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Reducing Pascal’s Triangle modulo a prime leads to some fascinating images and in-
teresting patterns. Unfortunately, reducing the triangle modulo a composite number
does not yield analogous patterns. In the current work, we investigate Pascal’s Tri-
angle mod p (for p prime) via an ordering on the natural numbers dependent on the
base p expansions of numbers. These two objects are connected by a famous, yet rela-
tively unknown, theorem due to Lucas. It turns out that these orderings can be defined
for any base b ≥ 2 (not just prime); as such, replacing the usual binomial coefficients
by certain generalized binomial coefficients, as defined by Knuth and Wilf in [7], leads
to a similar connection between the orders and the associated triangles. These new co-
efficients also provide a uniform description of carries in base b arithmetic allowing us
to provide a generalization of another famous theorem due to Kummer. In the process
we describe the interaction between the orders of interest, arithmetic in base b, and
the relevant family of generalized binomial coefficients, which come from a simple
integer sequence.

Base b dominance orders

We begin by introducing a class of partial orders on the set of natural numbers,
N = {0, 1, 2, . . .}. We first encountered these orders while studying the combinatorics
of ovals and their application to coding theory [5], and our interest was rekindled
while reading about an application of the same orders to what is called “Dismal
Arithmetic” [2].

Recall that for any integer b ≥ 2, we can write each natural number in its base b
expansion as

n =
k∑

i=0

ni b
i

where 0 ≤ ni < b for each i and nk 6= 0. We call k the length of n in base b, denoted
lenb(n). For ease, we take ni to be zero when i > k. Since base 10 is standard, we
will write numbers using the usual base 10 representation and use finite sequences to
describe the base b expansion of a number, that is, n = (nk, . . . , n1, n0)b.
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DEFINITION. For b ∈ N with b ≥ 2, let�b be the relation on N defined by

n �b m ⇐⇒ ni ≤ mi for all i .

In other words, we compare the digits in the base b expansions of n and m. In this case
we will say m b-dominates n (or n is dominated by m in base b).

EXAMPLE. Let n = 5273 and m = 15041. Then 5273 �6 15041, since 5273 =
(0, 4, 0, 2, 2, 5)6 and 15041 = (1, 5, 3, 3, 4, 5)6. On the other hand, since 52738 =
(1, 2, 2, 3, 1)8, 150418 = (3, 5, 3, 0, 1)8, and 3 > 0, it follows that 5273 6�8 15041.
We can also check that 15041 6�8 5273.

The relation �b is reflexive, antisymmetic, and transitive on N. This means that
�b is a partial order and (N,�b) is a partially ordered set (“poset”). We say that
y covers x if x �b y and there is no element z ∈ N \ {x, y} with x �b z �b y. The
b-dominance order can be visualized using a graph known as a Hasse diagram; the
vertices correspond to the elements of N, the edges represent covering relations, and
the other relations are determined by the transitive property. See FIGURE 1 for a picture
of the Hasse diagram of 3-dominance up to 26. For general information about order
theory, consult [10]; for the many properties of the dominance order, see [3].
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Figure 1 Hasse diagram of 3-dominance order restricted to {0, . . . ,26}

Remarkably, p-dominance for p prime can be determined using binomial coeffi-
cients. This claim arises from a famous theorem of Lucas.

THEOREM 1. (LUCAS) Let n,m, p ∈ N with p prime, m = (m`, . . . ,m0)p, and
n = (nk, . . . , n0)p. Then (

m

n

)
≡

max{k,`}∏
i=0

(
mi

ni

)
(mod p),

where we interpret
(mi

ni

)
as zero when mi < ni .

We omit the proof, since there are many sources containing different and interesting
proofs [1, 4, 6, 8].

Now, fix a prime p. It is well known that the binomial coefficient
(a

b

)
is never a mul-

tiple of p when 0 ≤ b ≤ a < p. Suppose m = (m`, . . . ,m0)p and n = (nk, . . . , n0)p.
If n 6�p m, then n j > m j for some j , which means

(m j
n j

) = 0 by definition, making



VOL. 87, NO. 2, APRIL 2014 137∏(mi
ni

) ≡ 0 (mod p). On the other hand, if n �p m, it follows that
(mi

ni

) 6≡ 0 (mod p)

for each i ; consequently,
∏(mi

ni

) 6≡ 0 (mod p), since p is prime. We have thus seen
that

n �p m ⇐⇒
max(k,`)∏

i=0

(
mi

ni

)
6≡ 0 (mod p).

Applying Lucas’ theorem gives

n �p m ⇐⇒
(

m

n

)
6≡ 0 (mod p). (1)

This result allows us to visualize p-dominance using Pascal’s Triangle mod p. For
example, when p = 2, each entry of Pascal’s Triangle is shaded light if the entry is 0
(mod 2) and shaded dark if the entry is nonzero (mod 2). Equation (1) then states that
n �2 m if and only if the nth entry in the mth row of this triangle is dark. FIGURE 2
shows this construction mod 2 and also mod p for p = 3, 5, 7. All of these images
were created using Sage [11].

As guaranteed by Lucas’ Theorem, the shaded entries represent instances of dom-
inance. For instance, in Pascal’s Triangle mod 2, the seventh row is completely dark,
and we conclude that 7 2-dominates every number less than or equal to 7, which is

Figure 2 Pascal’s Triangle mod 2, mod 3, mod 5, and mod 7 (in clockwise order from
top left) with zero entries in white
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true since 7 = (1, 1, 1)2. Furthermore, we can compare Pascal’s Triangle mod 3 to the
Hasse diagram for 3-dominance given in FIGURE 1.

Unfortunately, the characterization given in equation (1) does not hold for b-
dominance when b is composite. For example, Pascal’s Triangle mod 6, illustrated
in FIGURE 3, has no apparent relationship with the 6-dominance order. For example,
2 �b 4. However, entry 2 in row 4 of the triangle is white, since

(4
2

) ≡ 0 (mod 6).
In what follows, we introduce a class of generalized binomial coefficients as defined
in [7] to create “generalized” Pascal’s Triangles. These coefficients provide the de-
sired characterization of b-dominance, which can be visualized using the associated
triangles. For instance, FIGURE 4 shows 6-dominance given by one of these triangles;
this image contains the regularity we had hoped to see in Pascal’s Triangle mod 6.

Figure 3 Pascal’s Triangle mod 6, which
seems to be unrelated to 6-dominance

Figure 4 The “6-binomial triangle” mod
6, which does correspond to 6-dominance

Rank, “Carries,” and Kummer’s Theorem for prime bases

The relevant feature of the b-dominance poset to our discussion is its rank function.
Note that b-dominance has a unique minimal element, 0. The rank function of the b-
dominance order is the function r such that r(0) = 0 and, for y 6= 0, r(y) is the size
of the largest set {x1, . . . , xn} of nonzero integers with the property that

0�b x1 �b x2 �b · · · �b xn = y.

(This longest chain may not exist for general partial orders, but does exist for b-
dominance as it is a “lower-finite” poset [3].)

It turns out that the rank function is given by the sum-of-digits function, which has
been well studied, so that for n = (nk, . . . , n0)b we have

rankb(n) =
k∑

i=0

ni .

This function provides a link between base b arithmetic and the b-dominance order.
To understand the connection, we give a formal definition of a base b carry: For

m, n ∈ N with n ≤ m, the base b carries when adding n and m − n, denoted εm,n,b
i ,
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are defined by εm,n,b
−1 = 0 and for all i ≥ 0,

ε
m,n,b
i =


1 if ni > mi ,
1 if ni = mi and εm,n,b

i−1 = 1,
0 otherwise.

For ease of notation, we will refer to εm,n,b
i as εi . When n ≤ m, the base b expansion

of m can be obtained from the expansions of n and m − n, since

mi = ni + (m − n)i + εi−1 − bεi . (2)

Next, we define

κb(m, n) =
lenb(m)∑

i=0

εi

to be the total number of carries when adding n and m − n in base b. We see that
equation (2) can be rewritten as ni + (m − n)i − mi = bεi − εi−1, which implies that

rankb(n)+ rankb(m − n)− rankb(m) =
lenb(m)∑

i=0

(ni + (m − n)i − mi )

=
lenb(m)∑

i=0

(bεi − εi−1).

Since ε−1 = εlenb(m) = 0, we obtain the following important theorem.

THEOREM 2. (RANK-DIFFERENCE) Let n,m, b ∈ N with b ≥ 2 and n ≤ m. Then

rankb(n)+ rankb(m − n)− rankb(m) = (b − 1)κb(m, n).

Computing rankb(n) amounts to measuring the length of the chain from 0 to n in the
Hasse diagram of the order. Therefore, if we have the Hasse diagram for b-dominance,
we can easily determine how many carries occur when adding two numbers n and
m − n in base b. For instance, we use FIGURE 1 to see that when adding 7 and 11 in
base 3, we will encounter

rank3(7)+ rank3(11)− rank3(18)

3− 1
= 3+ 3− 2

2
= 2

carries. Consequently, if n �b m, then adding n and m − n in base b will not involve
any carries.

COROLLARY. Let n,m, b ∈ N with b ≥ 2 and n ≤ m. The following are equiva-
lent.

(a) n �b m
(b) rankb(m − n) = rankb(m)− rankb(n)
(c) κb(m, n) = 0.

The Rank-difference theorem plays an essential role in the proof of Kummer’s The-
orem, which is only applicable for prime bases [6].

THEOREM 3. (KUMMER) Let n,m, p ∈ N with p prime and n ≤ m. Then the
largest power of p dividing

(m
n

)
is κp(m, n); that is, it is the total number of carries

when adding n and m − n in base b.
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Since the Rank-difference theorem holds for all b, we will use it to obtain an analog
of Kummer’s Theorem for composite bases in the next section.

Generalized binomial coefficients and new results

We will use a system of generalized factorials and generalized binomial coefficients
introduced by Knuth and Wilf [7]. Given any sequence

C = (C1,C2,C3, . . .)

of natural numbers, we define the C-factorial by

(m!)C =
{

CmCm−1 · · ·C1 when m 6= 0
1 when m = 0.

In effect, each Ci does the job that i would do in a standard factorial. In turn, we use
the C-factorial to define the generalized binomial coefficients associated to C , called
the C-nomial coefficients, which are given by

(
m

n

)
C

=


(m!)C
(n!)C((m − n)!)C when 0 ≤ n ≤ m

0 otherwise.

These constructions work for any sequence, but the generalized binomial coefficients
cannot be expected to be integers. In [7], the authors define the notion of a “regularly
divisible sequence” and show that sequences with this property have integral gener-
alized binomial coefficients. They discuss certain sequences satisfying the regularly
divisible property and demonstrate that the Gaussian coefficients as well as the so-
called Fibonomial coefficients (constructed using the Fibonacci sequence) are all inte-
gers. Moreover, they prove the following lemma, which provides a condition implying
integrality of generalized binomial coefficients.

LEMMA [7]. The C-nomial coefficients corresponding to a sequence C are inte-
gers if C satisfies the condition that gcd(Ci ,C j ) = Cgcd(i, j) for all i, j > 0.

With these ideas in hand, we turn to the construction of the generalized binomial
coefficients relevant to our discussion. For any b,m ∈ N with b ≥ 2, we let vb(m) = q
where m = bq z and b does not divide z. In other words, vb(m) represents the exponent
of the largest power of b dividing m. When p is prime, vp is well studied due to its
importance for p-adic integers.

DEFINITION. Let b ∈ N with b ≥ 2. Define the sequence Sb = (Sb
1 , Sb

2 , . . .) by

Sb
n = bvb(n),

that is, Sb
n is the largest power of b dividing n.

EXAMPLE. When b = 6, the sequence is given by

S6 = (1, 1, 1, 1, 1, 6, 1, 1, 1, 1, 1, 6, 1, 1, 1, 1, 1, 6, . . .).

The first entry that is not 1 or 6 is S6
36 = 36.

We have added a few examples of these sequences to the OEIS (when b = 4, see
A234957, and when b = 6, see A234959 in [9]).
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For the rest of this section, let b be fixed so that S = Sb is defined. For ease of
notation, in place of (m!)S we use (m!)b and in place of

(m
n

)
S

we use
(m

n

)
b
. We call the

latter numbers the b-binomial coefficients.

THEOREM 4. Let b ∈ N with b ≥ 2. Each b-binomial coefficient is an integer.

Proof. Using the fact that min{vb(i), vb( j)} = vb(gcd(i, j)) for all b, i and j , we
apply the previous lemma. In particular, let m, n ∈ N. Then

gcd(Sm, Sn) = gcd(bvb(m), bvb(n))

= bmin{vb(m),vb(n)}

= bvb(gcd(m,n)) = Sgcd(m,n).

Since the b-binomial coefficients are integers, we investigate each coefficient’s
residue class mod b. We are particularly interested in the case when

(m
n

)
b
6≡ 0 (mod b).

To proceed, we need the following auxiliary result.

LEMMA. Let n, b ∈ N with b ≥ 2. Then

vb ((n!)b) = 1

b − 1
(n − rankb(n)).

Proof. Let l = lenb(n). According to the definition of Sb, we see that

vb ((n!)b) =
l∑

i=1

⌊ n

bi

⌋
.

Now,

l∑
i=1

⌊ n

bi

⌋
=

l∑
i=1

l∑
j=i

n j b
j−i .

Note that n j bi appears exactly once in this sum if and only if i < j . Therefore,

l∑
i=1

l∑
j=i

n j b
j−i =

l∑
j=1

j−1∑
i=0

n j b
i =

l∑
j=1

n j

j−1∑
i=0

bi =
l∑

j=1

n j

(
b j − 1

b − 1

)
.

Finally,

l∑
i=1

ni

(
bi − 1

b − 1

)
= 1

b − 1

[
l∑

i=1

(ni b
i )−

l∑
i=1

ni

]

= 1

b − 1

[
n − n0 −

l∑
i=1

ni

]
= 1

b − 1

[
n −

l∑
i=0

ni

]
.

Recall that κb(m, n) represents the number of carries when adding n and m − n in
base b and that Kummer’s Theorem, stated above, can be formulated as

vp

((
m

n

))
= κp(m, n).
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Using the b-binomial coefficients, we obtain the following analogous result, which can
be viewed as a simplified version of Kummer’s Theorem that applies to both prime and
composite bases.

THEOREM 5. Let m, n, b ∈ N with b ≥ 2 and n ≤ m. Then the highest power of b
that divides

(m
n

)
b

is the number of carries when adding n and m − n in base b.

Proof. As
(m

n

)
b
= (m!)b

(n!)b((m−n)!b , we apply the lemma and simplify to get

vb

((
m

n

)
b

)
=
(

1

b − 1

)
(rankb(m − n)+ rankb(n)− rankb(m))

= κb(m, n),

where the last equality follows by the Rank-difference theorem.

This result unlocks the promised characterization of b-dominance. We know that
n �b m if and only if κb(m, n) = 0, and the latter condition is now equivalent to(m

n

)
b
6≡ 0 (mod b). Therefore, we have

n �b m ⇐⇒
(

m

n

)
b

6≡ 0 (mod b). (3)

When p is prime,
(m

n

)
p
6≡ 0 (mod p) if and only if

(m
n

) 6≡ 0 (mod p); thus, we obtain
the consequence of Lucas’ Theorem given in equation (1).

Using the b-binomial coefficients, we create a “generalized” Pascal’s Triangle by
placing the coefficient

(m
n

)
b

in the nth entry of the mth row; we call this triangle
the b-binomial triangle. By equation (3) this triangle, reduced mod b, describes b-
dominance: If we shade the zero entries white and other entries dark, the dark entries
in row m correspond to the natural numbers b-dominated by m. (We can revisit FIG-
URE 4 to see this triangle when b = 6).

We finish by investigating the set (�b m) := {n ∈ N | n �b m}, often called a prin-
cipal lower set. If m = (m lenb(m), . . . ,m0)b then every n �b m has base b expansion
of the form n = (nlenb(m), . . . , n0)b, where 0 ≤ ni ≤ mi for all i . Thus, to construct
n �b m, there are mi + 1 choices for the i th coefficient, ni . Since each choice of
coefficient is independent from the others, we have

|(�b m)| =
lenb(m)∏

i=0

(mi + 1).

Accordingly, this implies that the number of nonzero entries in the mth row of b-
binomial triangle mod b is

∏
(mi + 1). As previously noted,

(m
n

)
p
6≡ 0 (mod p) if and

only if
(m

n

) 6≡ 0 (mod p) for p prime; consequently, the previous statement recovers
a well-known result about the number of nonzero entries in Pascal’s Triangle mod p.
This result can be found in [4].
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Summary We discuss the connections between a family of partial orders known as b-dominance orders, arith-
metic in base b, and generalized binomial coefficients. In particular, we investigate theorems of Lucas and Kum-
mer in relation to these orders and attempt to extend and explain these theorems using a family of generalized
binomial coefficients derived from a simple integer sequence.

A Golden Connection

In this issue (page 132) we describe some connections between the golden ratio,
the constant e, and important functions in number theory. Here is another con-
nection. Ramanujan found this beautiful continued fraction identity involving the
golden ratio, here called φ:

1

1+ e−2π

1+ e−4π

1+ e−6π

1+ · · ·

=
(√

φ
√

5− φ
)

e2π/5.

This exotic formula connects the golden ratio to both π and e, weaving together
in a single expression the three most famous constants in mathematics.

It is an instance of the Rogers-Ramanujan continued fraction; see Andrews,
The meaning of Ramanujan now and for the future, The Ramanujan Journal 20
(2009) 257–273.
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