opened, the mechanism twists (down)
into a flat position. The twisting, surprising when viewed in action, is
often used in pop-up cards or books to produce fanciful animal bodies
(such as dragons) or moving (human) figures, especially when humor
is appropriate. (R. Sabuda’s Peter Pan1 employs this mechanism for the 1

crocodile’s mouth, adding a humorous element and thus lightening a
dark scene.)
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A.10 Interlocking Gears

Photocopy this onto a fairly rigid card stock. Cut along the solid
lines and valley fold along the dotted line. The solid lines inside the
gears, cut with a hobby knife, form tabs that should be bent upwards,
threaded through the hole of appropriate size in the base, and laid flat.
Put some glue on the tabs and cover them with the “hubcap” of appro-
priate size. The two gears interlock with one another nicely if the fold
is held between a π

2 and a 2π
3 angle. Turning one cog should result in

the second also turning, though at a different angular velocity.
There are many different questions, in particular in number theory,

that can be investigated using gears with differing numbers of teeth.
Notice that these gears are examples of modified pivots, see Exercise
3.1. This template is taken from [19], which includes code for generat-
ing further examples with differing numbers of teeth.
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A.11 Pull Strip

The template below has three (rectangular) pieces. The right is the
base, the middle is the lever, and the left is the mounting bracket. Cut
all solid lines. Fold the lever in half along the dashed line, gluing the
blank sides together with glue stick. Fold the mounting bracket with
ridge folds on the dashed lines and valley folds on the dotted lines so
that it wraps around the lever. Glue it to the lever so that the “a,” “b,”
and “c”-s are glued in pairs. Thread the “x” and “y” flaps through the
long slot in the base (from underneath), thread the lever itself through
the short slot so the green double arrow appears on top. Glue a picture
to “x” and “y” flaps. Make the picture dance by pulling the lever. In
paper engineering, this construction is known as a pull strip.

a
b

c
x

y

acb
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A.12 Pop-Up House

Cut along the solid lines, ridge fold along the dashed lines, valley fold
along the dotted lines, and glue matching labelled regions (sometimes
the unprinted side will glue rather than the printed side). This design
is a modified version of [5], and appears in [20].

a

b

c

d

e

c

d

f

e

f

g
g

a

b
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A.13 Twist Top Box

Cut out the pattern on the black lines. Valley fold along dashed lines,
and ridge fold along dotted lines. It is helpful to first crease all folds
in the appropriate direction, then pick one edge, begin with the ridge
folds, and fold the box in anti-clockwise direction. If you’d like to
stabilize the box, you can add glue to the triangles marked with “a.”
The origin of this origami pattern is not known.

a

a

a

a
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A.14 Peaucellier-Lipkin Linkage

Cut along the solid lines. Follow a diagram of the Peaucellier-Lipkin
Linkage (see the figure in Section 7.6) to assemble. Use the vertical rod
with fixed points a, b for the base: you can glue it down to a page if
you wish for a wider base.

This will work best if you use a stiff paper for construction. It is
recommended that you use your printed version only as a template
to cut the pieces out of a heavier bond paper; the author glued the
template to a thin but strong Japanese craft paper (wa-shi).

See your instructor for a copy of this template.
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A.15 Rose Window Snowflake

As in Practice 5.4 or Exercises 5.5, 5.6, and 5.7, fold a paper in half and
then accordion-fold about a center so that the angle formed measures
π
8 , i.e., 22.5◦. Trace the lines from the template in the figure onto your
folded paper, and cut along the solid lines. Unfold the paper to find a
“snowflake” in the shape of Pacific Lutheran University’s symbol, the
“rose window.”
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A.16 Icosahedron

Cut out the figure and assemble by folding it into an icosahedron,
gluing white triangles under colored triangles. The final assembled
piece should have five different colored triangles at each vertex.

“The Christian shoemaker does his duty not by putting little crosses on
the shoes, but by making good shoes, because God is interested in good
craftsmanship.”

–Martin Luther
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B
Axioms/Postulates

B.1 One Dimensional Postulates

Linear Postulates

Postulate .

Postulate L-1. (Linear Ruler Postulate) Given any two distinct points, there is a 1-1 correspondence, called a ruler,
between all points with the real numbers that sends one of the two given points to 0 and the other to some number
x > 0. The number p assigned to a point P by the ruler is called its coordinate.

Postulate L-2. (Linear Fold Postulate) Let O be a point. There is a bijective function φ from the line to the line
called a fold with crease O such that:

1. φ(O) = O.

2. Let
−−→
OA0 and

−−→
OA1 be the two rays determined by O. Then B ∈ −−→OAi implies φ(B) ∈ −−−→OA1−i.

3. If segment BC ⊂ −−→OAi, then BC = φ(B)φ(C).

Circular Postulates

Postulate C-1. (Circular Ruler Postulate) Let λ > 0 be given. Given any two distinct points, there is a 1-1
correspondence, called a ruler, between all the points on the circle and the real numbers modulo 2λ that sends one
of the two given points to 0 and the other to some number x > 0. The number p assigned to a point P is called its
coordinate.

Postulate C-2. (Circular Fold Postulate) Let O be a point. There is a bijective function φ from the circle to the circle
called a fold with crease O such that:

1. φ(O) = O.

2. Let
−−→
OA0,

−−→
OA1 be the two rays determined by O. Then B ∈ −−→OAi implies φ(B) ∈ −−−→OA1−i.

3. If BC ⊂ −−→OAi and φ(B) = B′, φ(C) = C′, then BC = B′C′.
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B.2 Two Dimensional Euclidean Postulates

Postulate 1 (Linear Determination). Any two points determine a unique line.

Postulate 2 (Ruler Postulate). Given any two distinct points on a line, there is a 1− 1 correspondence, called a
ruler, between all points on the line with the real numbers that sends one of the two given points to 0 and the other to
some number greater than 0. The number p assigned to a point P by the ruler is called its coordinate.

Postulate 3 (Plane Separation). Every line l determines a decomposition of the plane into 3 distinct sets: H0, H1,
and l, where:

• Every pair of points in one of the Hi are on the same side of l.

• Every pair of points where one is in H0 and the other is in H1 are on opposite sides of l.

Postulate 4 (Protractor Postulate). Let
−→
OA be given. Then there is a 1-1 correspondence, called a protractor,

between all rays
−→
OB with the real numbers in the interval (−π, π] that sends

−→
OA to 0 and

−→
OB to some number

x ∈ (−π, π]. The number p assigned to a ray
−→
OP by the protractor is called its coordinate. Further:

•
−→
OB has coordinate 0 if and only if ∠AOB is degenerate.

•
−→
OB has coordinate π if and only if A−O− B, that is, if ∠AOB is straight.

Postulate 5 (Angle Addition). Let
−→
OA,
−→
OB,
−→
OC be distinct rays. Then µ(∠AOB) + µ(∠BOC) = µ(∠AOC) if and

only if B is in the interior of ∠AOC (if µ(∠AOC) < π) or ∠AOB,∠BOC are supplementary (if µ(∠AOC) = π).

Postulate 6 (Fold Postulate). Given a line l, there is a unique bijective function φ from the plane to the plane called
a fold with crease l or a reflection with mirror l, such that:

1. The function φ leaves l unchanged, i.e., if A ∈ l, then φ(A) = A.

2. Let H0, H1 be the half planes determined by l. Then A ∈ Hi implies φ(A) ∈ H1−i, i = 0, 1.

3. If AB ⊂ Hi, then φ(A)φ(B) = AB.

4. If ∠ABC ⊂ Hi, then µ (∠φ(A)φ(B)φ(C)) = µ(∠ABC).

Postulate 7 (Parallel Postulate). If two parallel lines are cut by a transversal, then alternate interior angles are
congruent.

Postulate 8 (Area Postulate). To each region R in the plane can be assigned a non-negative real number α(R) called
its area, satisfying the following.

1. If R1 ⊂ R2, then α(R1) ≤ α(R2).

2. If R1
∼= R2, then α(R1) = α(R2).

3. If α(R1 ∩ R2) = 0, then α(R1 ∪ R2) = α(R1) + α(R2)

4. If R is a rectangle with sides of length w, h, then α(R) = w · h.

B.3 Two Dimensional Non-Euclidean Postulates

Hyperbolic Postulates

Postulate 7′. (Hyperbolic Postulate) Given a line l and a point A 6∈ l, there are at least two lines m1, m2 through
A and parallel to l.
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Postulate 8′. (Hyperbolic Area Postulate) To each region R in the plane can be assigned a non-negative real number
α(R) called its area, satisfying the following.

1. If R1 ⊂ R2, then α(R1) ≤ α(R2).

2. If R1
∼= R2, then α(R1) = α(R2).

3. If α(R1 ∩ R2) = 0, then α(R1 ∪ R2) = α(R1) + α(R2)

4. If R = ∆ABC, then α(R) = δ(R), that is, the area is the defect.

Spherical Postulates

Postulate 1′′. Two non-antipodal points determine a unique line.

Postulate 2′′. (Spherical Ruler) Let λ > 0 be given. Given any two distinct points on a line, there is a 1-1
correspondence, called a ruler, between all the points on the line and the real numbers modulo 2λ that sends one of
the two given points to 0 and the other to some number x > 0. The number p assigned to a point P is called its
coordinate.

Postulate 7′′. (Spherical Postulate) Given a line l and a point A 6∈ l, there are no lines through A and parallel to l.

Postulate 8′′. (Spherical Area Postulate) To each region R in the plane can be assigned a non-negative real number
α(R) called its area, satisfying the following.

1. If R1 ⊂ R2, then α(R1) ≤ α(R2).

2. If R1
∼= R2, then α(R1) = α(R2).

3. If α(R1 ∩ R2) = 0, then α(R1 ∪ R2) = α(R1) + α(R2)

4. If R = ∆ABC, then α(R) = ε(R), that is, the area is the excess.

B.4 Huzita-Justin-Hatori Axioms of Origami

The first six of the following axioms are attributed to Huzita, while the seventh was discovered indepen-
dently by Justin (1989) and Hatori (2002).

Axiom 1. Given two points A, B, we can fold the line
←→
AB.

Axiom 2. Given two points A, B, we can fold A onto B.

Axiom 3. Given two lines l, m, we can fold l onto m.

Axiom 4. Given point A and line l, we can fold with crease perpendicular to l and passing through A.

Axiom 5. Given two points A, B and a line l, we can fold point A onto line l so that the crease passes through B.

Axiom 6. Given two points A, B and two lines l, m, we can fold A onto l and B onto m simultaneously.

Axiom 7. Given point A and two lines l, m, we can fold A onto l with a crease perpendicular to m.

Robert Lang proved that these seven are complete. Hatori further proved that, with a robust enough
starting set, Axiom 6 is enough, that is, the others can be constructed given that we can use Axiom 6 and
that we begin with at least two points and two lines. This can be found on Hatori’s Origami Web Page.

http://origami.ousaan.com/library/conste.html
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Texts, in the notice that says that the Document is released under this License. A Front-Cover Text may
be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose
specification is available to the general public, that is suitable for revising the document straightforwardly
with generic text editors or (for images composed of pixels) generic paint programs or (for drawings)
some widely available drawing editor, and that is suitable for input to text formatters or for automatic
translation to a variety of formats suitable for input to text formatters. A copy made in an otherwise
Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage
subsequent modification by readers is not Transparent. An image format is not Transparent if used for
any substantial amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input
format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-conforming
simple HTML, PostScript or PDF designed for human modification. Examples of transparent image
formats include PNG, XCF and JPG. Opaque formats include proprietary formats that can be read and
edited only by proprietary word processors, SGML or XML for which the DTD and/or processing tools
are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word
processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed
to hold, legibly, the material this License requires to appear in the title page. For works in formats which
do not have any title page as such, “Title Page” means the text near the most prominent appearance of
the work’s title, preceding the beginning of the body of the text.

The “publisher” means any person or entity that distributes copies of the Document to the public.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely XYZ or
contains XYZ in parentheses following text that translates XYZ in another language. (Here XYZ stands for
a specific section name mentioned below, such as “Acknowledgements”, “Dedications”, “Endorsements”,
or “History”.) To “Preserve the Title” of such a section when you modify the Document means that it
remains a section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies
to the Document. These Warranty Disclaimers are considered to be included by reference in this License,
but only as regards disclaiming warranties: any other implication that these Warranty Disclaimers may
have is void and has no effect on the meaning of this License.

3. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially,
provided that this License, the copyright notices, and the license notice saying this License applies to the
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Document are reproduced in all copies, and that you add no other conditions whatsoever to those of this
License. You may not use technical measures to obstruct or control the reading or further copying of the
copies you make or distribute. However, you may accept compensation in exchange for copies. If you
distribute a large enough number of copies you must also follow the conditions in section 4.

You may also lend copies, under the same conditions stated above, and you may publicly display copies.

4. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document,
numbering more than 100, and the Document’s license notice requires Cover Texts, you must enclose the
copies in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the front cover,
and Back-Cover Texts on the back cover. Both covers must also clearly and legibly identify you as the
publisher of these copies. The front cover must present the full title with all words of the title equally
prominent and visible. You may add other material on the covers in addition. Copying with changes
limited to the covers, as long as they preserve the title of the Document and satisfy these conditions, can
be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed
(as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either
include a machine-readable Transparent copy along with each Opaque copy, or state in or with each
Opaque copy a computer-network location from which the general network-using public has access to
download using public-standard network protocols a complete Transparent copy of the Document, free
of added material. If you use the latter option, you must take reasonably prudent steps, when you begin
distribution of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible
at the stated location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistribut-
ing any large number of copies, to give them a chance to provide you with an updated version of the
Document.

5. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and
3 above, provided that you release the Modified Version under precisely this License, with the Modified
Version filling the role of the Document, thus licensing distribution and modification of the Modified
Version to whoever possesses a copy of it. In addition, you must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from
those of previous versions (which should, if there were any, be listed in the History section of the
Document). You may use the same title as a previous version if the original publisher of that version
gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the mod-
ifications in the Modified Version, together with at least five of the principal authors of the Document
(all of its principal authors, if it has fewer than five), unless they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.



216 APPENDIX C. GNU FREE DOCUMENTATION LICENSE

F. Include, immediately after the copyright notices, a license notice giving the public permission to use
the Modified Version under the terms of this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the
Document’s license notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the title,
year, new authors, and publisher of the Modified Version as given on the Title Page. If there is no
section Entitled “History” in the Document, create one stating the title, year, authors, and publisher of
the Document as given on its Title Page, then add an item describing the Modified Version as stated in
the previous sentence.

J. Preserve the network location, if any, given in the Document for public access to a Transparent copy
of the Document, and likewise the network locations given in the Document for previous versions it
was based on. These may be placed in the “History” section. You may omit a network location for a
work that was published at least four years before the Document itself, or if the original publisher of
the version it refers to gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the section, and
preserve in the section all the substance and tone of each of the contributor acknowledgements and/or
dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section
numbers or the equivalent are not considered part of the section titles.

M. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified
Version.

N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any Invariant
Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sec-
tions and contain no material copied from the Document, you may at your option designate some or all
of these sections as invariant. To do this, add their titles to the list of Invariant Sections in the Modified
Version’s license notice. These titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of your
Modified Version by various partiesfor example, statements of peer review or that the text has been
approved by an organization as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as
a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may be added by (or through arrangements made by) any
one entity. If the Document already includes a cover text for the same cover, previously added by you or
by arrangement made by the same entity you are acting on behalf of, you may not add another; but you
may replace the old one, on explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their names
for publicity for or to assert or imply endorsement of any Modified Version.

6. COMBINING DOCUMENTS
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You may combine the Document with other documents released under this License, under the terms
defined in section 4 above for modified versions, provided that you include in the combination all of the
Invariant Sections of all of the original documents, unmodified, and list them all as Invariant Sections of
your combined work in its license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant Sections
may be replaced with a single copy. If there are multiple Invariant Sections with the same name but
different contents, make the title of each such section unique by adding at the end of it, in parentheses,
the name of the original author or publisher of that section if known, or else a unique number. Make the
same adjustment to the section titles in the list of Invariant Sections in the license notice of the combined
work.

In the combination, you must combine any sections Entitled “History” in the various original documents,
forming one section Entitled “History”; likewise combine any sections Entitled “Acknowledgements”,
and any sections Entitled “Dedications”. You must delete all sections Entitled “Endorsements”.

7. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this License,
and replace the individual copies of this License in the various documents with a single copy that is
included in the collection, provided that you follow the rules of this License for verbatim copying of each
of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this
License, provided you insert a copy of this License into the extracted document, and follow this License
in all other respects regarding verbatim copying of that document.

8. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or
works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the copyright
resulting from the compilation is not used to limit the legal rights of the compilation’s users beyond what
the individual works permit. When the Document is included in an aggregate, this License does not
apply to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Doc-
ument is less than one half of the entire aggregate, the Document’s Cover Texts may be placed on covers
that bracket the Document within the aggregate, or the electronic equivalent of covers if the Document is
in electronic form. Otherwise they must appear on printed covers that bracket the whole aggregate.

9. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under
the terms of section 4. Replacing Invariant Sections with translations requires special permission from
their copyright holders, but you may include translations of some or all Invariant Sections in addition to
the original versions of these Invariant Sections. You may include a translation of this License, and all
the license notices in the Document, and any Warranty Disclaimers, provided that you also include the
original English version of this License and the original versions of those notices and disclaimers. In case
of a disagreement between the translation and the original version of this License or a notice or disclaimer,
the original version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the require-
ment (section 4) to Preserve its Title (section 1) will typically require changing the actual title.
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10. TERMINATION
You may not copy, modify, sublicense, or distribute the Document except as expressly provided under this
License. Any attempt otherwise to copy, modify, sublicense, or distribute it is void, and will automatically
terminate your rights under this License.
However, if you cease all violation of this License, then your license from a particular copyright holder
is reinstated (a) provisionally, unless and until the copyright holder explicitly and finally terminates your
license, and (b) permanently, if the copyright holder fails to notify you of the violation by some reasonable
means prior to 60 days after the cessation.
Moreover, your license from a particular copyright holder is reinstated permanently if the copyright holder
notifies you of the violation by some reasonable means, this is the first time you have received notice of
violation of this License (for any work) from that copyright holder, and you cure the violation prior to 30

days after your receipt of the notice.
Termination of your rights under this section does not terminate the licenses of parties who have received
copies or rights from you under this License. If your rights have been terminated and not permanently
reinstated, receipt of a copy of some or all of the same material does not give you any rights to use it.

11. FUTURE REVISIONS OF THIS LICENSE
The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License
from time to time. Such new versions will be similar in spirit to the present version, but may differ in
detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
Each version of the License is given a distinguishing version number. If the Document specifies that a
particular numbered version of this License “or any later version” applies to it, you have the option of
following the terms and conditions either of that specified version or of any later version that has been
published (not as a draft) by the Free Software Foundation. If the Document does not specify a version
number of this License, you may choose any version ever published (not as a draft) by the Free Software
Foundation. If the Document specifies that a proxy can decide which future versions of this License can
be used, that proxy’s public statement of acceptance of a version permanently authorizes you to choose
that version for the Document.

12. RELICENSING
“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web server that pub-
lishes copyrightable works and also provides prominent facilities for anybody to edit those works. A
public wiki that anybody can edit is an example of such a server. A “Massive Multiauthor Collaboration”
(or “MMC”) contained in the site means any set of copyrightable works thus published on the MMC site.
“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license published by Creative
Commons Corporation, a not-for-profit corporation with a principal place of business in San Francisco,
California, as well as future copyleft versions of that license published by that same organization.
“Incorporate” means to publish or republish a Document, in whole or in part, as part of another Docu-
ment.
An MMC is “eligible for relicensing” if it is licensed under this License, and if all works that were first
published under this License somewhere other than this MMC, and subsequently incorporated in whole
or in part into the MMC, (1) had no cover texts or invariant sections, and (2) were thus incorporated prior
to November 1, 2008.
The operator of an MMC Site may republish an MMC contained in the site under CC-BY-SA on the same
site at any time before August 1, 2009, provided the MMC is eligible for relicensing.



219

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document and put
the following copyright and license notices just after the title page:

Copyright (C) YEAR YOUR NAME.
Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Docu-
mentation License, Version 1.3 or any later version published by the Free Software Foundation; with no Invariant
Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the license is included in the section entitled
“GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with Texts.” line with
this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST, and with the Back-
Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three, merge those two
alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these examples
in parallel under your choice of free software license, such as the GNU General Public License, to permit
their use in free software.
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absolute geometry, 85

Activity, vii
alternate interior angles, 111

altitude, 125

analytic geometry, 138
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angle, 61

acute, 67

alternate interior, 111
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exterior, 78

interior, 78

degenerate, 61

exterior, 97

f-pair, 112
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interior, 62
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proper, 61
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supplementary, 61
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antipode, 39, 175, 176

arc, 105

area, 125, 155

axis, 138

base, 42

between, 20, 39, 56, 66, 178

bigon, 181

bisector, 45, 78

exterior, 45, 78

interior, 45, 78

centroid, 125
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circle, 83, 105
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diameter, 106

equation, 139

exterior, 105

interior, 105

radius, 105

secant, 135

tangent, 106

circumcenter, 80

collinear, 56

common notions, 54

commutative, 47
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conjugate, 172
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AAA, 110, 155, 187
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congruent, 29, 90

consistent, 54

coordinate, 20, 39, 56, 65, 178

cosine
hyperbolic, 157

cosine function, 137

counterexample, 8

Craft Project, vii
craft project

Alien Invasion, 38, 197
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Folding Lemon, 2, 195
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Slide Rule, 68, 200
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Twist Mechanism, 88, 201
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fold, 24, 71
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defect, 155
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diagonal, 121

dilation, 126
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matrix, 145

ratio, 126

directrix, 140

distance, 20, 39, 56, 117

taxicab, 82

dot product, 12

dualism, 179

edge, 60

ellipse, 83, 141

endpoint, 21, 41

equivalence relation, 29

Euclidean geometry, 85
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excess, 183

Exercise, vii
Exploration, vii

f-angles, 112

foci, 83

focus, 141

fold, 24, 71

accordion, 89, 119, 207

crease, 24, 71

matrix, 32, 52

ridge, 89, 119

valley, 89, 119

foldability game, 35

foldable points, 35

geodesic, 180

geometry
absolute, 85

elliptic, 60

Euclidean, 70, 85, 88

characteristic theorem, 115

hyperbolic, 70, 85, 88, 148

characteristic theorem, 155

half plane model, 160

projective, 60, 190

spherical, 58, 70, 88, 98, 104, 175

characteristic theorem, 183

glide reflection, 119

group, 17, 47

abelian, 47

associative, 47

associativity, 17

closure, 17, 47

commutative, 47

identity, 17, 47

inverse, 17, 47

subgroup, 47

half plane, 60

closed, 60



INDEX 225

half plane model, 160

horo-parallel, 149

hub, 42

hyperbola, 141

hyperbolic
cosine, 157

fudge factor, 161

line, 160

point, 160

sine, 157

tangent, 157

hyperbolic geometry, 85

identity, 29, 86

incenter, 107

induced, 192

inverse, 29, 86

inversion, 132, 169

center, 169

radius, 169

isometry, 28, 85

glide reflection, 119

identity, 29, 86

inverse, 29, 86

matrix, 146

rotation, 87

translation, 32, 118

kamifûsen, vi, 57, 86, 180

kite, 124, 125

Lambert quadrilateral, 153

length, 21, 56

line, 55

coefficient, 176, 190

equation, 138

general, 138

slope-intercept, 138

ray, 22, 41, 56, 178

segment, 21, 41, 56, 178

lines
intersecting, 56

parallel, 56

perpendicular, 67, 101

lune, 181

Möbius band, 192

Möbius transformation, 172

Móbius band, 120

magnitude, 12

matrix, 32

dilation, 145

fold, 32, 52

isometry, 146

rotation, 52, 144

similarity, 146

translation, 33, 145

median, 125

metric, 83

midpoint, 26, 57

model, 148

modus ponens, 4

modus tollens, 4

natural numbers, 11

negation, 3

odd, 14

omega point, 150

omega triangle, 150

opposite sides, 59

or, 6

origami, 24, 54

axioms
1, 55

2, 77

3, 79, 114, 150

4, 102

paper engineering, 42, 68, 119, 173, 203

parabola, 140

paradox, 3

parallel, 56

angle, 149

parallelogram, 121

parallelogram fold, 119

parameterization, 160

perpendicular, 67

perpendicular bisector, 76

pivot, 42

point
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coordinate, 176

omega, 150

polar, 179

tangency, 106

points
foldable, 35

pole, 179

postulates, 54

circle
C-1 (ruler), 39

C-2 (fold), 43

hyperbolic
7
′ (hyperbolic), 149

line
L-1 (ruler), 19

L-2 (fold), 24

plane
1 (linear), 55

2 (ruler), 56

3 (plane separation), 60

4 (protractor), 65

5 (angle addition), 66

6 (fold), 71

7 (parallel), 113

8 (area), 125

sphere
1
′′ (modified linear), 177

2
′′ (modified ruler), 178

7
′′ (spherical), 179

Practice, vii
projection, 89

projective
line, 190

point, 190

projective geometry, 190

proof
constructive, 12

contradiction, 10

critique, vii
direct, 10

existence, 104

non-constructive, 12

uniqueness, 104

protractor, 65

pull strip, 203

Pythagorean Identity, 137

quadrilateral, 121

angles
opposite, 121

convex, 124

dart, 124

diagonal, 121

isosceles trapezoid, 124

kite, 124, 125

Lambert, 153

parallelogram, 121

rectangle, 121

rhombus, 121

Saccheri, 153, 184

base, 153

legs, 153

summit, 153

sides, 121

adjacent, 121

opposite, 121

square, 121

trapezoid, 121

vertices, 121

ray, 22, 41, 56, 178

opposite, 22, 41, 56

rectangle, 121

referential
self, 2

reflection, 71

reflexive, 29

rhombus, 121

rotation, 87

angle, 87

center, 87

matrix, 52, 144

ruler, 19, 39, 56, 178

Saccheri quadrilateral, 153, 184

base, 153

legs, 153

summit, 153

same side, 59
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secant, 135

segment, 21, 41, 56, 178

self-referential, 2

side, 121

opposite, 59

same, 59

similar, 129

similarity
matrix, 146

similarity criterion
AA, 131

SAS, 131

similarity transformation, 129

ratio, 129

sine
hyperbolic, 157

sine function, 137

slide rule, 68

sliding pivot, 173

slope, 138

spherical
line, 176

point, 176

square, 121

statement, 2

conditional, 4

existential, 8

universal, 7

subgroup, 47

symmetric, 29

tangent
hyperbolic, 157

tangent function, 137

tangent line, 106

taxicab distance, 82

theorem
characteristic, 115, 155, 183

transitive, 29

translation, 32, 118

direction, 118

distance, 118

matrix, 33, 145

vector, 33

transversal, 111

trapezoid, 121

bases, 121

legs, 121

triangle, 93

altitude, 125

centroid, 125

circumcenter, 80

defect, 155

degenerate, 93

edges, 93

equilateral, 94

excess, 183

incenter, 107

isosceles, 94

median, 125

omega, 150

proper, 93

scalene, 94

sides, 93

opposite, 93

vertices, 93

opposite, 93

trigonometry, 137

ultra-parallel, 149

V-fold, 68, 121

vector, 118

direction, 118

dot product, 12

head, 118

leading, 181

magnitude, 12, 118

normal, 181

starting, 181

tail, 118

vertex, 61, 93, 121
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